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Let us consider this
maxi m ze —xq+2X5+6X3
subject to
Xq1+Xo+x3=1.5
Olesl, Oszsl, 0£x3£1

In tabl eau form we represent this problem as before:

1 2 3
1 1 1 ‘ 3/2

-1 2 6 0

In this situation, a basis consists of a choice of just one colum. For
exanpl e,

1 2 3
1 1 1 ‘ 3/2 2

-3 0 4 -3

is the tableau corresponding the the basis {2}. As before, setting the
nonbasi ¢ variables equal to zero gives us a basic solution (perhaps
feasi bl e, perhaps not). Since

Xp = 3/ 2-Xq—Xg
setting xq=x3=0 gives us the basic solution (0,3/2,0), which is not

feasi ble. However, in problens with upper bounds, we also allowthe
nonbasi c variables to be equal to the upper bounds in a basic solution
Thus there are four basic solutions corresponding to this tabl eau:

X1=x3=0 gives (0,3/2,0) (i nfeasible)

X1=0, x3=1 gives (0,1/2,1) (feasible, optinal)
X1=1, x3=0 gives (1,1/2,0) (feasible)

Xq1=x3=1 gives (1,-1/2,1) (i nfeasible)

To specify a particular basic solution, it is necessary to specify val ues
(O or 1inthis case) for each nonbasic variable. Thus the optinm
tabl eau woul d be expressed like this:

OPTI VAL TABLEAU 1 2 3
1 1 1 3/2 2
-3 0 4 -3
=0 =1 obj =3- 3xq+4x5=3-3(0) +4(1) =7

How do we know this is optimal ? Answer: because the bottomrow contains
only negative nunbers where nonbasic variable is zero and positive
nunbers where nonbasic variable is one.

Execution of sinplex algorithm starting with basic feasible solution
(1,1/2,0):

1 2 3
1 1 1 3/2 2
-3 0 4 -3
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=1 =0 obj =3- 3x1+4x3=3- 3(1) +4(0) =0

Note that, although the tableau is the sane, we are actually starting at
the vertex at the opposite side of the hexagon, so three pivot steps
shoul d be expect ed.

Either x; or x3 is a candidate to change in value. The +4 in colum 3

tells us that the objective function will increase if we are able to
increase xg. The -3 in colum 1 tells us that the objective function
will increase if we are able to decrease x;. Let's choose x4. The

question to ask is this: how nuch can x; decrease (fromits current value
of 1) while maintaining feasibility? The equation x, = 3/2-Xq-X3=3/2-Xq

gives us the answer. x4 can decrease until x4=1/2. It cannot decrease
more than that because x, cannot be allowed to be greater than 1. So as
Xq enters the basis, x, will leave with the value 1. Pivoting, we get
the new tabl eau that corresponds to the vertex (1/2,1,0):

1 2 3

1 1 1 3/2 1

0 3 7 3/2

=1 =0 obj =- 3/ 2+3x5+7x3=-3/ 2+3(1) +7(0) =3/ 2

Notice that the value of the objective function has increased. Notice
that we now have only one choi ce which nonbasic variable can change in
value: x3. To see how much x5 can be increased (fromits current value

of 0), look at the equation xq = 3/2-Xp-Xg3 = 3/2-1 -xg = 1/2-x53. It can
increase only to 1/2 when x; beconmes zero. So x4 |leaves the basis with
the value 0 and x5 enters with the value 1/2. Pivoting, we get the new
tabl eau that corresponds to the vertex (0,1,1/2):

1 2 3
1 1 1 3/2 3
-7 -4 0 -9
=0 =1 obj =9- 7x - 4x,=9- 7(0) - 4( 1) =5

and the objective function has increased again.

At this point, X, is the only nonbasic variable that is a candidate to
change in value. To see how nmuch x, can be decreased (fromits current
value of 1), look at the equation x3=3/2-Xxq-X5=3/2-0-X5=3/2-X5, which
tells us that we can decrease x, until it equals 1/2, at which point xg3
becones zero. So x, enters the basis and x5 becomes nonbasic with val ue
zero. After pivoting, we arrive at the optinal tableau

There is an inportant consideration that is not illustrated by the above
exanple. At each iteration, we deci de how nmuch to increase or decrease
the chosen nonbasic variable, the answer is provided by the tighter of
two restrictions:

i . The nonbasic variable nust remain in [0, 1]
ii. The basic variable nmust remain in [0, 1]

In the exanple, the second restriction proved to be the tighter one.

When that happens, the basic variabl e becones nonbasi c and the nonbasic
becones basic. However, if the first restriction had turned out to be
the tighter one, then things would have been handled quite differently --
the basic variable would renain basic, and the nonbasic variable would
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remai n nonbasic, but with the other value -- it would flip-flop fromO to
1 or froml to 0. The tableau would otherwi se be unchanged. Although
this possibility did not occur in the exanple, it does occur in the
homewor k probl em bel ow, so watch out for it!

February 18, 2000

Consi der this problem Maximze xg subject to
13)(1 - 4X2 + 16X3 = 16
-13X1 - 2X2 + 6X4 = -6
all x; €[0,1]

Starting with

1 2 3 4
13 -4 16 0 16
-13 2 0 6 -6
0 0 1 0 0

we can pivot twice to start with the basic feasible solution
(12/13,0,1/4,1) obj=1/4

1-2/13 0 -6/13 6/ 13 1
0 -1/8 1 3/8 5/ 8 3
0 1/8 0 -3/8 -5/8

=0 =1

There are two candidates for change: x5, and x;. W will try
to change (decrease) x,. The dictionary is:

Xq = 6/13 + 2/13 Xy + 6/13 x4, = 6/13 + 6/13 x4

X3 =5/8 + 1/8 Xy - 3/8 x4 = 5/8- 3/8xy

X4 can be decreased until it is 0, X, remains nonbasic
Next tableau is sane for feasible solution (6/13,0,5/8,0) obj=5/8
1-2/13 0 -6/13 6/ 13 1
0O -1/8 1 3/8 5/ 8 3
0 1/8 0 -3/8 -5/8
=0 =0

There is one candidate for change (increase): Xx,. Dictionary:

X1 = 6/13 + 2/13 xy + 6/13 x4 = 6/13 + 2/13 x,

x3:5/8 + 1/8 Xo - 3/8 x4:5/8 + 1/8 X9

Xo can be increased until it is one, remins nonbasic

Next tableau is sane for optinal solution (8/13,1,3/4,0) obj=3/4
1-2/13 0 -6/13 6/ 13 1
0O -1/8 1 3/8 5/ 8 3
0 1/8 0O -3/8 -5/8
=1 =0
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Theorem : For a linear programm ng problem of the form

max c¢'x subject to aq-x =bq, ..., apx =by amq X<bpy1, - @ x<b, and fixed
constraints of the formxeC, a necessary and sufficient condition for
optimality of x* is that:

There exist nunbers yq,..,y, such that y.q,....y, 20,

C - Yyqag —.— Y3, € N(X*)

for i=ml, ...,r, yj 20 and yj =0 i f ai-x=bi

For the above , we note that

-1 1 B -3
( é) - 2 [i} = ( 2) € N(0,1/2,1)

where Cis the cube. This proves that (0,1/2,1) is the optinal solution.

For the above , We note that
0 13 -13 0
0 -4 2|1 _118
1 1/16 16| - 1/ 16 ol= 0 € NL(8/13,1,3/4,0)
0 0 6 -3/8
where Cis the cube. This proves that (8/13,1,3/4,0) is the optinal
sol uti on.

Homewor k 24: Consider the LP: maxinm ze -12X4- 5Xo+Xg subject to 6x1+3Xo+2X3=7,
0<x; <1 (i=1,2,3)
a) Draw a picture showi ng the pol ygon on the cube.
b) Wite down the tabl eau corresponding to each vertex of the pol ygon
c) ldentify the optinal tableau

d) Solve via the sinplex algorithm starting with the tabl eau that
corresponds to the mnimzer and taking the longer path around to the
optimal sol ution.

e) Verify the optinmality of the optimal solution by showi ng that the
optimality conditions hold there for some appropriate vy.

February 21, 2000

The nornal cone to {XEER3 . x>0}
at (2,0,3) consists of all vectors of the form(O0,-,0)

at (0,0,0) consists of all vectors of the form(-,-,-)
at (5,1,3) consists of all vectors of the form (0,0, 0)
The normal cone to {xe;R3 1 0<x; <1, i=1,2,3} (unit cube)

at (1,1,1) consists of all vector sof the form (+, +, +)

at (1,1/2,1) consists of all vector sof the form (+, 0, +)

at (0,1/2,1) consists of all vector sof the form(-,0,+)

at (1/2,1/3,3/7) consists of all vector sof the form (0,0, 0)

The nornmal cone to {xeR4 1 X320, x4 20}

at (-5,17,3,4) consists of all vectors of the form(0,O0,O0,O0)
at (-5,17,0 8) consists of all vectors of the form(0,0,-,0)
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at (-5,17,0,0) consists of all vectors of the form(0,0,-,-)
The normal cone to {xaFﬁ': X9<5, -1£x333,2£x4}

at (-5,5,-1,2) consists of all vectors of the form (O0,+,-,-)
at (-5,3,3,3) consists of all vectors of the form (0,0, +,0)

Det er mi ne whet her x*=(3,-1,0,2) is optinal for the problem
maxi mze 6xq + Xy - Xg - Xy
subject to
Xq + 2x2 + X3 *+ Xy

IN

INA

5
3X1 + X2 - X3 8
1

X2 + X3 + X4

vV

0

First check that x* satisfies all the constraints. It does. Note that
the first inequality is not active at x* but the second is. Xx* is
optimal if and only if numbers A>0 and pe R exist such that

Xg 2 0, Xq

6 3 0 0
1 w1 1| | O
-1 T L I I e )
-1 0 1 0

The values A=2 and u=-1 work for all but the third conponent. Since this
system has no solution, x* is not optinal.

honmewor k 25: Deterni ne whether or not x*=(2,1,5,3,0) is optimal for the
foll owi ng LP:

maxim ze 3xq + 8Xy + 4Xg — X, subject to the constraints
2x1 + 2x2 + X3 + X4 — Xg <14
Xq + 2x2 + 3x3 + 4x4 + 5x5 <1000
3x1 - 3x2 + 2x3 + 4x4 =25
1Sx2S3, 2 SX3S5, OSx4, XSSO
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