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ABSTRACT. Using elementary counting methods, we calculate a universal perturbative in-
variant (also known as the LM O invariant) of a 3-manifold M, satisfying H1(M,Z) = Z,
in terms of the Alexander polynomial of M. We show that +1 surgery on a knot in the
3-sphere induces an injective map from finite type invariants of integral homology 3-spheres
to finite type invariants of knots. We also show that weight systems of degree 2m on knots,
obtained by applying finite type 3m invariants of integral homology 3-spheres, lie in the
algebra of Alexander-Conway weight systems, thus answering the questions raised in [Ga].
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1. INTRODUCTION
1.1. History. In their fundamental paper, T.T. . e, . urakamiand T. htsuki
constructed a map which associates to every oriented 3-manifold an element of the
graded completed Hopfalge ra of trivalent graphs. The restriction of this map to the
set, of oriented integral homology 3-spheres was shown in el to e a nite type
invariant of integral homology 3-spheres i.e., every rationally-valued nite type invariant
factors through it . Thus is a rich though not fully understood invariant of integral
homology 3-spheres. However, the invariant ehaves di erently as soon as the rst
etti num er of the 3-manifold, M , is positive. In Ha2 , the second author used an
elementary counting argument to deduce that M 1,if M 3, and to compute
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'For a di erent construction of (M) for a rational homology 3-sphere M, see [BGRT2].



M, if M 3 andalsofor M 2,see  H | in terms of the escop invariant

es of M. It is an open pro lem to compute M  for M 01.

It is the purpose of the present paper to exploit elementary counting methods in order to
calculate M |, for 3-manifolds M which satisfy M , in terms of a classical
invariant of M, namely its Alexander polynomial. This includes the special case of 0-

of a knot in | , in which case the Alexander polynomial of is the
Alexander-Conway polynomial of . An important ingredient of our computation is the
recent result of A. ricker, . Spence, and I. Aitchinson, r, SA, calculating the Conway
weight system on uni-trivalent graphs.

Although the invariant ,of 1l-surgery on a knot in contrast to 0-surgery ,
is not determined y the Alexander-Conway polynomial of there are examples with non-
trivial invariant, and trivial Alexander polynomial , we show that after truncating at
degree , the associated degree 2 knot lies in the alge ra of the Alexander-
Conway weight systems. Similar methods allow us to show that nite type invariants of inte-
gral homology 3-spheres are determined y their associated knot invariants, thus answering
positively the uestions see elow that were posed in a prior to the construction of the

invariant. At that time, the only known nite type invariant of 3-manifolds was the
Casson invariant.

1.2. St t to t r s ts. All 3-manifolds and links considered in the present paper
will e oriented.
T or . M M
M
M M
M

A precise formula relating the two invariants will e given in Section 2.

e outline here the asic idea of the proof, which though somewhat technical, really is
uite elementary If a manifold M is o tained y O-surgery on a knot in the general
case of a manifold satisfying M is not much harder , then uite immediately
from the de nitions, the degree  part of M can e computed from the part of the
ontsevich integral of written in terms of uni-trivalent graphs which has 2 legs and
2 internal vertices. Since there are no components which are intervals ecause of the
O-framing , and since y the anti-symmetry relation, all trees vanish, the only contri uting
part consists of wheels. ut this part is known to determine the Alexander polynomial of
, and thus that of M.

efore we state the next result, we need to recall some standard de nitions and notation
from the theory of nite type invariants of knots and integral homology 3-spheres, see 1,
h, a,
et  denote the vector space over  on the set of isotopy classes of oriented knots in
and let for a nonnegative integer denote the vector space of nite type i.e.,

given a framed link L in a 3-manifold M, we denote by M the result of Dehn surgery on L.

An earlier version of this paper contained only this special case. We extend special thanks to C. Lescop,
for help in extending to the general case and to D. Thurston, for pointing out that the result should hold in
this generality.



assiliev invariants of knots of type , 1. Similarly, let denote the vector space over
on the set of orientation preserving di eomorphism classes of oriented integral homology
3-spheres, and let denote the vector space of nite type i.e., htsuki invariants of
integral homology 3-spheres of type , h. In a we considered the map .
This is a classical map, often used in the study of knots or 3-manifolds . This yields a map
and a dual map where denotes the dual of a vector space . In

a the following uestions were posed

oes the a ove map send to
Is the restriction of the map to one-to-one, for all
3 Assuming the answer to uestion 1 is a rmative, and given , is it true

that the associated degree 2 knot weight system lies in the alge ra of the Alexander-
Conway weight systems

et ea -valued invariant of integral homology 3-spheres and let e the associated
invariant of knots in . uestion 1 asks whether is a nite type invariant of knots
in together with an estimate of the type of the invariant , if is a nite type invariant
of integral homology 3-spheres. uestion 2 asks whether determines . It should e
noted, however, that there are integral homology 3-spheres that cannot e o tained y 1
surgery on a knot in  ,see A .  uestion 3 is concerned with the nite type knot invariant
and asks whether in degree 2  the maximum possi le degree y uestion 1 , is
a classical knot invariant on elements in the 2 -th term of the assiliev ltration , given
y a polynomial in the Alexander-Conway coe cients.
uilding on work of the rst author and . evine a preliminary version of 2 , ues-
tion 1 was answered a rmatively y the second author, Hal . Alternative proofs were later
given in 2, el. The methods used in Hal and 2 were a mixture of geometric
topology together with a counting argument. n the other hand, el wused the
invariant and an elementary counting argument.
Using elementary counting arguments similar to those in el , together with properties

of the invariant, ena les us to show that uestions 2 and 3 a ove are true.
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1.1 Theorem 2 does not hold at the graded level, i.e., the associated graded map

is not one-to-one for 4 see Remark 3.2 .
1.3. A o t. e would like to thank ror ar- atan, incent ran ou, erry
evine, Thang T. . e, Christine escop, regor as aum, Paul elvin, iao-Song in,

ylan Thurston and Pierre ogel for useful conversations. e also wish to thank the referee
for numerous suggestions and comments.
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