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Abstra ct. The paper is concerned with the Kon tsevich-Zagier formal power series

f (q) =
1X

n =0

(1 � q) : : : (1 � qn )

and its analytic prop erties. To begin with, we give an explicit formula for the Borel transform of the asso-
ciated formal power series F (x) = e� 1=(24 x ) f (e� 1=x ) from which its analytic contin uation, its singularities
and their structure can be manifestly determined. This gives rise to righ t/left and median summation of
the original power series. These sums, which are well-de�ned in the open righ t half-plane are expressed by
an integral formula involving the Dedekind eta function. The median sum can also be expressed as a series
involving the complex error function. Moreover, it is shown using results of Zagier that the limiting values
at � 1=(2� i� ) for rational numbers � coincide with F (� 1=(2� i� )). One motiv ation for studying the series
f (q) is Quantum Topology, which assignsnumerical invariants to knotted 3-dimensional objects. Motiv ated
by our results, we formulate a resurgence conjecture for the formal power seriesof knotted objects, which we
prove in the case of the trefoil knot and the Poincare homology sphere, and more generally for torus knots
and Seifert �b ered 3-manifolds. In a subsequent publication we will study resurgence for a class of power
series that includes the quantum invariants of the simplest hyperbolic 41 knot.
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1. Quantum inv ariants of knotted objects and their puzzles

1.1. In tro duction. The paper is concernedwith the Kontsevich-Zagier formal power series

f (q) =
1X

n =0

(1 � q) : : : (1 � qn )

and its analytic properties. To beginwith, wegivean explicit formula for the Borel transform of the associated
formal power seriesF (x) = e� 1=(24x ) f (e� 1=x ) from which its analytic continuation, its singularities and their
structure can be manifestly determined. This givesrise to right/left and median summation of the original
power series. These sums, which are well-de�ned in the open right half-plane are expressedby an integral
formula involving the Dedekind eta function. The median sum can alsobe expressedasa seriesinvolving the
complex error functions. Moreover, it is shown using results of Zagier that the limiting valuesat � 1=(2� i� )
for rational numbers � coincidewith F (� 1=(2� i� )). One motivation for studying the seriesf (q) is Quantum
Topology, which assignsnumerical invariants to knotted 3-dimensionalobjects. Motiv ated by our results, we
formulate a resurgenceconjecture for the formal power seriesof knotted objects, which we prove in the case
of the trefoil knot and the Poincarehomology sphere,and more generally for torus knots and Seifert �b ered
3-manifolds. In a subsequent publication we will study resurgencefor a class of geometrically interesting
knotted 3-dimensionalobjects that include the simplest hyperbolic 41 knot.

1.2. Numerical in varian ts of knotted 3-dimensional ob jects. Perturbativ e quantum �eld theory as-
signs numerical invariants (such as formal power seriesinvariants) to knotted objects. These formal power
series,although they are given by explicit formulas, are typically factorially divergent, and somehow they
are linked to numerical invariants of knotted objects, such as the Witten-Reshetikhin-T uraev invariants of
3-manifolds and the Kashaev invariants of knots.

Thesenumerical invariants have poor analytic behavior, satisfy no known di�eren tial equations(linear or
not) and the existenceof asymptotic expansionsis a di�cult and interesting analytic problem.

In our paper, we formulate a resurgenceconjecture for the formal power seriesinvariants, and show how
resurgencesolvesthe numerousanalytic problems, and implies the existenceof asymptotic expansions,and
even the presenceof exponentially small corrections.

The bulk of our paper consistsof a proof of our resurgenceconjecture for the caseof the simplest non-
trivial knot, the trefoil (31), and oneof the simplest closed3-manifolds, the Poincar�e homology sphere. Our
results extend without changeto torus knots and Seifert �b ered integer homology spheres.

En route, we explain the important notion of resurgence,due to �Ecalle, in a self-contained manner.
In a subsequent publication, we will show resurgenceof power seriesassociated to a classof geometrically

interesting knoted objects, such asthe simplest hyperbolic 41 knot; see[CG1, CG2]. For a detailed discussion
of conjectures,seealso [Ga].

1.3. TQFT in varian ts of knotted ob jects. Let us begin by recalling someof the numerical invariants
of knotted objects. The reader who wishesto focus on the results, may skip this section, and go directly to
Theorem 1 and Section 2.3.

Topological Quantum Field Theory (TQFT in short) assignsnumerical invariants to knotted 3-dimensional
objects. The invariants of knots/3-manifolds depend on someadditional data, such asa complexroot of unity
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! . We will denote the numerical invariants by � K (! ) where K denotesa knotted object, that is, a knot K in
3-spaceor an integer homology 3-sphereM . In other words, we have a map:

(1) � : Knotted objects � ! C


where 
 denotesthe set of complex roots of unit y.
The invariant � M is the Witten-R eshetikhin-Turaev invariant of an integral homology 3-sphereM ; see

[RT, Tu1, Tu2, Wi].
The invariant � K (e2� i=N ) is the Kashaevinvariant of a knot K in 3-space;see[Ka]. Murakami-Murakami

showed that � K (e2� i=N ) is also equal to the value hK i N of the N -th colored Jonespolynomial of K (nor-
malized to be 1 at the unknot), evaluated at the N -th complex root of unit y e2� i=N ; see[MM].

The following problem was formulated by Witten (for closed3-manifolds) and by Kashaev (for knots).

Problem 1. Show the existenceof asymptotic expansionsof the sequence(� K (e2� i=N )), and identify the
leading terms with known geometric invariants; see[Wi , Ka].

Unfortunately , the complex-valued function � K , de�ned on the set of complexroots of unit y, doesnot seem
extend to a continuous function on the unit circle. Moreover, its asymptotic expansionaround a complex
root of unit y is unknown, and seemsto be a di�cult analytic problem.

1.4. Perturbativ e TQFT in varian ts of knotted ob jects. There is an additional formal power series
invariant of knotted objects:

(2) F : Knotted objects � ! Q[[1=x]]

which is usually thought of asa perturbative expansion of the quantum invariants � K . For a homology sphere
M , FM (x) is the well-known Le-Murakami-Ohtsuki invariant (composedwith the sl2 weight system); seefor
example[LMO] and [Le]. For a knot K , FK (x) is the Taylor seriesexpansionat q = e� 1=x of a reformulation
of the Kashaev invariant due to Huynh-Le, [HL]. In other words, we may write:

(3) FK (x) =
1X

n =0

aK ;n
1

xn 2 Q[[
1
x

]]:

For every knotted object K, the seriesFK (x) is known to be Gevrey-1 (see[GL]) and in general they are
expected to be divergent.

Problem 2. Show the existenceof asymptotic expansionsof the sequence(aK ;n ), and identify the leading
terms with known geometric invariants.

Thus, we have two sourcesof invariants of a knotted object K:
(a) the function � K : 
 � ! C, and
(b) the power seriesFK (x).

Using suitable arithmetic completions, in [Ha1, Ha2] Habiro proves that either one of the following in-
variants: FK (x), � K , the sequence(� K (e2� i=n )), the sequence(aK ;n ), determinesthe other. We should point
out that Habiro's proof is in a sensetranscendental, of arithmetic nature. For example, �nitely many terms
of the sequence(aK ;n ) cannot determine � K (e2� i= 3).

Problem 3. Give an analytic proof of Habiro's result.

Summarizing, we have the following problems:

Knotted Objects

Formal model Geometric model

Asympt.Expansions

�

�

�

�

�

�

F
�

�

�

�

���

�

?

�

�

�

�

���

?
�

�

�

�

�

�

?
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1.5. A resurgence conjecture. Despite the apparent analytic di�culties, there seemsto be su�cien t
order. Our starting point is the formal power seriesFK (x). Let us state the conjecture here, and explain the
terms a little later. For further discussion,seealso [Ga].

Conjecture 1. For every knotted object K,
(a) the series FK (x) has resurgent Borel transform,
(b) the median sum Smed

K of FK (x) is an analytic function de�ned on the right half-plane < (x) > 0, with
radial limits at the points 1

2� i Q of its natural boundary.
(c) Moreover, for � 2 1

2� i Q, � 6= 0, we have:

(4) Smed
K

�
�

1
�

�
= � K (� ):

Our next result shows how resurgenceanswers the three problems mentioned above. To state it, recall
somestandard notation from asymptotic analysis. For a function f (x) de�ned a right-hand plane < (x) > 0,
the notation

(5) f (x) = O
�

1
xN

�

means that there exists positive constants C and M so that jf (x)j < C=jxjN for all x with < (x) > 0,
jxj > M . Furthermore, we say that f (x) is asymptotic in the senseof Poincar�e to a formal power series
f̂ (x) =

P 1
k=0 ck =xk (and write f (x) � f̂ (x)) i� for every N 2 N we have:

(6) f (x) �
N � 1X

k=0

ck

xk = O
�

1
xN

�
:

Theorem 1. Assuming Conjecture 1, it follows that
(a) In the interior < (x) > 0,

(7) Smed
K (x) � FK (x)

for large x.
(b) There exist transseriesexpansions for the sequence (aK ;n ) and for the sequence Smed

K (n=(2� i )) .
(c) FK (x) determines � K and vice-versa.

For a de�nition of a transseries and a proof, see Section 7. Schematically, Conjecture 1 implies the
following:

Formal model Geometric model

Convolutiv e model

TransseriesExpansions

Asympt.Expansions

�

�

�

�

���Borel transform

�

�

�

�

�

���

Laplace transform

�

Thus, our ResurgenceConjecture 1 solvesat onceProblems 1, 2 and 3 from Sections1.3 and 1.4.
As a step towards Conjecture 1, in [GL] Le and the �rst author show that FK (x) is a Gevrey power series.
Aside from the applications in Quantum Topology, the conjectured resurgent seriesin Conjecture 1 seem

to have a di�eren t origin than di�eren tial equations. Getting a little aheadof us, the resurgent function
of Equation (15) below does not satisfy any linear (or nonlinear) di�eren tial equation with polynomial

coe�cien ts, as follows from the structure of its singularities.



RESUR GENCE OF THE K ONTSEVICH-ZA GIER PO WER SERIES 5

One may thus wonder about the true origin of theseconjecturedresurgent functions. Aside from formulas,
the origin of resurgenceseemsto be the knotted objects themselves,and their combinatorial encodings. This
will be investigated in a subsequent publication.

2. Testing Conjecture 1

2.1. The Zagier-Kon tsevic h power series. In the present paper we will verify the conjecture for the
simplest non-trivial knot: the trefoil 31 (and also for the Poincar�e Homology sphere;seeA). Consider the
Kontsevich-Zagier formal power series

(8) f (q) =
1X

n =0

(q)n ;

where the q-factorial (q)n is de�ned by

(q)n = (1 � q) : : : (1 � qn )

for n > 0 with (q)0 = 1. Although f (q) is not an analytic function of q inside or outside the unit circle, it
has Taylor seriesfor q = 1, as well as evaluations at complex roots of unit y. With the notation of Section
1.4, we have:

F31 (x) = e� 1=x f (e� 1=x ):

with f (q) given in (8). The power seriesf (q) appears in the beautiful paper of Zagier (see[Za]), and was
also consideredby Kontsevich in a talk at the Max-Planck-Institut f•ur Mathematik in October 1997. Our
basic object of study will be a modi�ed version of F31 (x), namely,

(9) F (x) = e� 1=(24x ) f (e� 1=x ) 2 Q[[1=x]]

with f (q) given in (8).

2.2. Three mo dels of resurgence in a nutshell. Before we proceed, we need to explain resurgence,
the key aspect of Conjecture 1. Resurgencewas intro duced and studied by �Ecalle, see[Ec]. The input of
resurgenceare formal power seriesand the ouptut are constructible analytic functions in suitable domains,
which are asymptotic to the original formal power series. For an extended intro duction to resurgence,the
reader may also consult [DP, D].

The idea of resurgenceis summarized in the following diagram:

F (x) 2 C[[1=x]] L m (x)

(BF )(p); p = o(1) (BF )(p) multiv alued (mBF )(p) distribution in R+

�

S

�

B

�

anal. cont.
�

averaging

�

L

and its shorthand version:

Formal model Geometric model

Convolutiv e model

�

S

�

�

�

�

���

B
�

�

�

�

���

L

Let us explain the terminology here.

� The input is a Gevrey-1 formal power seriesF (x) =
P 1

n =0 an x � n . That is, a formal power series
such that there exist constants C; C0 > 0 so that

jan j � C0Cn n!(10)

for all n 2 N.
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� The Borel transform B is de�ned by

(11) B : C[[
1
x

]] � ! C[[p]]; B

 
1X

n =0

an
1

xn

!

=
1X

n =0

an +1
pn

n!

In other words,

B(x � n � 1) =
pn

n!
If the seriesF (x) is Gevrey-1, it follows that (BF )(p) is an analytic function in a neighborhood of
p = 0.

� The two horizontal arrows endlessly analytically continue (BF )(p) in the complex plane, minus a
discrete set N of singularities, as a multiv alued function. In case the set N of singularities of
(BF )(p) is a subset of the real line, one obtains a distribution (mBF )(p) on the positive real axis
R+ by meansof an averaging m. This is explained in detail in Section 4.2.

� The vertical arrow is the Laplace transform de�ned by

LmBF : f x < (x) > cg � ! C; (LmBF )(x) =
Z 1

0
e� xp (mBF )(p)dp

under suitable hypothesison the growth-rate of (mBF )(p) for large p.
� The �nal horizontal arrow is the generalized Borel transform which remembers the constant term of

F (x) and is de�ned by

(12) Sm (F )(x) = a0 + (LmB)(F ):

The result is an analytic function de�ned in a right half-plane.

De�nition 2.1. When the above processcan be completed, we say that
� the formal power seriesF (x) 2 Q[[1=x]] is generalized Borel summable, (and belongsto the formal

model)
� its Borel transform G(p) is resurgent, (and belogsto the convolutive model)
� the resulting function Sm (F )(x) is analyzable(and belongsto the geometric model).

In what follows, given a generalizedBorel summableseriesF (x), we will denote by G(p) its Borel trans-
form, and by Sm its summation with respect to m.

Why is this a reasonablede�nition? The answer may �nd an answer in the following proposition. For a
proof, see[Ec] and also the exposition in [DP, D, CNP1, CNP2, Ml, Ra].

Prop osition 2.2. (a) GeneralizedBorel summation Sm (x) coincideswith F (x) in caseF (x) is analytic in
a neighborhood of x = 1 :

F (x) = Sm (x)
This follows from the following computation

x � n � 1 =
Z 1

0
e� px pn

n!
dp;

(valid for x 2 C with < (x) > 0, and n 2 N) and the fact that if F (x) is analytic in a neighborhood of x = 1 ,
then its Borel transform G(p) is an entire function of exponential growth, thus the analytic continuation and
the averaging stepsdo not changeG(p), and the Laplace transform reproducesF (x).
(b) If F (x) 2 C[[1=x]] is generalizedBorel summablewith m-summation Sm (x), then for large < (x) we have
an asymptotic expansion:

Sm (x) � F (x):
(c) The set of generalizedBorel summable is an algebra, closedunder di�eren tiation with respect to x. In
particular, if F (x) is a formal solution of a di�eren tial or di�erence (linear or not) equation, then Sm (x) is
an actual solution of the equation asymptotic to F (x).
(d) GeneralizedBorel summability is a constructive approach, which has applications to the numerical ap-
proximation of analyzablefunctions which are asymptotic to divergent formal power series.Seefor example,
the method of truncation to least term of factorially divergent seriesin [CK].
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In other words, in analysis we have the following diagram:

ODE/PDE

Formal model Geometric model

Convolutiv e model

�

�

�

�

�

�

�

�

�

�

���

�

�

�

�

�

�

�

�

�

�

�

�

�

2.3. Statemen t of the results. Let us postpone the remaining de�nitions to Section4. Our main theorem
is the following.

Theorem 2. (a) The formal power seriesF (x) of (9) has resurgent Borel transform.
(b) The median summation Smed de�ned on f x 2 Cj< (x) > 0g extends to the points 1

2� i Q of its natural
boundary and for all � 2 Q, � 6= 0, we have:

(13) Smed
�

�
1

2� i�

�
= e� i�= 12f (e2� i� ):

The reader may compareEquation (9) that de�nes the formal power seriesF (x) with Equation (13) that
evaluates the median summation Sm (x) of F (x).

A sidebonus is the following precisedescription of the Borel and Laplacetransforms of F (x). Among other
things, it explains why we are using the median Laplace transform, and identi�es the Laplace transforms of
our paper with several functions consideredby Zagier in [Za].

Let G(p) denote the formal Borel transform of the power seriesF (x) of (9). Recall the de�nition of the
Dedekind eta function � and the modi�ed eta function ~� from Section 6. Let � (�) be the unique primitive
character of conductor 12. In other words, we have:

(14) � (n) =

8
><

>:

1 if n � 1; 11 mod 12

� 1 if n � 5; 7 mod 12
0 otherwise.

Theorem 3. (a) The Borel transform G(p) of F (x) is given by:

(15) G(p) =
3�

2
p

2

1X

n =1

� (n)n
(� p + n2� 2=6)5=2

:

G(p) is an analytic double-valued function on C � N , with singularities in the set N � R+ :

(16) N =
� 2

6

n
n2 j n 2 N; n � 1; 5; 7; 11mod 12

o
:

(b) The left and right summations Sm ul and Sm ur are given by:

Sm ul : f arg(x) 2 (� 5� =2; � =2)g Sm ul (x) =
p

3x3=2
Z


 � +arg ( x )

� (2� iz )
(x � z)3=2

dz � 1(17)

Sm ur : f arg(x) 2 (� � =2; 5� =2)g; Sm ur (x) =
p

3x3=2
Z


 � � arg ( x )

� (2� iz )
(x � z)3=2

dz � 1(18)

where 
 � denotesthe ray f rei� jr � 0g in the complex plane from 0 to in�nit y.
(c) For every reality-preserving averagem (de�ned in Section 4.2), the summation Sm is independent of m,
agreeswith the median summation and is given by:

Smed : f x 2 Cj < (x) > 0g � ! C
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Smed (x) =
1
2

�
Sm ur (x) + Sm ul (x)

�

=

p
3x3=2

2

 Z


 � +arg ( x )

� (2� iz )
(x � z)3=2

dz +
Z


 � � arg ( x )

� (2� iz )
(x � z)3=2

dz

!

� 1:

Moreover,
Smed (x) = Smed (x):

(d) The associated Dirichlet series,de�ned by

(19) � : f< (x) > 0g � ! C; � (x) =
1
2

�
Sm ur (x) � Sm ul (x)

�

equalsto:

(20) � (x) = i
p

2(� x)3=2 ~� (2� ix )

where ~� is given in (55). � is a lacunary series,with natural boundary < (x) = 0 and with well-de�ned radial
limits at 1

2� i Q.

In the remaining of this section we give a seriesformula for the median Laplace transform Smed in terms
of the complex error function:

(21) Er� (x) =
2

i
p

�

Z x

0
et 2

dt

Er� is an entire odd function of x, with asymptotic expansionfor large x with arg(x) 2 (0; � ) of the form:

Er� (x) � � i +
ex 2

x
p

�

1X

k=0

(2k � 1)!!
(2x2)k :

Seefor example, [O, Sec.2.2.2]or [Lb, Sec.2].Consider the modi�ed error function

(22) E(x) = e� x 2
x3Er� (x) �

x2

p
�

:

Notice that

(23) E(x) + ie� x 2

= O(1)

for large x.

Theorem 4. The median Laplace transform of the series G(p) of Equation (25) is given by:

Smed (x) =
12

p
3

� 3=2

1X

n =1

� (n)
n2 E

�
n�

r
x
6

�
� 1:(24)

Notice that Equation (23) implies that the series(24) is uniformly convergent in the open right half-plane.

2.4. Plan of the pro of. Our goal is to motivate, intro duceand useresurgencein a relatively self-contained
fashion. In Section3 we compute explicitly the Borel transform of the series(9) using as input the generating
function of the Glaisher's numbers, studied by Zagier. The trigonometric form of this generating function
quickly leads, via a residue computation, to formula (15) for the Borel transform G(p) of Theorem 3. This
formula is an example of what we call a \square root branched function". In particular, this implies the
existenceof the analytic continuation of G(p) and locates its singularities.

In Section 4 we discussat length the notion of averaging, following the work of �Ecalle, and give several
examplesof averages. Averaging leads to a Laplace transform, which in general depends on the averaging
itself. Our key Proposition 4.2shows that if G(p) is squareroot branched, then all reality-preservingaverages
coincide with the median average.
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Since our singularities are placed at the positive real numbers, and G(p) is square root branched, the
di�erence betweenthe left and right averagesis a Dirichlet series,as we show in Proposition 4.2.

We end this section by giving explicit formulas for the median Laplace transform of Theorem 3, in terms
of the Dedekind � -function.

In the next section we study the associated Dirichlet seriesof our problem, which turns out to be a
modi�ed Dedekind ~� -function. Zagier's identit y and modularit y imply the existenceof radial limits of our
Dirichlet series.This concludesthe proof of Theorems2 and 3.

In Section7 weexplain how resurgenceimplies the existenceof asymptotic (and moregenerally, transseries)
expansionsof sequences.In particular, we give a proof of Theorem 1.

Finally, in Section 2.5, we point out that our results apply without change to the power seriesFK (x) 2
Q[[1=x]] where K is a (2; 2p) torus link or a Seifert �b ered rational homology sphere.

2.5. Extensions. For simplicit y, we state Theorems2 and 3 for the power seriesF (x) of (9).
The proof of Theorem 2 works without change for the formal power seriesof FK (x) where K is a torus

link (2; 2p) or a Seifert-�b ered homology sphere. In all those cases,

� the Borel transform is squareroot branched,
� the singularities of G(p) are a �nite union of setsof the form

N =
� 2

�

n
n2 j n 2 N; � (n) 6= 0

o

for somequadratic character � .
� the associated Dirichlet seriesis nearly modular of weight 1=2,
� radial limits of the Dirichlet seriesexist, and Zagier's identit y and modularit y holds.

For an exampleof the Poincar�ehomologysphere,seethe Appendix. In forthcoming work [CG2] we will prove
Conjecture 1 for a classof geometrically interesting knotted objects K that include the simplest hyperbolic
41 knot.

2.6. Ac kno wledgemen t. An early versionof this paper waspresented by the secondauthor in a conference
in Columbia University, around the Volume Conjecture, in the fall of 2005and spring of 2006. The second
author wishesto thank the organizersof the conferencefor their wonderful hospitalit y.

3. The Borel transf orm G(p) of F (x)

In this section we compute the formal Borel transform G(p) of the power seriesF (x) of (9).

Theorem 5. We have:

(25) G(p) =
3�

2
p

2

1X

n =1

� (n)n
(� p + n2� 2=6)5=2

:

Consequently , G(p) is resurgent, and its analytic continuation is double-valued in C� N with singularities
in N , de�ned as in Equation (16).

Proof. Let us de�ne a sequence(an ) by:

(26) F (x) = e� 1=(24x ) f (e� 1=x ) =
1X

n =0

an

24n

1
xn :

Our sequence(an ) coincideswith Zagier's(Tn =n!) from [Za, Eqn.4], where(Tn ) are the Glaisher's T-numbers.
In [Za], Zagier provesthat the Glaisher's T-numbers are given by the generating series

(27)
1X

n =0

an n!
(2n + 1)!

p2n +1 =
sin2p

2cos3p
=

sinp

1 � 4sin2 p
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In the following calculations, it will be convenient to let H (p) denote the formal Borel transform of

F (x=24) = e� 1=x f (e� 24=x )

=
1X

n =0

an

xn :

It is easyto check that

G(p) =
1
24

H
� p

24

�
:

Thus, it su�ces to show that

(28) H (p) = 1296
p

3�
1X

n =1

� (n)n
(� 144p + n2� 2)5=2

:

By the de�nition of H (p), we have:

H (p) = B

 

1 +
1X

n =0

an +1
1

xn +1

!

=
1X

n =0

an +1

n!
pn

On the other hand, Equation (27) implies that

p +
1X

n =0

an +1 (n + 1)!
(2n + 3)!

p2n +3 =
sinp

1 � 4sin2 p

thus
1X

n =0

an +1

n!
n!(n + 1)!
(2n + 3)!

p2n =
1
p3

�
sinp

1 � 4sin2 p
� p

�
:

Since
1X

n =0

(2n + 3)!
n!(n + 1)!

pn = 2
1X

n =0

(2n + 3)(2n + 1)
�

2n
n

�
pn =

6
(1 � 4p)5=2

it follows that
H (p) = (f 1 ~ f 2)(p)

where

f 1(p) =
1

p3=2

�
sin(p1=2)

1 � 4sin2(p1=2)
� p1=2

�

f 2(p) =
6

(1 � 4p)5=2

and ~ denotesthe Hadamard product of two formal power seriesat p = 0. The latter is the component-wise
product de�ned by:  

1X

n =0

an pn

!

~

 
1X

n =0

bn pn

!

=
1X

n =0

an bn pn :

It is easyto give a contour integral formula for the Hadamard product:

H (p) =
1

2� i

Z



f 1(s)f 2

� p
s

� ds
s

where 
 is a small circle around 0. This will give an analytic continuation of the Hadamard product.
Observe that the set N1 of singularities of f 1(p) is

(29) N1 =

( �
2k +

1
6

� 2

� 2;
�

2k +
5
6

� 2

� 2;
�

2k +
7
6

� 2

� 2;
�

2k +
11
6

� 2

� 2;
�
�
� k 2 N

)
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Now, we enlargethe radius r of the circle 
 := 
 r , and subtract the residuesof the integrand at the singular
points, applying Cauchy's theorem.

The integrand has single poles at the points � 2 N1. By a straightforward calculation we get that the
residue � (p) of the integrand at � 2 N1 is given by

(30)  � (p) = 1296
p

3�

8
>>>>>>>>><

>>>>>>>>>:

�
1 + 12k

(� 144p + (1 + 12k)2� 2)5=2
if � = (1 + 12k)2� 2=6

+
5 + 12k

(� 144p + (5 + 12k)2� 2)5=2
if � = (5 + 12k)2� 2=6

+
7 + 12k

(� 144p + (7 + 12k)2� 2)5=2
if � = (7 + 12k)2� 2=6

�
11+ 12k

(� 144p + (11 + 12k)2� 2)5=2
if � = (11 + 12k)2� 2=6

for k � 0. The asymptotic behavior of  � (p) for large � is O(1=� 2), and thus the sum
P

� 2N 1
 � (p) converges.

 � (p) is double-valued with only one singularity � =4 of the shape:

 � (p) = c� (� =4 � p) � 5=2:

The de�nition of � and the above computation concludethe proof of Theorem 5. �

Example 3.1. As an numerical check, Theorem 5 implies that

G(p) = 54
p

3
L(4; � )

� 4 + O(p)

where

(31) L (s; � ) =
1X

n =1

� (n)
ns :

Since

(32) L (2n + 2; � ) = � 2n +2 (� 4)n

p
3(2n + 1)!(n + 1)

�
B2n +2

�
1
12

�
� B2n +2

�
5
12

��

(see[Za, Eqn.(6)]) it follows that

(33) G(p) =
23
24

+ O(p):

On the other hand,

(34) F (x) = 1 +
23
24

1
x

+
1681
1152

1
x2 +

257543
82944

1
x3 +

67637281
7962624

1
x4 + O

�
1
x5

�
;

which con�rms that the constant term of the Borel transform of F (x) is given by 23=24, in accordancewith
(33).

Exercise 3.2. Using Theorem 5 and the special valuesof the L-seriesgiven in (32), show that

G(p) =
23
24

+
1681
1152

p +
257543
165888

p2 +
67637281
47775744

p3 + O(p4)

in con�rmation with the Borel transform of (34).

4. The Lapla ce transf orm of G(p)

In this section we compute the Laplace transform L(x) of G(p).
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4.1. Analytic contin uation, averaging and Laplace transform. Given a resurgent function G(p) with
singularities in N+ � R+ , there are three ways to averageand take the Laplace transform.

� The �rst way is to use a uniformizing averagem of �Ecalle in order to get a single valued function
mG on R+ . Unfortunately , this function is not integrable since

R1
0 dp=(p� 1)� 5=2 doesnot exist. So,

�Ecalle applies an accelerationoperator to mG and then takesthe usual Laplace transform.
� Alternativ ely, �Ecalle applies a uniformizing averageto the Laplace transform of the analytic con-

tinuation of G(p) along paths that avoid the singularities. The key property is that the set of such
paths form a Riemann surface.

� The �rst author converts G(p) to a step-distribution on R+ nN+ and then appliesan extendedBorel
transform B� , followed by an extendedLaplace transform. See[C, Sec.1.3].

Now, we arrive at a subtle point: there are many well-behaved uniformizing averages. In fact for every
probabilit y distribution f 2 L 1(R) with

R1
0 jf (x)jdx = 1. �Ecalle-Menousconstruct a uniformizing average

m f ; see[EM].
On the other hand, the �rst author extendedBorel transforms B� are parametrized by � 2 1=2 + iR. Of

all those Borel transforms the most useful one is the balancedone B1=2, which satis�es the key property of
approximation by summation to least term; see[CK].

In casea formal power seriessatis�es a genericdi�eren tial equation (linear or not), all averagesm f agree
with the �rst author's balancedB1=2, asshown in [C]. This is alsoa consequenceof �Ecalle's bridge equation;
see[Ec, DP].

In our case,the seriesF (x) doesnot satisfy a di�eren tial equation. Nevertheless,Proposition 4.2 shows a
universality, i.e., independenceof averaging. Before we state the proposition, let us explain what averaging
means.

4.2. What is an averaging? Averageswereintro ducedand studied extensively by �Ecalle. Following �Ecalle-
Menous(see[EM]), let us considera multiv alued function G(p) de�ned on C � N , with at most exponential
growth at in�nit y, and with singularities on a discrete set N = f � k j k 2 Ng � R+ , where � k < � l for k < l .

Let us de�ne the relative spacing ! k k 2 N of the singularities by ! k = � k+1 � � k . Thus, we have the
picture:

h
1

h
2

h
3

h
4

h
5

w
1

w
2

w
3

w
4

With respect to the terminology of �Ecalle (cf. e.g. [EM]) we have that G 2 Ramif (R+ ) with rami�cation
points N . An averaging m is a linear map

m : Ramif (R+ ) � ! Unif (R+ )

that maps multiv alued functions with singularities at N to single-valued distributions on R+ . Averaging
maps depend on a set of averaging weights. An averaging weight m $ is a collection

f m $ = m $ 1 ;::: ;$ r j r 2 N; $ i =
�

� i

! i

�
; � i = � ; ! i = � j +1 � � j g:

The tuple (� 1; : : : ; � r ) is called an address. We always assumethat for all r , we have:

(35) m $ 1 ;::: ;$ r = m
$ 1 ;::: ;$ r ;

�
+

! r +1

�

+ m
$ 1 ;::: ;$ r ;

�
�

! r +1

�

Recall that G(p) is a multiv alued function. For �xed r 2 N and $ 1; : : : ; $ r , we now de�ne a multiv alued
function G$ 1 ;::: ;$ r as follows. Let

(36) G$ 1 ;::: ;$ r : (� r ; � r +1 ) � ! C
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denote the analytic continuation of G along a path avoiding the singularity at � i from above if � i = + and
from below otherwise. Then, mG is de�ned by:

mG(p) =
X

� 1 = � ;::: ;� r = �

m $ 1 ;::: ;$ r G$ 1 ;::: ;$ r (p); p 2 (� r ; � r +1 ):

There are several natural properties that are often required for averagesm. Three important properties
are:

(P1) m preservesreality and has real-valued weights,
(P2) m preservesconvolution,
(P3) m preserveslateral growth.

P1 is useful when the input is a power serieswith real coe�cien ts and the neededoutput is an analytic
function on the right half-plane < (x) > 0 which takesreal valuesfor > 0.

P2 is neededfor commutation of generalizedBorel summability with multiplication of power series.
P3 is necessaryto be able to de�ne Laplace transforms.
Let us give three rather trivial, but useful averagesfrom [EM, p.85]:

mur $ 1 ;::: ;$ r =

(
1 if � 1 = � 2 = � � � = +
0 otherwise;

mul $ 1 ;::: ;$ r =

(
1 if � 1 = � 2 = � � � = �
0 otherwise;

med $ 1 ;::: ;$ r =

8
><

>:

1=2 if � 1 = � 2 = � � � = +
� 1=2 if � 1 = � 2 = � � � = �

0 otherwise;

mul ; mul ; med and B1=2 satisfy P3. B1=2 and med satis�es P1.

4.3. The Laplace transform of an averaged function. Recall that the Laplace transform of a function
G(p) 2 L 1(R+ ; e� � x dx) (for � > 0) with at most exponential growth at in�nit y is de�ned by:

(37) LG : f x 2 Cj< (x) > 1=� g � ! C; (LG)(x) =
Z 1

0
e� px G(p)dp:

If G(p) is de�ned in a sectorial neighborhood of 0 (i.e, in a set f p 2 Cj arg(p) 2 (� �; � 0)) and is of
exponential growth at in�nit y, then by moving the integration contour it follows that L (x) is de�ned in an
enlargedneighborhood f x 2 Cjjxj > 1=� ; arg(x) 2 (� � � � =2; � 0+ � =2)g.

The de�nition of the Laplace transfrom makessensein caseG(p) is a distribution (e.g. G(p) = 1=(p� 1)),
as was discussedby the �rst author in [C, Sec.2].Likewise,we may de�ne the Laplace transform of mG(p):

(38) (L m G)(x) =
Z 1

0
e� xp mG(p)dp

It turns out that (L m G)(x) is an averageof line integrals of G(p) along paths in C � N that start at 0 and
end at 1 . For example, it is easyto seethat

(L m ur G)(x) =
Z


 r

e� px G(p)dp

(L m ul G)(x) =
Z


 l

e� px G(p)dp

(L med G)(x) =
1
2

� Z


 r

e� px G(p)dp+
Z


 l

e� px G(p)dp
�

where 
 r (resp. 
 l ) is a path in C � N from 0 to 1 that turns right (resp. left) at each singularity in N :
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gl

gr
0 1 2 3 4 5

Another useful averageis B1=2 of the �rst author; see[C, Eqn(1.20)].
In casethe multiv alued function G(p) is the Borel transform of a formal power seriessolution F (x) of

a generic di�eren tial (or di�erence) equation, then it is known that the Laplace transforms L m (x) for all
averagesthat satisfy P1, P2, P3 agree. In our case,F (x) is not expected to satisfy a di�eren tial equation
(linear or not) with polynomial coe�cien ts, becausethe position of singularities (which is an analytic invari-
ant) is qualitativ ely di�eren t from solutions to di�eren tial equationswith polynomial coe�cien ts. What is a
natural averageto consider? The next lemma states that for the singularities of G(p) in Equation (25), the
Laplace transform is independent of the averaging.

To state the lemma, we needsomenotation. Motiv ated by Equation (25), let us intro duce the following
de�nition.

De�nition 4.1. We will call a multiv alued function G(p) square root branched if it is given by a (Mittag-
Le�eg like) absolutely convergent sum:

(39) G(p) =
X

� 2N

G� (p);

where N is a discrete subsetof R+ ,
G� (p) = c� (� � p) � k � =2;

and k� 2 N+ . Thus, the support of c, f � 2 N jc� 6= 0g is the set of singularities of G(p).
A squareroot branched function G(p) has weight k when k� = k 2 N+ .

Prop osition 4.2. (a) If G(p) is square root branched of odd weight k and m is any �Ecalle averagethat
preservesP1 (and may or may not preserve P2 or P3), then

(40) mG(p) =
X

� 2N

mG� (p)

where

(41) mG� (p) =

(
G� (p) if p < �
0 if p � �

doesnot depend on m.
(b) For < (x) > 0, we have:

(42) (L med G)(x) =
1
2

�
(L m ur G)(x) + (L m ul G)(x)

�
:

where (L m ul G) and (L m ur G) are de�ned for x 2 C� with arg(x) 2 (� 5� =2; � =2) and arg(x) 2 (� � =2; 5� =2)
respectively.
(c) In their common domain arg(x) 2 (� � =2; � =2), the associated Dirichlet series,is de�ned by:

(43) � (x) =
1
2

�
(L m ur G)(x) � (L m ul G)(x)

�

(d) Consequently , we have:

(L med G)(x) = (L m ul G)(x) + � (x)(44)

= (L m ur G)(x) � � (x)(45)

(e) If c� 2 R for all � , then

(L m ul G)(x) = (L m ur G)(x); (L m ur G)(x) = (L m ul G)(x); (L med G)(x) = (L med G)(x):
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(f ) When k is odd, the Dirichlet seriesis given by:

(46) � (x) = i
2(k � 1)=2p

� xk=2� 1

(k � 2)!!

X

� 2N

c� e� � x

where for an natural number n 2 N we denote (2n + 1)!! = 1:3:5: : : : (2n + 1).

Proof. It su�ces to consider the case
G(p) = c� (� � p) � k � =2

where k� is positive integer. Let us �x an averagem of [EM] which is symmetric (i.e., satis�es P2 of Section
4.2) and let us suppose that � = � r for some r 2 N. Observe that G(p) is not singular for p 2 [0; � r ).
Equation (35) implies that

G$ 1 ;::: ;$ s (p) = G(p); p 2 (� s ; � s+1 )

for s � r . On the other hand, for p 2 (� r ; � r +1 ), the two analytic continuations of the squareroot di�er only
in sign; thus,

G
$ 1 ;::: ;$ r ;

�
+

! r +1

�

(p) = � G
$ 1 ;::: ;$ r ;

�
�

! r +1

�

(p);

which together with the symmetry condition P2 imply that mG(p) = 0 for p 2 (� r ; � r +1 ), and in fact for
p > � r = � . This proves(a).

Part (b) follows from Section 4.3.
Parts (d), (e) follow from (b) and (c).
The de�nition of the Dirichlet seriesimplies that

� (x) = c�

Z

C �

(� � x) � k � =2e� px dp

where C� is a loop (Hankel contour) from + 1 , arg(p) = � � to + 1 , arg(p) = � which goesoncearound � ,
oriented counterclockwise. A residuecalculation implies (f ). �

4.4. A form ula for the Laplace transform of G(p). In this section we will prove of part (c) of Theorem
3 and Theorem 4. We will use the Dedekind � function as in (54). Recall the contours 
 � from Theorem 3.
Recall also that Sm ul (x) denotesthe Laplace transform of mG(p).

Theorem 6. For x 2 C, x 6= 0, arg(x) 2 (� 5� =2; � =2), we have:

(47) Sm ul (x) =
p

3x3=2
Z


 � +arg ( x )

� (2� iz )
dz

(x � z)3=2
� 1:

This provesEquation (17) of Theorem 3. (18) is completely analogous.

Proof. We have:

Sm ul (x) =
Z


 l

e� px G(p)dp

=
3�

2
p

2

1X

n =1

� (n)n
Z


 l

e� px

(� p + n2� 2=6)5=2
dp by Thm 5

=
3�

2
p

2

1X

n =1

� (n)n
� Z


 l

2x
3

e� px

(� p + n2� 2=6)3=2
dp �

2 � 63=2

3n3� 3

�
by integration by parts

=
p

3x
1X

n =1

� (n)
Z


 l

e� n 2 � 2 qx= 6

(� q + 1)3=2
dq+ C by a changeof variables 6p = n2� 2q

where

C =: � 6
p

3
1
� 2

1X

n =1

� (n)
n2 = � 6

p
3

1
� 2 L(2; � ) = � 1
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where the last Equalit y follows from Equation (32). Since

p
3x

1X

n =1

� (n)
Z


 l

e� n 2 � 2 qx= 6

(� q + 1)3=2
dq =

p
3

Z


 � +arg ( x )

e� n 2 � 2 z=6

(� z=x + 1)3=2
dz by a changeof variables z = qx

=
p

3x3=2
Z


 � +arg ( x )

� (2� iz )
dz

(x � z)3=2
by (54)

the result follows. �

We now give a proof of Theorem 4.

Proof. (of Theorem 4) Recall the complex error function Er�( x) and its modi�cation E(x) from Equations
(21) and (22). The medianLaplacetransform is the averageof the left and right Laplacetransform. Moreover,
a calculation shows that for x > 0 we have:

(48)
Z


 l

e� xp

(1 � p)5=2
dp = �

2
3

�
4x
3

�
4
3

i
p

� e� x x3=2 +
4
3

p
� e� x Er� (

p
x):

Replacing 
 l by 
 r has the e�ect of replacing i by � i in the above equation. Thus, the median integral,
which also coincideswith the principal value integral, is given by:

(49)
Z


 m

e� xp

(1 � p)5=2
dp = �

2
3

�
4x
3

+
4
3

p
� e� x Er� (

p
x) = �

2
3

+
4
3

p
� E(

p
x)

where 
 m = 1=2(
 l + 
 r ). On the other hand, the proof of Theorem 6 implies that

Smed (x) =
p

3x
1X

n =1

� (n)
Z


 m

e� n 2 � 2 qx= 6

(1 � q)3=2
dq� 1:

Using Equation (49), the result follows. �

5. A Dirichlet series � (x) associa ted to F (x)

5.1. A form ula for a Diric hlet series � (x) associated to F (x). In this sectionwe identify the associated
Dirichlet series� (x) of the generalizedBorel summable power seriesF (x) of (9) with the Eichler integral
~� of the Dedekind � -function given by (55). In particular, using Zagier's identit y (see(56)) and a modular
property of one of Zagier's functions (see(60)), allows us to prove the existenceof radial limits at complex
roots of unit y and to �nish the proof of Theorems2 and 3.

Prop osition 5.1. (a) The Dirichlet seriesassociated to F (x) is given by:

(50) � : f x 2 Cj< (x) > 0g � ! C; � (x) = i
p

2(� x)3=2 ~� (2� ix )

(b) � is a lacunary serieswith natural boundary the line < (x) = 0.
(c) � has radial limits at 1

2� i Q given by:

(51) �
�

�
1

2� i�

�
= � 3

24 � � 3=2� (� 1=� )

for all � 2 Q, � 6= 0, where � is a function of Zagier from (53) and � k = e2� i=k .

Proof. Theorem 5 givesthat

G(p) =
3�

2
p

2

1X

n =1

� (n)n
(� p + n2� 2=6)5=2

:
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Part (f ) of Proposition 4.2 implies that the associated Dirichlet seriesis given by:

� (x) = i
p

2(� x)3=2
1X

n =1

� (n)ne� � 2 n 2 x= 6

= i
p

2(� x)3=2 ~� (2� ix )

where the last equality follows from the de�nition of ~� in (55). This proves(a).
(b) follows from [Ma]. In other words, � (x) cannot be analytically continued beyond the line < (x) = 0. In

general,lacunary seriesneednot have radial limits at points of their natural boundary. Our series,however,
has radial limits at rational multiples of 1=(2� i ).

(c) follows from Equation (50) and Zagier's identit y (56). �

5.2. Pro of of of Theorem 2. We are �nally in a position to �nish the proof of Theorem 2.

Theorem 7. With the notation as in Theorem 2, for all � 2 Q, � 6= 0, we have:

Smed
�

�
1

2� i�

�
= � (� ) :

Proof. Equations (17), (18) and (57) imply that for � 2 Q � f 0g we have:

(52) g(� ) =

(
Sm ul (� 1=(2� i� )) if � > 0

Sm ur (� 1=(2� i� )) if � < 0:

Let us assume� 2 Q, � > 0 (the other caseis analogous). We have:

Smed
�

�
1

2� i�

�
= Sm ul

�
�

1
2� i�

�
+ �

�
�

1
2� i�

�
by (45)

= Sm ul
�

�
1

2� i�

�
+ � 3

24� � 3=2�
�

�
1
�

�
by Prop. 5.1 (c)

= g(� ) � (i� ) � 3=2� (� 1=� ) by (52)

= � (� ) by (60)

�

6. Identities fr om Zagier 's paper

In this section we collect several de�nitions, notations and results from Zagier's paper [Za], for the con-
venienceof the reader. Zagier de�nes a function

(53) � : Q � ! C; � (� ) = e� i�= 12f (e2� i� )

which evaluates at complex roots of unit y the seriesf (q) of (8). Zagier considersthe following formal power
seriesin Z[[q]]:

(q)1 =
1Y

n =1

(1 � qn )

=
1X

n = �1

(� 1)n qn (3n +1) =2

=
1X

n =1

� (n)q(n 2 � 1)=24

H (q) =
1X

n =1

� (n)nq(n 2 � 1)=24

as well as the corresponding analytic functions for q = e2� iz , = (z) > 0:
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� (z) = e� iz =12
1Y

n =1

(1 � e2� inz ) =
1X

n =1

� (n)e� in 2 z=12(54)

~� (z) =
1X

n =1

� (n)ne� in 2 z=12(55)

� (z) is the famous Dedekind � function, a modular form of weight 1/2, and ~� (z) is an Eichler integral of
the Dedekind � function. Although ~� is not a modular form, Zagier proves that ~� has radial limits to the
rational points z 2 Q � R of its natural boundary.

Zagier's identit y (coined \the strange identit y" by Zagier himself) [Za, Eqn.7] identi�es the radial limits
of ~� with � for � 2 Q:

(56) � (� ) = �
1
2

~� (� ):

At the last two pagesof his seminal paper, Zagier intro ducesa C1 function

(57) g : R � ! C; g(x) =
Z 1

0
(z � x) � 3=2� (z)dz;

where � (z) is the Dedekind � function de�ned by (54).
Zagier states that g(x) is real analytic everywhere except at x = 0 and whosederivativesat 0 are given

by
g(n ) (0) = (� � i=12)n n!an ;

where

(58) F (x) = e� 1=(24x ) f (e� 1=x ) =
1X

n =0

an

24n

1
xn :

Moreover, for � 2 Q, we have:

g(� ) = (i� ) � 3=2g(� 1=� )(59)

� (� ) + (i� ) � 3=2� (� 1=� ) = g(� ) for a 2 Q(60)

In other words, for h ! 0 we have:

g(h) �
1X

n =0

g(n ) (0)
n!

hn

=
1X

n =0

�
�

� i
12

� n

an hn

= e2� ih= 24f (e2� ih )(61)

where the last equality follows from Equation (26).
In [Za, Eqn.6] Zagier givesa closedformula for the Taylor coe�cien ts (an =24n ) of F (x):

an

24n = 6
(� 6)n

(n + 1)!

�
B2n +2

�
1
12

�
� B2n +2

�
5
12

��

=
1

2
p

3(� =6)2(2� 2=3)n

(2n + 1)!
n!

L (2n + 2; � )

where

(62) L (s; � ) =
1X

n =1

� (n)
ns :
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Consider now the Borel transform

G(p) =
1X

n =0

an +1

24n +1 n!
pn

of F (x). To simplify notation, let us write

(63) G(p) =
1X

n =0

bn pn

instead. Then, we have:

bn = 6
(� 6)n +1

(n + 2)!n!

�
B2n +4

�
1
12

�
� B2n +4

�
5
12

��
(64)

=
4� 2

p
3(2� 2=3)n

(2n + 3)!
(n + 1)!n!

L (2n + 4; � )(65)

Since

(2n + 3)!
(n + 1)!n!

� 4n n3=2
�


 0 +

 1

n
+


 2

n2 + : : :
�

for computable constants 
 j , and sinceL(2n + 4) = 1+ O(5� 2n ) for every M , it follows that the coe�cien ts
of the Borel transform have an asymptotic expansionof the form:

(66) bn �
�

6
� 2

� n

n3=2
�

c1;0 +
c1;1

n
+

c1;2

n2 + : : :
�

for computable constants cj . Disassembling the L-series into its monomial parts, Equations (65) reveals a
transseriesexpressionfor the coe�cien ts of the Borel transform:

(67) bn �
�

6
� 2

� n

n3=2
1X

l =0

1X

j =1

cj;l

nl j n

for a doubly indexed seriesof resurgencemonomials n l j n , and for computable constants cj;l . Notice that
the resurgencemonomials form a well-order set of order type ! 2.

7. Resur gence implies transseries expansions

Let us examine more carefully the asymptotic equations from the last section. Although Equation (65)
makessense,the asymptotic seriesin (66) is factorially divergent. In view of this, one cannot naively make
senseof Equation (67) since for example 1=2n is a monomial which is (exponentially) smaller than any of
the monomials 1=nl for all l . In order to reach the monomial 1=2n we would have to subtract the in�nite
seriesof all previous monomials 1=nl for l 2 ! , and this seriesis factorially divergent. What we need is a
way to subtract the whole seriesat once. It is at this point that resurgenceis neededto make senseof the
formal seriesin (15).

Recall that the singularities of G(p) are included in the set � N+ where � = � 2=6.
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Fix an angle � and draw rays L k from k� to in�nit y along the direction of � for k 2 N+ . Assumethat �
is chosenso that the rays L k are distinct:

l 2 l 3 l

1L 2L 3L

Let Gk (p) denote the jump of the multiv alued function G(p) along the ray L k . The next proposition is a
special caseof a general result that will appear in subsequent work of the authors.

Theorem 8. (a)We have:

(68) bn = � � n n3=2
1X

j =1

1
j n

Z 1

0
e� np Gj (ep)dp

(b)Moreover, for every j � 1, we have asymptotic expansions

(69)
Z 1

0
e� np Gj (p)dp �

1X

l =0

cj;l

nl pl

(c) Thus, G(p) determinesthe transseries(67). Conversely, G(p) is uniquely determined by its transseries.

Proof. The proof is a well-known application of Cauchy's formula and a deformation of the contour; seefor
example [Ju]. For the bene�t of the reader, we give the details. SinceG(p) is analytic in a neighborhood of
zero, Cauchy's formula implies that

bn =
1

2� i

Z




G(p)
pn +1 dp:

Now, we will deform the contour 
 in the following way. Choose(Hankel) contours Cj along each ray L j , and
choosea truncation Cr

j of them for r large. Join [ r
j =1 Cr

1 together asshown in Figure 1 for r = 3, and create
a contour 
 r For every r , there is a deformation of 
 to 
 r which doesnot passthrough the singularities of

1L 2L 3L

2C1C 3C

Figure 1. On the left, Hankel contours Cj around eachray L j , oriented counterclockwise. On the right, a
truncated contour.

G(p). It follows that

bn =
1

2� i

rX

j =1

Z

C r
j

G(p)
pn +1 dp+

1
2� i

Z

� r

G(p)
pn +1 dp

where � r = 
 r � [ r
j =1 Cr

1 is the part of the contour 
 r that is not included in the truncated Hankel contours.
Now, let r ! 1 . An estimate shows that

lim
r !1

Z

� r

G(p)
pn +1 dp = 0:
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Moreover, for every j , a changeof variables p = et implies that

lim
r !1

1
2� i

Z

C r
j

G(p)
pn +1 dp = � � n n3=2 1

j n

Z 1

0
e� nt Gj (et )dt:

This provespart (a).
Part (b) follows from Watson's lemma; see[O].
Part (c) also follows from Watson's lemma. �

Remark 7.1. As is obvious from the statement and the proof, Theorem 8 holds for a wide classof resurgent
functions G(p), that includes all square root branched functions with singularities in a �nite set of rays
� 1N+ [ � � � [ � r N+ .

Among other things, the above theorem makes clear the usefulness(and the necessity) of transseries
versusasymptotic expansions.The asymptotic expansion(66) determinesG(p) modulo exponentially small
corrections. Thesecorrections, beyond all orders in 1=n, are preciselycaptured by the transseries.Theorem
8 givesa synthesis of G(p) by its transseries. In addition, Theorem 8 givesa proof of Theorem 1.

Proof. (of Theorem 1) Part (a) is a generalstatement about Laplace transforms, and follows from Watson's
lemma.

Part (b) follows from Theorem 8 above, and from Equation (4).
For part (c), FK (x) determines(via object synthesis), the analytic function Smed

K (x), and its radial limits
via (4). Conversely, the sequence(� K (e2� i=n )) determines its transseries, which in turn determines (via
Theorem 8) the function Smed

K (x), which �nally determines FK (x) by (7). This completes the proof of
Theorem 1. �

Appendix A. Resur gence of the power series of the Poincar �e homology sphere

In this section, let M denotethe Poincar�e homology sphere, a closed3-manifold. In [LZ], Lawrence-Zagier
compute that

(70) FM (x) =
1X

n =0

an

n!
1

(120x)n

where

(71)
1X

n =0

an

(2n)!
p2n =

cos5pcos9p
cos15p

:

A computation analogousto the one in Section 3 shows that the Borel transform GM (p) of FM (x) is given
by:

(72) GM (p) = c1

1X

n =0

� 1(n)
(� 30p + n2� 2)3=2

+ c2

1X

n =0

� 2(n)
(� 30p + n2� 2)3=2

where

(73) c1 =

q
6(5 +

p
5)

120
; c2 =

q
6(5 �

p
5)

120
;

and � 1, � 1 are periodic functions de�ned by the table:

n mod 60 7 13 17 23 37 43 47 53 other
� 1(n) � 1 � 1 � 1 � 1 1 1 1 1 0

and
n mod 60 1 11 19 29 31 41 49 59 other
� 2(n) � 1 � 1 � 1 � 1 1 1 1 1 0
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