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Al gebra Underlying the Revised Sinplex Al gorithm

Consider an LP problemin the form

(1) maxi m ze ¢’ x subject to Ax=b and x>0

Any problemin standard formcan be expressed in this manner after the
i ntroduction of slack variables.
The sinplex algorithmsolves (1) by creating a sequence of dictionaries.
Each one corresponds to a division of the variables into two cl asses: basic
and nonbasic. By know ng which variables are basic, you have enough
information to conpletely deternmine the dictionary. W wll denonstrate this
first on a concrete exanple, and then on the general abstract problem (1).
First, the exanple. Consider the problemin standard form

to naxim ze x;+2x, subject to
XXy < 6, Xy < 3, Xy < 5
X1, X5 20

which can be rewitten, after introducing slack variables, in the formof (1):

(2) meximze x; + 2x, + Oxg3 + 0x, + Oxg subject to
X1+ Xy + X3 6
X1 Xy =3
Xo +Xg =5
>0

Let us conpute directly (w thout pivoting) the dictionary for which x;, X,
and x, are basic. (This choice of variables is arbitrary; we are not

executing the sinplex algorithm only showing howto wite down the dictionary
corresponding to a given choice of variables). Wite the equations in (2) as

6 110N (Xq 10
(3) (3]z£101)[x2]+[00](§3)
5 010/ \x4 01) v

and the objective function as

X1

(4) z=(120) (XZJ + (0 0) Ci)

X4
Using (3), we can solve for x;, X, and Xx,, to get:

-1

o ) -l B
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Substituting (5) into (4),
t he nonbasi c vari abl es X3 and Xg!

(6)

N
1

11 -

X3 - Xg

Conbi ning (5) and (6),

1
(120 [(5)- (
2 _
1 1-1 X
) 3
(12 0)(gj+ {(o, 0) - (120 (2 iﬂ (XS)

we see that the
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we can conpute the objective function in terns of

1))

desired dictionary is

Xq 1- X3+ Xg
Xy = 5 - Xg
z =11 - X3 - Xg
Next, we will show how a choice of basis determ nes the dictionary for
t he general abstract problem (1). As we proceed, we will relate the abstract
problemto the exanpl e we have just worked through. Conparing (1) and (2), we
see that in the case of the exanple, we have
1 Xq
2 Xo 11100 6
c=10 X = | X3 A = (1()0].0} b = (SJ.
0 X4 01001 5
0 X5
Noti ce that each colum of A corresponds to one of the five variables. W
want to solve the equation Ax=b for the basic variables. Denote the vector of
basi c variables as xg and the vector of nonbasic variables as x5 Let Ag and

AN be the natrices obtained fromthe basic colums of A and the nonbasic

col umms, respectively.

) a

X5

(A word about notation:

not inportant.

The order
We coul d equally wel

Al'so, let cy and cg be the vectors denoting the
nonbasi ¢ and basi c conponents of c.

10 0 1
[00] CN = (0) XB = X2 AB =
01 X4

In the above exanple, we would have

110 1
(101) cB:[z].
010 0

in which the variables are witten down is
have witten
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01
_ (%5 _
10
and we could al so have witten

4 011 0
XB: Xl AB:[].].OJ CB:(]']
Xy 001 2

but it is inmportant to nmaintain consistency between the ordering of the
variables in xy and cy and the ordering of the colums in Ay so that the order

of the variables corresponds to the ordering of the columms. The sane
observation holds for xg, cpg, and Ag.)

The equation Ax=b can now be witten as Ay + Agxg = b.  Solving for
Xg, we get

(7) xg = Ag 'b - Ag AN

1
whi ch corresponds to (5) in the exanple, where AB'lb = (SJ and where AB'lAN =
2

1-1
( 0 1} Next we will express the objective function in terns of the nonbasic
-1 1

variables. Substituting from (7), we get

(8) zZ =¢c'Xx

Cg' X * CN XN
) -1 -1 )
CB (AB b - AB ANXN) + CN XN
) -1 ) ) -1
CB AB b + (CN -CB AB AN) XN.

whi ch corresponds to (6) in the exanple, where CB’AB'lb = 11 and
(CN'-CB'AB_lAhp =(-1-1). Conbining (7) and (8), we obtain the dictionary

Ag b - A AN
cg Ag b + (cy -cg Ag tAY Xy

XB
Z




