ALGEBRAIC  G-FUNCTIONS

ASSOCIA TED TO MA TRICES OVER A GROUP-RING

STAVR OS GAR OUFALIDIS AND JEAN BELLISSARD

Abstra ct. Given a square matrix with elements in the group-ring of a group, one can consider the sequence
formed by the trace (in the senseof the group-ring) of its powers. We provethat the corresponding generating
seriesis an algebraic G-function (in the senseof Siegel) when the group is free of nite rank. Consequerily, it
follows that the norm of such elemerts is an exactly computable algebraic number, and their Green function
is algebraic. Our proof usesthe notion of rational and algebraic power seriesin non-commuting variables
and is an easy application of a theorem of Haiman. Haiman's theorem usesresults of linguistics regarding
regular and context-free language. On the other hand, when the group is free abelian of nite rank, then
the corresponding generating seriesis a G-function. We ask whether the latter holds for general hyperbolic

groups.
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where the constart term is the coe cien t of the identity elemen of G. Let My (R) denote the set of N by
N matrices with entries in a ring R. We can extend the trace to the algebraM y (Q[G]) by:

(2) Tr: My (Q[G]) ! C; Tr(P) = X Tr(Pjj):
j=1

De nition 1.1. GivenP 2 My (Q[G]), considerthe sequencegapn)
®3) ap;n = Tr(P")
and the generating series

b3
4) Rp(2) = ap:nz":

n=0

Let F, denotethe free group of rank r.

Theorem 1. The Greens function Rp (z) of every elementP of My (Q[F]) is algebaic.

Theorem 1 appearsin the cross-roadsof seweral areasof researd:

(a) operator algebras

(b) free probability

(c) linguistics and context-free languages
(d) non-comnutativ e combinatorics

(e) mathematical physics

In fact, WoessprovesTheorem 1 whenN = 1 usinglinguistics and context-free languages;see[Wol, Wo2].
VoiculescuprovesTheorem 1 using the R and S transforms of free probability; see[Vol, VoZ2]. For additional
results using free probability, see[Ao, CV] and also[La, Lel, Le2].

It is well-known that Theorem 1 provides an exact calculation of the norm of P 2 My (Q[F])
My (L(F;)), where L(F;) denotesthe reduced C -algeba completion of the group-algebra C[F,;]. For a
detailed discussion,seethe above references.

Our proof of Theorem 1 usesthe notion of an algebraicfunction in non-comnuting variablesand a theorem
of Haiman, which itself is basedon a theorem of Chomsky-Sdutzenberger on context-free languages.A by-
product of our proof is the fact that the moment generating seriesis a matrix of algebraic power seriesin
non-commuting variables (seeProposition 4.4), which is a statemert a priori stronger than Theorem 1.

An alternativ e proof of Theorem 1 usesmethods from functional analysis, and most notably the Schur
complement methad (seebelow). We will discussin detail the rst proof and postpone the third proof to a
later publication. Either proof explainsthe closerelation betweenthe di eren tial properties of the generating
function Rp (z) and the word problem in G.

2. The case of the free abelian gr oup

2.1. Holonomic, algebraic and G-functions. A priori, Rp(z) is only a formal power series. However,
it is easyto seethat (ap.n) is bounded exponertially by n, which implies that Rp(z) de nes an analytic
function in a neighborhood of z = 0. The paper is concernedwith di eren tial/algebraic properties of the
function Rp (z). Algebraic and holonomic functions are well-studied objects. Let us recall their de nition
here.

Denition 2.1. (a) A holonomic function f (z) is one that satis es a linear dierential equation with
polynomial coe cien ts. In other words, we have:

w@f D@+ +w@f(2)=0

(b) An algebaic function f (z) is onethat satis es a polynomial equation:
Q(f (2);2)=0
where Q(y; z) 2 Qly; z].
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Lesserknown to the combinatorics community are G-functions, which originated in the work Siegelon
arithmetic problemsin elliptic integrals, and transcendenceproblemsin number theory; see[Si]. Holonomic
G-functions originate naturally in

(a) algebraic geometry, related to the regularity properties of the Gauss-Manin connection, seefor ex-
ample [De, Ka, Ma],

(b) arithmetic, seefor example[An2, Bm, DGS],

(c) enumerative combinatorics, aswas recertly shown in [GaZ2].

P
De nition  2.2. A G-function f (z) = LO anz" is one which satis es the following conditions:

(@) for everyn 2 N, we have a, 2 Q,
(b) there exist a constart C; > 0 such that for every n 2 N we have: ja,j C{' (for every conjugate of

(c) f(2) is holonomic.

The next theorem summarizesthe analytic continuation and the shape of the singularities of algebraic
functions and G-functions. Part (a) follows from the generaltheory of di erential equations(seeeg. [Wa]),
parts (b) and (d) follow from [CSTU, Lem.2.2](seealso[DGS] and [DvdP]) and (c) followsfrom a combination
of Katz's theorem, Chudnovsky's theorem and Andre's theorem; see[An2, p.706]and also [C-L].

Theorem 2. (a) A holonomic function f (z) canbe analytically continued asa multiv alued function in Cn
where ; Qisthe nite setof singular points of f (z).

(b) Every algebraic function f (z) is a G-function.

(c) In a neighborhood of a singular point 2 ¢, a G-function f (z) can be written asa nite sum of germs
of the form:

(5) (z ) (ogz ) h(z )
where 2 Q, 2 N, and h a holonomic G-function.
(d) In addition, = 0if f (z) is algebraic.

Remark 2.3. Local expansionsof the form (5) are known in the literature as Nilsson series(see[Ni]), and
minimal order linear di erential equationsthat they satisfy are known to be regular singular, with rational
exponerts fa g and quasi-unipotent monodromy. For a discussion,see[Ka, Ma, GaZ2] and referencegherein.

It is classicaland easyto show that the existence of analytic corntinuation of a function implies the
existence of asymptotic expansion of its Taylor series;seefor example [Ju, Co] and also [CG, Sec.7]and
[Ga2].

P
Lemma 2.4. If f(z) = i:o anz" is holonomic and analytic at z = 0, then the nth Taylor coe cient ap
has an asymptotic exm@nsion in the senseof Poincare

X n 1 R Cis
(6) an n (logn) s

2 s=0
where ¢ is the setof singularites of f, ; 2 Q,andcs 2 C.

2.2. The case of the free abelian group. In this section we will summarize what is known about the
generating functions Rp (z) when G = Z' is the free abelian group or rank r. The next theorem is shown in
[GaZ2], using Andree main theorems from [An2]. An alternativ e proof usesthe regular holonomicity of the
Gauss-Manin connection and the rationalit y of its exponerts. This was kindly communicated to us by C.
Sabbah (seealso [DvK]). Holonomicity of Rp (z) also follows from a fundamertal result of Wilf-Zeilb erger,
explainedin [GaZ2].

Theorem 3. [GaZ] For everyP 2 My (Q[Z']), Rp (2) is a G-function.
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2.3. A complexit y remark. GivenP 2 My (Q[F]) (resp. P 2 My (Q[F(])), onemay ask for the complex-
ity of a minimal polynomial Q(y; z) 2 Q][y; z] (resp. minimal degreedi eren tial operator D (z; @) 2 Qhz; @i)
sothat Q(Rp(2);z) = 0 (resp. D(z; @)Rp (z) = 0). One expects that the y-degreeof Q(y; z) and the @-
degreeof D(z; @) is exponertial in the complexity of P, where the latter can be de ned to be the degree
of P and the maximum of the absolute values of the coe cien ts of the enrties of P. This prohibits explicit
calculations in general.

2.4. Acknowledgemen t. The author wishesto thank K. Dykema, R. Gilman, F. Flajolet, L. Mosher, C.
Sabbahand D. Zeilbergerfor stimulating cornversationsand F. Lehner and D. Voiculescufor bringing to our
attention relevant literature.

3. A theorem of Haiman and a proof of Theorem 1
In [Ha] Haiman provesthe following theorem.

Theorem 4. [Ha] Let K be a eld with a rank 1 discrete valuation v; K, its completion with respct to

Letting K = Q(z), and K, = Q((z)) the ring of formal Laurent seriesin z, and consideringthe elemen
(L zP) 1, whereP 2 M y (Q[F:]), givesan immediate proof of Theorem 1.

In the next sectionwe will give a detailed description of Haiman's argumert which exhibits a closerelation
to linguistics, aswell as an obstruction to generalizing Theorem 1 to groups other than the free group.

4. Algebraic and rational functions in noncommuting variables

4.1. Rational, algebraic and holonomic functions in one variable. In this sectionall functions will
be analytic in a neighborhood of z = 0. Let Q2 (z), Q¥%(z) and Q' (z) denote respectively the set of
rational, algebraic and holonomic functions, analytic at z = 0. Let Q[[z]] denote the set of formal power
seriesin z. Using the injective Taylor seriesmap around z = 0, we will considerQ®* (z), Qg'g(z) and Q5% (2)
as subsetsof Q[[z]]:

@) U@ QR Q'@ QI
Q[[z]] has two multiplications:
the usual multiplication of formal power series

b3 b3 XX
8) ( az") ( Wz")=  ( abh z™
n=0 n=0 n=0 k=0
The Hadamard product:
b3 b3 b3
9) ( anz")~( mz")=  abz™
n=0 n=0 n=0

With respectto the usual multiplication, Q[[z]] is an algebraand Q2 (z), Q39 (z) and Q' (z) are subalgebras.
In casetwo power seriesare corvergert in a neighborhood of zero, sois their Hadamard product. Hadamard,
Borel and Jungen studied the analytic continuation and the singularities of the Hadamard product of two
functions; see[Bo, Ju]. Their method used an integral represenation of the Hadamard product, and a
deformation of the contour of integration; see[Ju, Fig.2,p.303]. Let us summarizethese classicalresults.

Theorem 5. (a) If f and g are rational, sois f ~ g.

(b) If f is rational and g is algebaic, then f ~ g is algebaic.

(c) If f and g are holonomic (resp. regular holonomic with rational expnents), sois f ~ g.
(d) If f and g are algebaic, then f ~ g is not necessarily algebaic.

For a proof, seeThm.7, Thm.8, Theorem E and the example of p.298 from [Ju].
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4.2. Rational and algebraic functions in noncomm uting variables. In this section we discussa
generalization of the previous sectionto non-comrmuting variables. Let X be a nite set,and let X denote
the free monoid on X . In other words, X consistsof the set of all words in X, including the empty word e.
Let QhXi (resp. QhiXii ) denote the algebra of polynomials (resp. formal power series)in non-comrmuting
variables. In [Sh], Schutzenberger de nes the notion of a rational and an algebmic power seriesin non-
commuting variables. Let Q™ hX i and Q¥9hX i denote the sets of rational (resp. algebraic) power series.
Then, we have an inclusion:

(10) Q¥MXi Q¥hXi QhKXii:
Qhiii hastwo multiplications:
the usual muItipIica)t(ion of forma)l< power serieiin non-cc;(mrmting variables:

(11) ( aww) ( by w) = ( awobyoo) W
w2 X w2 X w2 X wOw 00wOow00=
The Hadamard product: X X
12) ( awWw) ~ ( by w) = aw by w:
w2X w2 X w2 X

With respect to the usual multiplication, QhiXii is a non-comnutativ e algebraand Q@ hX i and Q¥9hX i
are subalgebras.We have the following analogueof Theorem 5.

Theorem 6. [Sh, Pro.2.2](a) If f 2 Q@ hXi andg2 Q™ hXi, thenf ~ g2 Q& hXi.
(b) If f 2 Q@ hXi and g2 Q¥9HX i, then f ~ g2 Q¥IhX .

Remark 4.1. The notion of rational and algebraic functions works for an arbitrary ring R of characteristic
zero, instead of Q. Theorem 6 is still valid.

Consider the monoid map:

(13) X U Fy; (xi) = ui; xi)=u, b
The kernel Ker( ) of is the set of those words in X which reduce to the identity under the relations
XiXi = XjXj = e. Let

(14)

w 2 QhiXii :
w2Ker( )

The next proposition is attributed to Chomsky-Shetzenberger by Haiman. For a proof, see[Ha, Sec.3].
Prop osition 4.2. [CS] s algebaic.

The map hasaright inverse(that satis es =1g )

(15) F ! X

de ned by mapping a reducedword in u; to a corresponding word in X . For every f 2 Q[F;] we have a key
relation betweentrace and Hadamard product:

(16) Tr(f)= ((f)~)

where is a Q-linear map de ned by:

a7) QhXi ! Q; (w)=1 forw2 X :
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Now, x P 2 My (Q[F:]). Let y denotethe N by N matrix with ertries equalto , and R = Q(2).
Let

X
P, =z (P) 2 My (RhXi); P, = P, 2 My (RhhXii ):
n=0
Notice that P, is well-de ned sinceP, has no z-constart term.

Lemma 4.3. We have:
(18) P, 2 My (R™hXi):
Proof. P, satis es the matrix equation

1 PP, =1
with entries in RhXi.

Lemma 4.3, together with Propositions 4.2 and part (b) of 6 imply the following result, which we can
think as a noncomnutativ e analogueof Theorem 1.

Prop osition 4.4. For every P 2 My (Q[F:]), we have:
(19) X Z"((P)"~ N 2 My (R¥KXi):
n=0
Consider the abelianization ring homomorphism:
(20) :RhXii ! R[XT]
where R[[X]] is the formal power seriesring in commuting variables. Haiman provesthe following:
Prop osition 4.5. [Ha, Prop.3.3]If f 2 R9hX i, then (f) is algebaic over R(X).

It follows that (P, ~ ) 2 My (R®9(X)). Consider now the subalgebraR"[[X]] of R[[X]] that
cortains all elemeris of the form

X
ayw W
w2X

where a,, 2 2" Q[[z]], where |(w) denotesthe length of w. Then, we can de ne an algebra map:

(21) 2 REMIIX] U QI[Z]); z(w) =1 forx2X:

Haiman shows that if f 2 R9 (X)\ REOMW[XT], then ,(f) 2 Q¥9. To state our nal conclusion, we
deneforl 1i;j N, the sequence(ag,;n) by

ab, = Tr(P")j)
and the matrix of generatingseriesAp (z) 2 My (QI[[z]]) by:

X
(Ap(2))y =  ab,z™
n=0

Lemma 4.6. We have:
(22) (z )P,~ n)=Ap(2):
Thus, Ap(2) 2 My (Q39(2)).

Proof. Equation (22) follows from Equation (16). The conclusionfollows from the above discussion.
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Thus, the entries of Ap (z) are algebraic functions, corvergert at z = 0. Sinceby de nition we have:

X
Rp(2) = (Ap(2))i
i=1

it follows that Rp (z) 2 leg (z). This completesthe proof of Theorem 1.

5. Some Linguistics

5.1. Regular and context-free languages. Haiman's proof usesthe key Proposition 4.2 from linguistics.

Let us recall some conceptsfrom this eld. Seefor example [BR, Li, Ya] and referencestherein. Given

a nite set X (the alphabet), a languagel is a collection of words in X. In other words,L X . The

geneating seriesF_ of a languageis: X

FL = w 2 QhiXii :
w2L

It follows that for two languagesL 1 and L, we have:

Fuoe, = Fu,~ Fr,e

A languagelL is called rational (resp. context-free) i F 2 Q@ (X) (resp. FL 2 Q¥9(X)). In this context,
Theorem 6 takesthe following form:

Theorem 7. [CS](a) If Ly and L, are rational languages,sois L3\ L».
(b) If L1 is rational and L, is (unambiguous) context-free, then L1\ L, is (unambiguous) context-free.

It waspointed out to usindependertly by D. Zeilbergerand F. Flajolet that the above theorem essetially
proves Theorem 1.

5.2. Some questions. Let us end this short paper with some questions. Despite the similarity in their
statemerts and the multitude of proofs, Theorems1 and 3 have di erent assumptions,di erent proofs and
di erent conclusions.

Consider a generating set X for a group G sudc that every elemen of G can be written as a word in
X with nonnegative exponerts. Given X and G, let Lx denote the set of all words in X that map to the
identity in G. Deciding membershipin Ly is the word problemin G.

De nition  5.1. A group G has context-free word problemif it hasa generatingset X sud that the language
Ly is context-free.

The proof of Theorem 1 appliesto groups with a context-free word problem. Muller-Schupp classi ed
thosegroups. In [MS] Muller-Schupp provethat G hascontext-free word problemi G hasa free nite-index
subgroup.

On the other hand, if G is the fundamertal group of a hyperbolic manifold of dimension not equal to 2,
then G doesnot have a free nite-index subgroup.

Thus, the linguistics proof of Theorem 1 does not apply to the caseof hyperbolic groupsin dimension
three. Neither doesit apply to the caseof Z" sincethe latter doesnot have context-free word problem.

Question 1. If P is a hyperbolic group and P 2 My (Q[G]), is it true that Rp (z) is a G-function?

The question may be relevant to low dimensional topology, when one tries to compute the *2-torsion
of a hyperbolic manifold using Luecke's theorem; [Lu]. In that case,the matrix P comesfrom Fox (free
di erential) calculusof a presenrtation of the fundamental group G of the hyperbolic manifold. Seealso[DL].

Question 2. Given P 2 My (Q[F,]), considerthe abelianization P2 2 My (Q[Z"]), and the G-functions
Rp (z) and Rpa (2). How are the singularities of Rp (z) and Rpa (2) related?

Question 3. What is a holonomic function in non-commuting variables?
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6. A functional  anal ysis interpret ation of Theorem 1

The presen paper is focusing on results and techniques inspired by algebra, non-commnutativ e algebraic
combinatorics. However it is worth mertioning that Theorem 1 has applications to problems coming from
functional analysis,spectral theory, and the spectrum of Schredingeroperators. For instance,the Schredinger
equation describingthe electron motion in a d-dimensional periodic crystal, can be well approximated by the
di erence equation on a lattice of samedimension. The corresponding operator can be seenas an elemen
of the group ring of Z9. The function Rp (z) de ned previously is noting but the diagonal elemert of the
resolvent and is usedto compute the spectral measure,through the Charles de la Vallee Poussintheorem.
There are instancesfor which, this operator is better approximated by the free group analog. For instancethe
retracable path approximation wasusedby Brinkman and Rice [BrRi] in 1971to treat the e ect of spin-orbit
coupling in the Hall e ect, while it wasusedin [BFZ] to compute the electronic Density of States when the
electron is submitted to a random magnetic eld. The sameoperator, seenas an elemer of the free group
ring, is usedto describe variousin nite dimensionapproximations. The seminalwork of Georgesand Kotliar
[GK] usedthis free group approximation to give the rst model known with a Mott-Hubbard transition.

Another domain in which the Theorem 1 may apply is the VoiculescuTheory of Free Prokability [Vo2, Vo3].
The so-called R-transform usedto treat the corvolution of free random variables, is also basedupon the
Schur complemert formula. In particular the free certral limit theorem assertsthat a sum of identically
distributed free random variable obey the semicirclelaw, is a special caseof the presert result.

Besidesthe two proofs of Theorem 1 discussedin this paper, the algebraic character of Rp (z) can alsobe
deducedfrom the usedof the Schur complemen method [Sch]. This is what makesthe free group approxi-
mation so attractiv e to theoretical physicists. This method, also known under the name of Feshlach methad
[Fel]is usedin many domains of Physics, Quantum Chemistry, Solid State Physics, Nuclear Physics, to re-
ducethe Hilb ert spaceto a nite dimensionaloneand make the problem amenableto numerical calculations.
However, very few Mathematical Physicists have paid attention to the fact that algebraicity or holonomy
can give rise to results concerningthe explicit computation of the spectral radius, or more generally, to the
band edges,of the Hamiltonian they consider. This later problem is known to be notably hard with other
methods.

For the bene t of the reader,weinclude somehistory of that method. The Schur complemen method [Sch]
is widely usedin numerical analysis under this name, while Mathematical Physicists prefer the referenceto
Festbach [Fel]. In Quantum Chemistry, the common referenceis Festhach-Fano [Fal] or Festhach-Loewdin
[Lo]. This method is usedin various algorithms in Quantum Chemistry (ab initio calculations), in Solid
State Physics(the mu n tin approximation, LMTO) aswell asin Nuclear Physics. The formula usedabove
is found in the original paper of Schur [Sch, p.217].

The formula hasbeenproposedalso by an astronomer TadeuszBanachiewiczin 1937,even though closely
related results were obtained in 1923by Hans Boltz and in 1933by Ralf Rohan [PS]. Applied to the Green
function of a selfadjoint operator with nite rank perturbation, it becomesthe Kre n formula [Kr].

Let us end this sectionwith a small dictionary that comparesour notions with thosein physics.

H 2 My (Q[F¢]) | Hamiltonian
1=(z H) resohant
1=7Ry (1=2) trace of the resohant
Tr(H™) nth momert of H
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