ON THE CHARA CTERISTIC AND DEF ORMA TION VARIETIES OF A KNOT
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Abstra ct. The colored Jones function of a knot is a sequenceof Laurent polynomials in one variable, whose
nth term is the Jones polynomial of the knot colored with the n-dimensional irreducible represertation of sls.
It was recently shown by TTQ Le and the author that the colored Jones function of a knot is g-holonomic,
i.e., that it satis es a nontrivial linear recursion relation with appropriate coe cien ts. Using holonomicit y,
we intro duce a geometric invariant of a knot: the characteristic variety, an ane 1-dimensional variety in

2. We then compare it with the character variety of SLy( ) represertations, viewed from the boundary.
The comparison is stated as a conjecture which we verify (by a direct computation) in the caseof the trefoil
and gure eight knots.

We also propose a geometric relation between the peripheral subgroup of the knot group, and basic
operators that act on the colored Jones function. We also de ne a noncommutativ e version (the so-called
noncommutativ e A-polynomial) of the characteristic variety of a knot.

Holonomicit y works well for higher rank groups and goes beyond hyperbolic geometry, as we explain in
the last chapter.
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of aknot K in 3-spaceis a sequenceof Laurent polynomials, whosenth term Ji (n) is the Jonespolynomial
of a knot colored with the n-dimensional irreducible represeration of sl,; see[Tu]. We will normalize it by
Junknot (N) = 1 for all n, and (for those who worry about framings), we will assumethat K is zero-framed.

The rst two terms of the colored Jonesfunction of a knot K are better known. Indeed, Jk (1) = 1, and
Jk (2) coincideswith the Jones polynomial of a knot K, de ned by Jonesin [J]. Although we will not use
it, note that the colored Jonesfunction of a knot essetially encadesthe Jonespolynomial of a knot and its
connectedparallels.

The starting point for our paper is the key property that the colored Jonesfunction is g-holonomic, as
was shown in joint work with TTQ Le; see[GL]. Informally, a g-holonomic function is one that satis es
a nontrivial linear recursion relation, with appropriate coe cien ts. A cornveniert way to describe recursion
relations is the operator point of view which we now describe.

1.2. The characteristic variety of a knot. Considerthe ring F of discrete functions f : I (g), and
de ne the linear operators E and Q on F which act on a discrete function f by:

(Qf)(n) = d'f (n) (Ef)(n) = f(n+ 1)
It is easyto seethat EQ = gQE, and that E;Q generatea noncommutative Weyl algeba (often called a
g-Weyl algebra) with presertation

A= [q JQ;EI=EQ = qQE):
Given a discrete function f , considerthe set
I+ =fP 2 AjPf = Og:
It is easyto seethat |; is aleft ideal of the Weyl algebra, the so-calledrecursion ideal of f .

If P 2 I+, we may think of the equation Pf = 0 as a linear recursion relation on f. Thus, the set of
linear recursionrelations that f satis es may be identied with the recursionideal | ¢ .

Denition 1.1. Wesay that f is g-holonomici 1; 6 0. In other words, a discrete function is g-holonomic
i it satis es a nontrivial linear recursion relation.

Considerthe quotient B = [E; Q] of the Weyl algebraand let
1) A ' B
be the evaluation map at g = 1.

Deniton  1.2. If | is aleft ideal in A, we de ne its characteristic variety ch(l) ( ?)? by
ch(l) = f(x;y) 2 ( )?jP(x;y)= 0 forall P2 (I)g:

If f is a g-holonomic function, then we de ne its characteristic variety to be ch(l ;). Finally, if K is a knot
in 3-space,we de ne its characteristic variety ch(K) to be ch(Jk ).

We will make little distinction betweena variety V. ( ?)? and its closureV 2. For those pro cient
in holonomic functions, pleasenote that our de nition of characteristic variety does not agree with the
one commonly usedin holonomic functions. The latter usesonly the symbol (i.e., the leading E-term) of
recursion relations.

1.3. The deformation variety of a knot. The deformation variety of a knot is the character variety of
SL,( ) represenations of the knot complemen, viewed from their restriction to the boundary torus. The
deformation variety of a knot is of fundamental importance to hyperbolic geometry, and to geometrization,
and was studied extensively by Cooper et al and Thurston; see[CCGLS] and [Th].
Given a knot K in S2, considerthe complemen M = S® nbd(K) (a 3-manifold with torus boundary
@1 = T?), and the set
R(M) = Hom( 1(M);SLz( ))
of represenations of 1(M) into SLy( ). This hasthe structure of an a ne algebraicvariety de ned over ,
on which SL,( ) acts by conjugation on represenations. Let X (M) denote the algebrogeometricquotient.
There is a natural restriction map X (M) ! X (@), induced by the inclusion @ M. Notice that
1(@) = 2, generatedby a meridian and longitude of K. Restricting attention to represenations of
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1(@) which are upper diagonal, we may identify the character variety of @1 with ( 2)?, parametrized
by L and M, the upper left entry of meridian and longitude. [CCGLS] de ne the deformation variety D (K)
to be the image of X (@) in ( ?)2.

1.4. The conjecture. Recall that every ane subvariety V in 2 is the disjoint union Vot Vit V, where
V,; is a subvariety of V of pure dimensioni.

We say that two algebraic subvarieties V and V% of 2 are essentialy equali V; is equal to V union
somey-lines, whereay-linein 2= f(x;y)jx;y2 gisaliney= afor somea.

Conjecture 1. (The Characteristic equals Deformation Variety Conjecture) For every knot in S3, the
characteristic and deformation varieties are essentialy egual.

Questionssimilar to the above conjecture and its polynomial version(Conjecture 2 below) werealsoraised
by Frohman and Gelcawho studied the colored Jonesfunction of a knot via Kau man bracket skein theory,
[Ge]. Our approach to recursionrelations in [GL] and hereis via statistical mecanics sumsand holonomic
functions.

A modest corollary of the above conjecture is the following:

Corollary 1.3. If aknot hasnontrivial deformation variety (eg. the knot is hypertolic), thenit hasnontrivial
colored Jones function.

Remark 1.4. Despite our improved understanding of the geometry of 3-manifolds, it is unknown at presen
whether the deformation variety of a knot complemert is positive dimensional. If a knot is hyperbolic or
torus, then it is, by above mentioned work of Thurston and Cooper et al. If a knot is a satellite, then it is
not known, due to the presenceof forbidden representations explained by Cooper-Long in [CL, Sec.9].

As evidencefor the conjecture, we will show by a direct calculation, that:
Prop osition 1.5. Conjectures1 and 2 are true for the trefoil and Figure 8 knots.
Let us end this sectionwith three commerts:

Remark 1.6. Conjecture 1 may be translated asan equality of two polynomials with two commuting variables
and integer coe cien ts; seeConjecture 2 below. Since these polynomials are computable by elimination,
it follows that Conjecture 1 is in principle a decidable question. This is in cortrast to the Hyperbolic
Volume Conjecture (due to Kashaev-Murakami-Murakami; see[Ka, MM]) which involvesthe existenceand
identi cation of a limit of complex numbers.

Remark 1.7. Both Conjecture 1 and the Hyperbolic Volume Conjecture state a relationship between the
colored Jonesfunction of a knot and hyperbolic geometry Combining both conjectures, it follows that the
colored Jonesfunction of a hyperbolic knot determinesthe volume of the hyperbolic 3-manifolds obtained
by Dehn surgery on the knot. Indeed, the variation of the volume function dependson the restriction of a
path of SLy( ) represertations to the boundary of the knot complemen. Furthermore, the polynomial that
de nes the deformation variety can compute the variation of the volume function; seeCooper et all [CCGLS,
Sec.4.5]and also Yoshida[Y] and Neumann-Zagier[NZ, egn (47)].

Remark 1.8. Conjecture 1 reveals a close relation between the colored Jones function of a knot and its
deformation variety. It doesnot explain though why we ought to look at charactersof SL,( ) represerations.
There is a generalization to higher rank groups, which we presert in Section 4. We warn the reader that
there is no evidencefor this generalization.

1.5. Acknowledgemen t. An earlier version of this paper circulated informally at the Cassonfest in the
University of Texasat Austin in May 2003. The author wishesto thank the organizers,C. Gordon, J. Luecke
and A. Reid for arranging a stimulating conferenceand for their hospitality.
In addition, the author wishesto thank A. Rieseand D. Thurston for enlightening cornversations,and the
anornymous referee.
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2. A pol ynomial version of Conjecture 1

2.1. The A-polynomial of a knot. Recallthe de nition of the deformation variery of a knot from Section
1.3. Sinceprojection of a ne algebraicvarieties correspondsto elimination in their corresponding ideals (see
[CLOY)), it is clear that the deformation variety of a knot can in principle be computed via elimination.

In fact, accordingto [CCGLS], the deformation variety D (K ) of a knot K is essetially equalto a complex
curvein 2 which is de ned by the zero-locus of the so-calledA-polynomial A(K ) of K , wherethe latter lies
in [L; M?2]. Here A standsfor ane and not for Alexander.

2.2. A noncomm utativ e version of the A-polynomial. In this section we de ne a noncomnutativ e
version of the A-polynomial of a knot.

If the Weyl algebraA werea principal ideal domain, every left ideal (such asthe recursionideal of a discrete
function) would be generatedby a polynomial in noncomnuting variablesE and Q. This polynomial would
be the noncomnutativ e A-polynomial of an ideal. Applying this to the recursionideal of Jx would allow us
to de ne the noncomnutativ e A-polynomial of a knot.

Unfortunately, the algebra A is not a principal ideal domain. One way to get around this problem is

to invert polynomials in Q, as we now explain. Consider the Ore algeba A,c = [E; ] over the eld
= (g, Q), where is the automorphism of given by
(2) (F)(a Q) = f (g qQ):

Additiv ely, we have

X
Apc=f akEkjak2 ; ax = 0k >> Og;

k=0
where the multiplication of monomials given by aE¥ bE' = a K(bEX*!.
Recall the ring F of discrete functions f : ! (g), and its quotient ring F under the equivalence

relation f gi f(n) = g(n) for all but nitely many n. Then, A,,c acts on F. In particular, if f is a
discrete function, we may de ne its recursion ideal, with respectto Aix.. We will call f g-holonomic with
respectto A, i its recursionideal with respectto A . doesnot vanish.

By clearing out denominators, it is easyto seethat if f is a discrete function, then it is g-holonomic with
respectto A i it is g-holonomic with respectto Ajc.

It turns out that every left ideal in Aoc is principal; see[Cou, Ch. 2, Exer. 4.5]. Given a left ideal | of
Ajoc, let Ag(l) denote a generator of |, with the following properties:

Aq(l) has smallestE-dlggreeand liesin A.
We canwrite Ag(l) = axEX wherea, 2 [g; Q] are coprime (this makessensesince [g;Q] is a
unigue factorization domain).

These properties uniquely determine Aq(l) up to left multiplication by ¢*QP for integersa;b.

De nition 2.1. Givenaleft ideall in A, we de ne its Ag-polynomial Aq(l) 2 A to be Aq(l). Givena knot
K in S3, we de ne its Ag-polynomial Aq(K) to be the Ag-polynomial of the Ajqc-recursion ideal of Ji .

Recall from Section 2.1 that the A polynomial of a knot lies in the ring [L; M 2] which we will identify
with [E;Q]by L = E and M = Q2. In other words,

De nition  2.2. We identify the geometric pair (L; M 2?) of (meridian, longitude) of a knot K with the pair
(E; Q) of hasic operators which act on the colored Jonesfunction of K .

Let us commert on this de nition. It is not too surprising that the meridian variable M is identi ed with
Q, the multiplication by g". This is foreshadaved by the Euler expmnsion of the colored Jonesfunction in
terms of powers of " and q 1, [G]. The physical meaning of this expansionis, according to Rozansky
a Feynman diagram expansionaround a U(1)-connection in the knot complemert with holonomy g, [R].
Thus, it is not surprising that M2 = Q.

It is more surprising that the longitude variable L corresponds to the shift operator E. This can be
explainedin the following way. According to Witten (see[Wi]), the Jonespolynomial Jk (n) of a knot K is
the averageover an in nite dimensional spaceof connections,of the trace of the holonomy around K , where
the trace is computed in the n-dimensional represenation of sl,. To a leading order term, computing traces
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in the n-dimensional represenation is equivalent to computing traces of an (n  1; 1) connectedparallel of
the knot in the 2-dimensionalrepresenation. Thus, increasingn by 1 correspondsto going oncemore around
the knot. Since holonomy and longitude are synonymous notions, this explains in some sensethe relation
E=1L.

Conjecture 2. (The AJ Conjecture)! For everyknot in S3, A(K)(L; M) = A4(K)(L; M?2).
Lemma 2.3. Conjecture 2 implies Conjecture 1.

Proof. Considerf;g 2 [E;Q]. Let us say that f is essentialy equal to q if their imagesin (Q)[E] are
equal. In other words, f is essetially equalto gi f=gis a rational function of Q.

If V(f) = f(x;y) 2 2jf(x;y) = Og denotesthe variety of zerosof f, then it is easyto seethat if f is
essetially equalto g, then V(f) is essemally equalto V(g).

It is easyto seethat the characteristic (resp. deformation) variety is essetially equalto V(A ) (resp.
V (A)). The result follows.

Remark 2.4. Conjecture 2 is consistent with the behavior of the colored Jonesfunction and the A-polynomial
under mirror image, changing the orientation of the knot, and ,-symmetry. For the behavior of the A-
polynomial under these operations, seeCooper-Long: [CL, Prop.4.2]. On the other hand, the colored Jones
function satis es the symmetry J(n) = J( n). Moreover, J is invariant under the change of orientation of
a knot and changesunder q! q ! under mirror image.

2.3. Computing the Aq polynomial of a knot. Section2 de nes the Aq polynomial of a knot K. This
section explains how to compute the Aq polynomial of a knot. For more details, we refer the readerto [GL].

Starting from a generic planar projection of a knot K, it was shown in [GL, Sec.3.2]that the colored
Jonesfunction of a knot K can be written as a multisum

b3
3) Jk (n) = F(niky;:iike)
ky;ke =0

nonzero. Of course, F dependson a planar projection of K. The key property is that F is g-holonomic
in all r + 1 variables, and that it follows from rst principles that multisums of g-holonomic functions are
g-holonomic in all remaining free variables.

Working with the Weyl algebraA, of r + 1 variables, and using the fact that F is g-proper hypergeometric,
we may write EF=F = A=B and E;F=F = A;=B; for polynomials A; B;A;;B; 2 (9)[q";q;:::;q“].
Replacing g" by Q and g by Qj, it follows that the recursion ideal of F in the Weyl algebra A, is
generatedby BE A;BiE; A BrEr Ar.

The creative telescoping method of Wilf-Zeilb erger (the so-called WZ algorithm) producesfrom these
generatorsof F, via noncomnutativ e elimination, operators that annihilate Jx . For a discussionof Wilf-
Zeilberger's algorithm, see[Z, WZ, PWZ] and also[GL, Sec.5].For an implementation of the algorithm, see
[PR1, PR2].

Applying the WZ algorithm to Equation (3), we are guaranteed to get an operator P 2 A, sud that
PJk = 0. It follows that Aq(K) is a right-divisor of P. In other words, there exist an operator Py 2 Ao
such that P1P = Ag(K). We caution however that the WZ algorithm doesnot give in generala minimal
order di erence operator. For a thorough discussionof this matter, see[PWZ, p.164]. In other words, P
neednot equalto Aq(K).

The problem of computing right factors of an operator has beensolved in theory by Petkovsekin [BP].
A computer implemertation of this solution is not available at presen.

In casewe are looking for right factors of degreel (this is equivalent to deciding whether a discrete
function has closedform), there is an algorithm gHyper of Petkovsekwhich decidesabout this problem in
real time; see[PWZ].

In the special examplesthat we will consider, namely the colored Jonesfunction of 3; and 4, knots, we
can bypassthe thorny issueof right factorization of an operator.

1AJ are the initials of the A-polynomial and the colored Jones polynomial
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3. Proof of the conjecture for the Tref oil and Figure 8 knots

3.1. The colored Jones function and the A-polynomial of the 3; and 4, knots. Habiro [H] and Le
give the following formula for the colored Jonesfunction of the left handed trefoil (31) and Figure 8 (41)
knots:

b3
( 1)qu(k+3) —2an (q n l'q l)k(q n+l;q)k

=0

(4) J3,(n)

=

d“(@ " “a (@ "
k=0
where we de ne the rising and falling factorials for k > 0 by:

@@= a@ ag:::(1 ad ') (mghH=@ a@ agH:::(@ agq*?)

and (a;q)o = (a;9)o = 1. Notice that the sumsin in Equations (4) and (5) have compact support, namely
for eadh positive n, only the terms with k  n contribute.

Theseformulas are discussedn detail in Masbaum [Ma, Thm.5.1], in relation to the cyclotomic expansion
of the colored Jonesfunction of twist knots. To compare Masbaum's formula with the one given above, keep
in mind that:

(5) Ja,(n)

S(mk) = d%(@" g Yla "o
_fn kafn k+1g:::fn+ kg
- fng

¥ . - -
= (0?2 q™H? (d72 q!7)?
j=1

wherefmg= gq™2 q M2,
On the other hand, [CCGLS] compute the A-polynomial of the 3; and 4, knots, as follows:

(6) A(31) (L DL+M
7) A4y = (L 1) L+LM2+M*+2IM 4+ L2M*+ LM & LM ®)

where we include the factor L 1 in the A-polynomial which correspondsto the abelian represerations of
the knot complement.

3.2. Computer calculations. The colored Jonesfunction of the 3; and 4; knots given in Equations (4)
and (5) hasno closal form. Howewer, it is guaranteed to obey nontrivial recursionrelations. Moreover, these
relations can be found by computer. There are various programs that can compute the recursion relations
for multisums. In maple, one may useqEKHARBeveloped by Zeilberger[PWZ]. In Mathematica, one may use
gZeil.m deweloped by Paule and Riese[PR1, PR2]. We will give explicit examplesin Mathematica, using
Paule and Riese'sqZeil.m padkage.

We start in computer talk by loading the padkages:
Mathematica 5.0 for Sun Solaris
Copyright 1988-2000 Wolfram Research, Inc.
-- Motif graphics initialized -
In[1]:=<< gZeil.m
g-Zeilberger Package by Axel Riese -- CcRISCLinz -- V 2.35 (04/29/03)
In[2]:= << gMultiSum.m
gMultiSum Package by Axel Riese -- CcRISCLinz -- V 2.45 (04/02/03)

Let us type the colored Jonesfunction Js, from Equation (4):
In[3]:= summandtrefoil = (-1)*k qgk(kk + 3)/2) g*n k) gfac[g*(-n - 1), g™(-1),

kK] ofac[g®-n  + 1), q, K]



k k B +k)2 +kn -1-n 1
Out[3]1= (-1) q gPochhammer[q . - K
q
1-n
> gPochhammer[q , d, Kl
We now ask for a recursion relation for Js, :
In[4]:=  gZeil[summandtrefoil, {k, 0, Infinity}, n, 1]

gZeil::natbounds:  Assuming appropriate  convergence.

-2 +n 2n -1 +3n -1 +n

q (g +g ) 1-aq ) SUM[-1 + n]
Out[4]= SUM[N] == ------mmmmmmmmmeeee e

n n

-1 +q 1-g¢

In other words, for J(n) = Js, (n) we have:

_ L 2en A+ G wanl g M0 .
J(n)=gq 1r @ q 1 J(n 1)

The above relation is a rst order inhomogeneousecursionrelation. We may cornvert it into a secondorder
homogeneougecursion relation as follows:

In[5]:= rec31l = MakeHomRec[%SUMI[n]]

-1 +2n 2 n

q (@ - g) SUM[-2+ n]
Out[5]= -t
3 2n
q -4
n n 4 4 n 3+n 2+2n 3+2n
> (@ -9) @+g9) @ +qg -q +q -q -
1+3n n 2n 3 2n
> q ) SUM[-1+n)) / @ @-9 )@ -qg ) +
2-n n
q (-1 +q) SUMIn]
> ==
2n
aqa-q

Perhaps the reader is displeasedto seethe above recursion relation written in backwads shifts, i.e.,
SUM[-k+n] wherek 0. This can be converted into a recursion relation using forward shifts by:

In[6]:= ForwardShifts[% ]

3+2n 2 2+n
q @ -q ) SUMIn]
Out[6]= +
3 4 +2n
qa -4

-2 - n 2+n 2+n
> (g (@-d ) @ +q )

4 5+n 6+2n 7+2n 7+3n 8 +4n
> @ -d +q - q - q +q ) SUM[1+ n])



2+n
4 +2n 3 4+ 2n -1 +gq ) SUM[2+ n]

> /(@ - q ) @ - q ) e —

The next command converts the recursion relation rec31 into an operator, where (due to Mathematica

annoyance), we usethe symbol X to denote the shift E:

In[7]:=  ToqHyper[rec31[[1]] - rec31[[2]]] /. {SUM[N] -> 1, SUM[Ng”c_.]
N->Q
2 2 2
qg (1 +Q (@ -QRQ
out[7]=  ----------- e +
2 3 2 2
Q@-Q) 9@ -Q)X
4 3 2 2 3 2 3 4
@Q@-Q9Q@+Q@ -9 Q+g Q -g Q -gQ +Q)
S mmmmmmmmmmmmmmmmmmmmmmeee mmmme mmmm mmmme mmme mmmm e
2 3 2
Q@-Q) @ -Q)X

> X~c} /.

This operator right divides the Aq polynomial of the 3; knot. Let us assumefor now that it equalsto the
Aq polynomial, after clearing denominators. Setting g = 1, and replacing X by L and Q by M 2, and obtain:

In[8]:=  Factor[TogHyper[rec31[[1]] - rec31[[2]]] /. {SUMI[N] -> 1,
SUMI[Ng*c_.] > X~c} /. {N->Q,q-> 1} /. {Q-> M2, X-> L}
6
-1 +L) (L +M)
Out[8]=  -(----------------- )
2 2 2

L M@ +M)

The result agrees,up to multiplication by arational function of M and a power of E, with the A-polynomial

of 3; from (6).

It remainsto prove that rec31=Out[7] coincideswith A4(3;1), after clearing denominators. Notice that
rec31 = PAqy(3;) for someoperator P and orde (rec31) = 2, where orde (P) denotesthe E-order of an
operator E. Thus orde (Aq(31)) is 1 or 2. If orde (Aq(31)) = 1, then J3, would have a closedform. This
problem can be decided by computer using gHyper (see [PWZ]), which indeed con rms that Js, doesnot
have closedform. Thus orde (Aq(31)) = 2= ordg (rec31). It followsthat (up to left multiplication by units),

Aq(31) equalsto rec31 This completesthe proof in the caseof the trefoil.

Now, let us repeat the processfor the colored Jonesfunction of the gure 8 knot, givenin Equation (5).

In[9]:= summandfigure8 = g*(n k) gfac[g™(-n - 1), ag*(-1), k] gfac[g™(-n
kn -1 -n 1 1-n
Out[9]= q gPochhammer[q , - k] gPochhammer[g . q, K]
q

In[10]:= gZeil[summandfigure8, {k, 0, Infinity}, n, 2]
gZeil::natbounds: Assuming appropriate  convergence.

-1 - n n 2n

q @+d9) (g +q9g )

Out[10]= SUM[n] == ]
n

+1), a K



_1+q

2 +n -1 +2n
tl-aq ) 1 -4 ) SUM[-2 + n]
e T +
n -3 +2n
1-9)(-qg )
2 -2n -1 +n2 -1 +n
> (@ 1-aq ) @ +q )
4 4 n 3+n 1+2n 3+2n 1+3n
> @ +q -4 -Q - Q -9 ) SUM[-1+n]) /
n -3 +2n
> (@ -9)@-q )

givesa second-orderinhomogeneougecursion relation, which we convert into a third-order homogeneous
recursion relation:

In[11]:= rec4l = MakeHomRec[%SUM[n]]

2+n 3 n

q (|0 +4q) SUM[-3+ n]
Out[11]= -
2 n 5 2n
@ +9) (g +q )
2 -n 2 n 8 4 n 6 +n 7+n 3+2n
> (g @ -4d9) @ +q -2¢q +q - q +
4+2n 5+2n 1+3n 2+3n
> q -qg +q - 29 ) SUM[-2+ n]) /
n 5 2n
> (@ +g) @ -qg ) +
-1 - n n 4 4 n 2+n 3+n 1+2n
> (g (9 +9) @ +q +q -2¢q - q +
2+2n 3+2n 1+3n 2+3n
> q -q -24q +q ) SUM[-1+ n]) /
1+n n
2 n 2n q (-1 +qg) SUMI[n]
> (@ +49) (g +g ) + -mmmmmmmmmmmemeeeees ==
n 2n

(@+9) @-9 )
In forward shifts, we have:
In[12]:=  ForwardShifts[%]

5+n 3 3+n

q (g +dq ) SUM[n]
Out[12]= - -
2 3+n 5 6+2n
(@ +g ) (0 +dq )
5 -n 2 3+n 8 9 +n 10 + n 9+2n

> (@ @ -gqg ) @ -2¢q +q - q +



10+ 2 n 11 +2n 10 + 3 n 11 + 3 n 12 + 4 n

> q - q +q -2¢ +q )
3 +n 5 6+2n
> SUM[1+n]) / ((@ +q ) @ - g ) T
-4 - n 3+n 4 5+n 6 +n 7+2n 8+2n
> (g (9 +q ) @ +d -2¢ -q +q -
9+ 2n 10 + 3 n 11 + 3 n 12 + 4 n
> q - 29 +q +q ) SUM[2+ n]) [
4 +n 3+n
2 3+n 6+2n q -1 +q ) SUM[3+ n]
> (@ +a ) (a+q )+ - ==
3+n 6+2n
(@ +q ) @-q )

In operator form, rec41l becomes:

IN[13]:= TogHyper[rec41[[1]] - rec4l[[2]]] /. {SUMI[N] -> 1, SUM[Ng~c_.] > X~c} I.
N-> Q

a(1 +QQ qa Qg +Q
(O8] S —— S -
2 2 5 2 3

@+Q@-Q) @ +Q((qg +Q)X

2 8 6 7 32 42 52 3 2 3
> (g -Q@ -29g Q+g Q-9 Q +g Q -9 Q +gQ -2q9 Q +

4 2 5 2 2
Q) /(@ Q@+Q @ - Q) X) +

4 2 3 2 22 32 3 23
> (9 +Q@ +9 Q-2g9g Q-gQ +qg Q -qg Q -29gQ +qg Q +

\%

4 2 2
Q) /(@@ +Q(a +Q) X

whereX = E. Let usassumethat this coincideswith Aq(41), after we clear denominators. Setting q= 1,
and replacing X by L and Q by M2, and obtain:

In[14]:=  Factor[ToqHyper[rec41[[1]] - rec4l[[2]]] /. {SUM[N] -> 1,
SUMI[Ng*c_.] > X~c} /. {N->Q, q->1}] /. {Q > M2, X-> L}

\%

2 4 4 2 4 6 8
(1 +)L-LM-M-2LM-L M-LM+LM)
OULL4]E  —mememememememememees e e e e e
3 2 22
L M@ +M)

The result agrees,up to multiplication by arational function of M and a power of E, with the A-polynomial
of 44 from (7).
It remainsto prove that rec41=0Out[13] equals,up to units, to Ay(41). Notice that rec4l= P Aqy(41) for
someoperator P and ordg (rec4l) = 3. Thus ordg (Aq(41)) is1 or 2 or 3.
If orde (Aq(41)) = 1, then J4, would have a closedform. This problem can be decidedby computer using
gHyper (see[PWZ]), which indeed con rms that J3, doesnot have closedform.
10



If orde (Aq(41)) = 2, recall the map which evaluates at g = 1. We have: rec4dl= P Ay(41). Since
orde ( rec4l) = 3, it follows that we must have orde ( A 4(41)) = 2.

Furthermore, the computer calculation above shows that A ¢(41) divides A(41). The latter, given by
Equation (7) can be factored as a product of two irreducible polynomials of E-degreel and 2.

On the other hand, Lemma 3.1 below implies that E 1 divides ( A 4(41))jg=1 . Combining thesefacts, it
followsthat A q(41) = A(41) (and therefore, also Aq(41)) is of E-degree3, a cortradiction to our hypothesis.

Thus, it follows that orde (Aq(41)) = 3 = orde (rec41). This implies that, up to left multiplication by
units, Aq(41) coincideswith rec4l This concludesthe proof in the caseof the gure 8 knot.

Lemma 3.1. For everyknot K, Aq(K)(1;1)= 0.

Proof. Recall that the colored Jones function of a knot K is given by a multisum formula of a g-proper
hypergeometric function. Consider the evaluation of the colored Jonesfunction Jx at g = 1. This is a
discrete function which is given by a multisum of a proper hypergeometric function. Applying the Wz
algorithm, it follows that o A4(K) annihilates Jk, where o is the evaluation at Q = 1. However,
Jk (n) = 1for all n; see[GL]. ThusE 1divides o Aq(K). The result follows.

4. Higher rank gr oups

The purposeof this sectionis to formulate a generalization of the characteristic and deformation varieties
of a knot to higher rank groups.

Consider a simple simply connectedcompact Lie group G with Lie algebrag and complexi ed group G .
Let = T denoteits weight lattice, which is a free abelian group of rank r, the rank of G, andlet , = '
denote the cone of positive dominant weights.

One can de ne the g-colored Jones function

Jg: "V [al
In [GL], we showved that Jg is g-holonomic, with respect to the Weyl algebraof r variables:

Ar= (Relg)

where the relations are given by:
QiQ; = Q Qi EiEj = EJE
QiEj = EjQifori 6 ] EiQi = qQiE;
Loosely speaking, holonomicity of a discrete function of r variables meansthat it satis es r independert
linear recursion relations.
A precisede nition in seweral equivalent forms was givenin [GL, Sec.2].For the benet of the reader,we

recall here the de nition in its form most useful for our purposes.
Givenadiscretefunction f : " ! (q), wede ne the recursion ideal | ; and the g-Weyl module M¢ by:

I = fP 2 A, jPf = Og M = A f = A=l

M; is a cyclic left A, module. Every nitely generatedleft A, module has a Hilbert dimension. In
caseM = A=l is cyclic, its Hilbert dimension d(M) is de ned asfollows. Let F, be the sub-spaceof A,
spannedby polynomials in Q;j;E; of total degree m. Then the module A=l can be approximated by
the sequenceF,=(Fn \ 1);m = 1;2;:::. It turns out that, for m >> 1, the dimension of the vector space
Fm=(Fm\ 1) g1 (0 (overthe eld (q)) is apolynomial in m of degreeequal (by de nition) to d(M ).

Bernstein's famous inequality (proved by Sabbahin the g-case,[Sd]) statesthat d(M) r,if M 6 0 and
M has no monomial torsions, i.e., any non-trivial elemen of M cannot be annihilated by a monomial in
Qi; Ei. Note that the left A, module Mt := A, f = A;=l+ doesnot have monomial torsion.

(Relg)

Denition  4.1. We say that a discrete function f is g-holonomicif d(M¢) r.

Note that if d(M;) r, then by Bernstein's inequality, either My = 0 or d(M¢) = r. The former can
happen only if f = 0. Of course,for r = 1, de nitions 1.1 and 4.1 agree.
Let us now de ne the characteristic variety of a cyclic A; module M = A;=l. Let
Br = [Q1;::5;Qr;Eq;:iiEf]
11



and :A, ! B; denotethe evaluation map at q= 1.
De nition  4.2. The characteristic variery ch(M) of M is de ned by
ch(M)=f(x;y) 2 ( ) jP(x;y)=0forall P2 (I1\ A)g

This de nition may be extendedto de ne the characteristic variety of nitely generatedleft A, modules.
As before, we will make little distinction betweenthe characteristic variety and its closurein 2",

Lemma 4.3. If M is a g-holonomic A, module, then dim ch(M) r.

Proof. SinceM is g-holonomic, it follows that the Hilbert dimension of (A, (@)=l is r, and from this
it follows that the Hilbert dimension of (A, (@))=I for genericq 2 isr. Since dimension is upper
semiconinuous and it coincideswith the Hilb ert dimension at the genericpoint [S], the result follows.

De nition  4.4. If K is a knot in S2, and G as above, we de ne its G-characteristic variety Vg (K) ar
to be the characteristic variery of its g-colored Jonesfunction.

Similarly to the caseof SL,( ), givena knot K in S3, considerthe complemen M = S® nbd(K) and
the setRg (M) of represenations of 1(M) into G . This hasthe structure of an a ne algebraic variety,
on which G acts by conjugation on represerations. Let X (M) denote the algebrogeometricquotient.
There is a natural restriction map Xg (M) ! Xg (@V). Notice that (@) = 2, generatedby the
meridian and longitude of K. Restricting attention to represerations of (@) which are upper diagonal
with respect to a Borel decomposition, we may identify the character variety X g (@) with T2 whereT is
a maximal torus in G .

De niton  4.5. The G -deformation variety Dg (K ) of K is the imageof Xg (@) in TZ2.

Notice that the maximal torus T of G canbeidentied with ( ?)", oncewe choosefundamertal weights
i. This allows usto identify the valuesof meridian and longitude with T?2. Notice further that the deforma-
tion variety of a knot corntains an r-dimensional componert which correspondsto abelian represenations.
Let us say that two varieties V and V°in 2 = f(x;y)jx;y 2 'g are essentialy equal if the pure
r-dimensional part of V equalsto that of V°union somer-dimensional varieties of the form f (y) = 0.

Question 1. Isit true that for every G as above and for every knot K, the characteristic and deformation
varieties Vg (K) and D (K) are essetially equal?
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