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Abstract

We prove that the HOMFLYPT polynomial of a link colored by partitions with a fixed
number of rows is a q-holonomic function. By specializing to the case of knots col-
ored by a partition with a single row, it proves the existence of an (a,q) superpoly-
nomial of knots in 3-space, as was conjectured by string theorists. Our proof uses
skew-Howe duality that reduces the evaluation of web diagrams and their ladders
to a Poincaré—Birkhoff-Witt computation of an auxiliary quantum group of rank the
number of strings of the ladder diagram. The result is a concrete and algorithmic web
evaluation algorithm that is manifestly q-holonomic.
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1. Introduction

1.1. The colored Jones polynomial
The best-known quantum invariant of a knot or link L in 3-space is the Jones polyno-
mial Jz, which, when properly normalized, is a Laurent polynomial in a variable
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q with integer coefficients. Jones’s [29] discovery of this polynomial marked the
birth of quantum topology, and shortly afterward, a plethora of quantum invariants
of knots and links were discovered by Reshetikhin and Turaev (see [51] and also the
books [46], [54]).

Although Jones’s definition of the Jones polynomial came from the von Neumann
algebras and their subfactors, a connection between the Jones polynomial and the sim-
plest non-Abelian simple Lie algebra, sl,, and its representations was soon discov-
ered. More precisely, given a simple Lie algebra g, an irreducible (finite-dimensional)
representation V' (usually called a color in the physics literature), and a knot K, the
theory of ribbon categories (see [51], [54]) defines an invariant J £ (V) € Z[q*!]. The
original construction of this invariant was a rational function in a fractional power
of g, and a normalization of this invariant was shown in [35] to be an element of
Z[g*?]. The Reshetikhin-Turaev construction extends to framed, oriented links as
well, each component of which is colored by an irreducible representation of g.

By specializing to sl, and using the well-known fact that there is one irreducible
representation /1, of sl of dimension n + 1 for every natural number #, it follows
that a knot K gives rise to a sequence of polynomials JI“?Z (hn) € Z[g*!] for n =
0,1,2,.... This sequence, although infinite, satisfies some finiteness property which
in particular implies that it is determined by finitely many initial terms. (The number
of initial terms depends on the knot though.) More precisely, it was proven by the first
and third authors [19] that for every knot K there exists a recursion

ca(@", IR (hnta) + ca—1(q" . DI R2 (hsa—1) + -+ colq", q) T 32 (hn)
=0 (1)

forall n € N, where d €N, ¢ (u,v) € Qu*!,vE!] forall j =0,...,d, and cg #0.
In this article, N denotes the set of all nonnegative integers. The recursion depends on
the knot, and although it is not unique, it can be chosen canonically.

Aside from the above-mentioned finiteness statement, the importance of this
minimal recursion (often called the /f—polynomial) is not a priori clear. Keeping in
mind that PSL(2, C) is the isometry group of orientation-preserving isometries of 3-
dimensional hyperbolic space, we see that there are at least two connections between
the /f—polynomial and hyperbolic geometry.

(a) Specializing the coefficients of the above recursion to ¢ = 1 is conjectured to
recover the defining polynomial for the SL(2, C)-character variety of the knot
complement, restricted to the boundary torus of the knot complement. This
so-called AJ conjecture is one link between the colored Jones polynomial and
the geometry of SL(2, C) representations (see [16], [36]).

(b) Such a recursion can be used to numerically compute several terms of the
asymptotics of the colored Jones polynomial at complex roots of unity, a fas-
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cinating story that connects quantum topology to hyperbolic geometry and
number theory. For a sample of computations, the reader may consult [17]
or [22].

Returning to recursion relations, we note that sequences that satisfy a recursion
relation of the form (1) are g-holonomic, a key concept introduced by Zeilberger [58].
The literature shows that g-holonomic functions enjoy several closure properties.
A key theorem of Wilf—Zeilberger [57, Theorem 5.1] is that a multisum of a g-proper
hypergeometric term (where we sum all but one variable) is g-holonomic. This the-
orem and the fact that quantum knot invariants are multisums of g-proper hyperge-
ometric terms (coming from structure constants of corresponding quantum groups)
explain why the quantum knot invariants are g-holonomic functions.

Converting the above statement into a theorem and a proof requires additional
work. To begin with, one needs to consider functions of several variables. For instance
the sl3-colored Jones polynomial of a knot or the sl,-colored Jones polynomial of a
2-component link is a function of two discrete variables. A definition of g-holonomic
functions of several variables was given by Sabbah [52], using the language of homo-
logical algebra. Sabbah used a theory of Hilbert dimension for modules over rings
generated by g-commuting variables and proved a key Bernstein inequality. A survey
of Zeilberger’s and Sabbah’s work was given by the first and third authors [20], where
detailed proofs and examples of g-holonomic functions were discussed. A summary
of the main definitions and properties of g-holonomic functions is given in Section 4.

1.2. The colored HOMFLYPT polynomial

Shortly after the discovery of the Jones polynomial, five groups independently dis-
covered a 2-variable polynomial, the HOMFLYPT polynomial W, that takes values
in the ring Q(g)[x*!] (see [12], [48]). Turaev [53] showed that the latter unifies the
quantum link invariants J le” (hy,...,hy), where h; = C" is the defining represen-
tation of sl,, as follows: for every n > 2 and every framed, oriented link L. whose
components are colored by C", we have

T (hy. o hy) = Wi |xegn.

Here J;, is a normalized version of J;, (see Section 2).

Let & denote the set of partitions A = (41,A5,...), where A; > A, > .- >0
is a decreasing sequence of nonnegative natural numbers, all but finitely many zero.
As usual, a partition is presented by a Young diagram. Let #,_; be the set of parti-
tions with at most n — 1 rows. Irreducible representations of sl, are parameterized by
partitions in &,_;, and we will identify a partition A € #,_; with its corresponding
irreducible sl,,-module (which has highest weight A; see [15]). With this identifica-
tion, the partition 4,, which has one row and a boxes, is the ath symmetric power
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of hy, and the partition e,, which has one column and a boxes, is the ath external
power of b1 = ej.

Wenzl [56], generalizing Turaev’s result, showed that the s[,, -quantum link invari-
ants interpolate a 2-variable function in the following sense. If L is an oriented,
framed link with r ordered components and the A;’s are partitions with at most ¢
rows for i = 1,...,r, then there exists a 2-variable colored HOMFLYPT function
Wi (A1,...,Ar) € Q(g)[x*!] such that for all natural numbers n with n > £ + 1 we
have

T2ty Ay = WLy Al xmgn

A detailed definition of the HOMFLYPT polynomial and its colored version in terms
of the HOMFLYPT polynomial of cables of the link is given in [41] and [42].

1.3. Statement of our results
The set & of all partitions has an involution defined by A — AT which transposes
columns and rows of a partition. The map ¢, : N¢ — £, given by

{—i+1

te(ny,....ng) =Aq,..., ) € Py, where A; = Z nj,
j=1

is a bijection, and so is L;r :N¢ - J’g (where J’g is the set of all partitions with at
most £ columns) defined by LZ(V!], coong) = (e, ... n)t.

THEOREM 1.1
Suppose L is an oriented, framed link with r ordered components and { a nonnegative
integer. Then, the functions

Wro () N 5 Q@)x®],  Wro() :N*— Q(g)[x*!]

are q-holonomic.

COROLLARY 1.2
For a framed, oriented knot K colored with partitions with a single row, the sequence
Wk (hg) fora=0,1,2,... is g-holonomic.

Some special cases of the above corollary are known. See Cherednik [7] for the
case of torus knots, Wedrich [55] for the case of 2-bridge knots, and Kawagoe [32]
for some 2-bridge knots and some pretzel knots.

On the set of all functions from N to Q(x, g) define two operators L, M by

LH@=fla+D,  Mf)a)=q"f(a).
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Then LM = gML, and a recurrence for f has the form Pf = 0, where

d
P = ch(q,x,M)Lj, cj(q,x,M)eZlq,x, M].
Jj=0

When nonzero recurrence for f exists, there are many of them, and there is a unique
one, up to sign, such that (i) d is minimal, (ii) the total degree in ¢, x, M, L is minimal,
and (iii) all the integer coefficients of P are coprimes (see [16], [36]). For a knot K,
we denote such a minimal recurrence for W (h,) by Ax (M, L,x,q).

Physicists have conjectured the existence of the 4-variable polynomial (see, e.g.,
[2], [24]) and have further conjectured that, when we set ¢ = 1, the correspond-
ing 3-variable polynomial Ax (M, L,x,1) is equal, after some universal (i.e., knot-
independent) change of variables, to a 3-variable polynomial that comes out of knot
contact homology (see [1], [45]). In the physics literature, Ax (M, L, Q, 1) is often
called the Q-deformed A-polynomial of a knot, and it appears in string theory in
the geometry of spectral curves, topological strings, matrix models, and M-theory
dualities. There is a lot of literature on this polynomial following the pioneering
work of Gukov, Fuji, Stosic, Sutkowski, and others. For a detailed discussion, see
[21, [91, [101, [13], [14], [19], [23], [24], and [25].

Remark 1.3
The proof of Theorem 1.1 implies that the function N x Né Z[q*"] defined by
(n.7) € Nx Nt (Wi 0 (1)) (1) |x=gn
is g-holonomic in all £ + 1 variables. The latter was conjectured in [21].
1.4. An example
Suppose that K is the right-handed trefoil (see Figure 6) with O framing. Define
ag = xM8(x2M? — 1)(M* — ¢5x?),
a1 = q(q3M2x* — x4g* 4 MSg2x* 4 MSx* — MSgSx2
~MOg2x2 — MBx2 + MIOY(M* — g*x2),
ay = —x°q°(¢*M? = ) (M* — x?¢?).
Then for all m >0,
ar Wi (hm+2) + a1 Wk (hm+1) + aoWg (hy) = 0. (2)

Remark 1.4
In [13], a conjectural formula for the colored HOMFLYPT function Wk (h,,) was
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given for the case in which K is the left-handed trefoil (and other torus knots). Based
on this conjectural formula, the authors of [13], using a computer program of Zeil-
berger [47], found a recurrence formula for Wk (h,,), which is different from (2) since
another normalization was used. In Appendix C, we will give a proof of (2).

1.5. Plan of the proof

The quantum group invariants require familiarity with category theory, the representa-

tion theory of quantum groups, and an understanding of the accompanying graphical

notation. In Section 2 we discuss three categories nRep ,, nWeb, and nLad which are
related to representations of quantum groups as well as to a diagrammatic description
of links and their invariants. In Section 3 we discuss how to unify the sl,-link invari-
ants to one that is independent of n. In Section 4 we discuss the basic definitions,
examples, and properties of g-holonomic functions. In Section 5 we give the proof of

Theorem 1.1. The proof is concrete and algorithmic, with a detailed example for the

case of the right-handed trefoil given in Section 3.7. We summarize the steps here,

using the notation of the proof.

(a)  We start with a braid word representative 8 whose closure cl(f) is the link L.
The corresponding braid has m strands and a fixed number of letters. For the
trefoil, this is given in (36).

(b) The link is now given by joining to the braid the bottom and top part of the
closure consisting of cup/cap diagrams, respectively. We replace the bottom
part by a monomial in some operators E;, the braid word by a product of
Lusztig braid operators T; (b)*! defined in Section 3.4, and the top part by a
monomial in some operators F;. For the trefoil, this is given in (37).

(©) Each operator T;(b)*! is a sum (over the integers) of operators E; and F '
(see (29a)—(29b)).

(d) The operators E; and F; satisfy the quantum group ¢-commutation relations
given in (14a)—(14d), and using those we can sort the above expressions by
moving all the E’s to the right and all the F’s to the left.

(e) The fact that the operators E; annihilate the last bit 1, corresponding to the
projection onto a highest weight determined from the link diagram, adds a
product of delta functions in our sum.

(f) The requirement that all weights appearing in the sum be positive introduces
Heaviside functions into the sum, as explained in the proof of Proposition 5.2.

(g)  In this way, we obtain a multidimensional sum over the integers, whose sum-
mand is a product of extended g-binomial coefficients of linear forms (with
integer coefficients) of the summation variables times a sign raised to a linear
form of the summation variables. These sums are always terminating. For the
trefoil, this 6-dimensional sum is given in (39).
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(h) We show in Section 5.1 that such multisums are g-holonomic.

Hidden in the above algorithm is the quantum skew-Howe duality (see [5]), which
allows us to compute colored sl,-invariants by evaluating ladder diagrams in 2m
strands by using an auxiliary quantum group based on the Lie algebra gl,,,. Steps
(c)—(e) are exactly a Poincaré-Birkhoff—Witt computation on gl,,,,.

To avoid any confusion or misunderstanding, in an earlier article, the first author
[18] reduced the g-holonomicity of the colored HOMFLYPT polynomial to the g-
holonomicity of the evaluation of Murakami—Ohtsuki—Yamada (MQOY) graphs and
observed that the latter would follow from the existence of a g-holonomic evaluation
algorithm for MOY graphs. Unfortunately, such an algorithm based on simplifications
of MQOY graphs or web diagrams is yet to be found.

1.6. Computations and questions

With regard to the computation of the 4-variable polynomial of a knot, there are sev-
eral formulas for the HOMFLYPT polynomial of some links in the literature colored
by partitions with one row (see, e.g., [26], [27], [32], [44]). These formulas are mani-
festly g-holonomic, as follows by the fundamental theorem of Wilf—Zeilberger theory.
Using these formulas and Wilf—Zeilberger theory, one can sometimes compute the 4-
variable knot polynomial. For sample computations for the case of twist knots and
some torus knots, see [44].

The next question is inaccessible with our methods. A positive answer would
be useful in the study of Labastida—Marifio—Ooguri—Vafa (LMOV) (also known as
Bogomol’nyi-Prasad—Sommerfield (BPS)) invariants of links (see [34]). First, using
linearity extend the colored HOMFLYPT function to the case when the color of each
link component is a Z-linear combination of Young diagrams. Let p, =
ZZ=O(—1)" (k,197%)_ Note that (k,197%) is a hook partition with one row with k
boxes and one column with @ — k boxes.

Question 1.5
Is it true that the HOMFLYPT polynomial of a knot colored by p, is a g-holonomic
function of a?

2. Categories, links, and their invariants

Throughout the article, N, Z, and QQ denote the set of nonnegative integers, the set
of integers, and the set of rational numbers, respectively. We emphasize that our N
contains 0. Also n will denote an integer greater than or equal to 2. We will denote by
Q(g"'/™) the field of rational functions in an indeterminate ¢'/" and denote by Q(q)
its subfield generated by ¢ = (¢/™)". Also Z[g*'] € Q(gq) will denote the ring of
Laurent polynomials in g with integer coefficients.
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In this section we will discuss three categories nRep ., #Web, and nLad which
are connected by functors

W, Ty
nLad — nWeb — nRep,. 3)

A ring homomorphism £ : Q(¢'/") — Q(g'/") (thought of as a homomorphism from
the empty set to the empty set) is the multiplication by a scalar, and we denote this
scalar by ev(f) € Q(g'/™). These categories are intimately related to diagrammatic
descriptions of framed tangles and of quantum groups.

2.1. The quantized enveloping algebras U, (gl,,) and Ugy(sl,)
Consider the lattice Z" with the standard Euclidean inner product (-, -), and consider
the root vectors

al Z(Oa"'50917_170,-..70)eZn,

with 1 on the i th position. The quantized enveloping algebra Uy (gl,,) is the associative
algebra over Q(¢q) generated by L;,i =1,...,n,and E;, F;,i =1,...,n—1, subject
to the relations

LyLy=Lgyp, Lo=1,
LoEj=q“ M E;Ly,  LoFj=q“+ " FjL,,

EPEiy — EiEipEi + Erp EQ =0= FPFiy — FFi Fi + Fi F2,

K — K1
EiFj —F_]'Ei =5ij7_17
q9—9
E;E; =E;E;, FF;=F;F, forl|li—j|>1

Here Lo = L{'---Ly" fora = (ay,....a,) € Z", K; = L; L}, and

,

(r) (r) .
E” =E[/[r).F” = F/[r]l. where [r]!:=[]
j=1

¢ —q
q—q7'

There is a structure of a Hopf algebra on Uy (gl,,) with the coproduct and the antipode
(see, e.g., [6], [28], [38]).

The quantized enveloping algebra Uy (s[,) is the subalgebra of U, (gl,,) generated
by E;, F;, Kiil, i =1,...,n—1.Then U, (sl,) inherits a Hopf algebra structure from
that of Uy (gl,,).

A weight of Uy(gl,) (resp., Ug(sl,)) is an element a € Z" (resp., an element
a € Z" such that ) ; a; = 0). A Ug(sl,)-module V is called a weight module (or,
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perhaps better, a weighted module) if V = @, V4], where each a is a U (s, )-weight
and

o= {0 €V 1 Ko =51

For a partition A = (I1,...,ly) with [} > [, > --->[; > 0 we call £ = length(A)
the length of A and |A| = }_; /; the weight of A. Denote by AT the conjugate of A,
which is the partition whose Young diagram is the transpose of that of A. For a thor-
ough treatment of partitions, see [39]. Finite-dimensional irreducible weight U, (sl;,)-
modules are parameterized by partitions A € J,_1, that is, partitions of length at most
n —1 (see, e.g., [6], [28]). For every A € #,—; denote by V), the corresponding irre-
ducible weight Uy (s[,)-module.

2.2. The category of Uy (sl,)-modules and link invariants
The category nRep of finite-dimensional weight Uy (s[,)-modules is a ribbon cate-
gory (see [54]), where the braiding comes from the universal R-matrix. To be precise,
one needs to extend the ground field to Q(¢'/") so that the braiding and the ribbon
element can be defined.

By the theory of ribbon categories, for a framed, oriented link L in 3-space with

r ordered components and r objects V7, ..., V, of nRep, one can define an invariant
I
IV, V) € QgM).
If A1,..., A, € P,_1, we use the notation

T A =T (Vo Vi),

It is known that a properly normalized version of le” (V1.....V;) belongs to Z[g*?]
(see [35], [40]). A special case of this integrality phenomenon is the following. Let £;;
be the linking number between the ith and the jth components of L, with £;; being
the framing of the i th component. Define

TE Ay, Ay = g i Gillldsl sty ), &)

Then we have
TP Ay Ar) € Z[gEY. (5)
Not only is jzl" (A1,...,A;) a Laurent polynomial in ¢, but it also enjoys the

following stability (with respect to the rank n) property.

PROPOSITION 2.1 (see [56])
There exists an invariant W, (A1, ..., A,) € Q(q)[x*"] such that, for any n greater
than the length of any of the A j’s, we have
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Wr Oty A wmgn = I3 1y Ap).

Usually, Wy, is called the colored HOMFLYPT function. The theorem was first
proved by Wenzl, using quantum group theory. For a detailed proof using skein theory,
see [37, Theorem 11.4.18]. The theorem also follows from our proof of Theorem 1.1
below. For the simplest case, when all partitions have one box, Proposition 2.1 was
first proved by Turaev [53].

Remark 2.2

The integrality (5) shows that the polynomial P = Wy (11,...,A,) € Q(g)[x*!] has
the property that P|y—gn € Z[g*1] for all integers n > 1. Such a polynomial P €
Q(g)[x*"] is called g-integral and is studied in [4, Section 2.3].

Remark 2.3
Our Wp,(A1,...,A;) isequal to P(L * (Qy,,...,03,,)) in the notation of [42, Sec-
tion 6], with our ¢ and x equal to, respectively, s and v~ there.

2.3. Properties of the colored HOMFLYPT polynomial

Let A be the free Q-vector space with basis the set & of all Young diagrams, including
the empty one. Suppose that L is a framed, oriented link with r ordered components.
The invariant Wr (A1, ...,A,) can be extended to a Q-multilinear map

Wit A" — Q(q)[xE'].

There is a Q-algebra structure on A which makes it isomorphic to the algebra of
symmetric functions (see, e.g., [39]). Under this isomorphism, a Young diagram A is
mapped to the Schur function S corresponding to A.

We collect here some well-known properties of the quantum invariant Wy,.

PROPOSITION 2.4

Let L be a framed, oriented link in the 3-space with k ordered components.

(a) Suppose that L’ is the same L with the components renumbered by a permu-
tation o of {1,...,k}. Then

Wi (A1,...,Ar) = Wi (o1, Aor).

(b) Suppose that AL is the result of replacing the first component of L by two
copies of its parallel pushoff (using the framing). Then

WALV A g Ay) = WA A Ay).



THE COLORED HOMFLYPT FUNCTION IS g-HOLONOMIC 407
(©) We have

We,. A =W A AN o (6)

Parts (a) and (b) follow from the corresponding properties for Jy (see [54]).
While (a) is trivial, (b) follows from the hexagon equation of the braiding in the
braided category. Part (c) is well known and has been discussed in many papers
(see, e.g., [34, (4.41)]). For completeness, we give proofs of parts (b) and (c) in
Appendix B.

2.4. The category nRep ,

Let e, be the partition whose Young diagram is a column with a boxes; that is, e, =
(1%) in the standard notation of partitions. The Uy (sl,)-module V,, with 1 <a <
n — 1 is called a fundamental U, (sl,)-module. We also use eg to denote the empty
Young diagram, which corresponds to the trivial U, (sl,)-module.

LetnRep, be the full subcategory of nRep whose objects are those isomorphic to
tensor products of the fundamental U, (sl,)-modules. Then nRep, inherits a ribbon
category structure from nRep.

The advantage of nRep, is that it has a remarkable presentation using planar
diagrams called spider webs, which are described in the next section. Since nRep is
the idempotent completion of nRep ., we do not lose much by working with nRep ,.

2.5. The category nWeb
We describe here the category nWeb of sl,,-webs, following Cautis, Kamnitzer, and
Morrison [5]. Recall that a pivotal monoidal category is a category with tensor prod-
ucts and a coherent notion of duality in which the double dual functor is naturally
isomorphic to the identity. The morphisms and the relations among morphisms of
such categories afford a diagrammatic description using planar diagrammatics. They
are essentially equivalent to the description of the Temperley—Lieb algebra for n = 2,
Kuperberg’s [33] spider webs (for n = 3), and the planar algebras of Jones [30]. They
are also closely related to the MOY graphs [43]. Standard references for pivotal cate-
gories include [54, Chapter XIJ, [31], and [11, Chapter 4.7].
An n-web is a compact subset Z of the horizontal strip R x [0, 1] with additional
data satisfying (i)—(iii).
1) Each connected component of X is either an oriented circle or a directed graph
(i.e., a finite 1-dimensional CW-complex) where the degree of each vertex is
1, 2, or 3. Every circle component and every edge is labeled by an integer in
[1,n—1].
(i) The set dZ of univalent vertices of Z is in the union of the top and bottom
lines of the strip, and Z \ 0Z is in the interior of the strip.
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(iii)  Up to isotopy there are two types of trivalent vertices and two types of biva-
lent vertices as in the following figure (with labeling of edges attached to the

B T

a

vertex):

The third and the fourth graphs depict bivalent vertices but not trivalent ver-
tices, because the small tag there is not officially an edge. The tag provides a
distinguished side and makes the bivalent vertices not rotationally symmetric.

We will declare isotopic webs to be equal. Let 9_-Z = (ij',.. .,izk ), where
i1,...,ig are the labels of the edges ending on the bottom line listed from left to
right, and let ¢ ; = + if the orientation at the j th ending point is upward and ¢; = —
otherwise. One defines d+ Z exactly the same way, using the top line instead of the
bottom line.

The category nWeb is the pivotal monoidal Q(g'/”)-linear category whose
objects are sequences in the symbols {1 ..., (n— l)i}. Given objects a, b of nWeb,
the set of morphisms Hom,wen(a, b) is the set of Q(g'/")-linear combinations of n-
webs Z such that d_Z = a and 0+ Z = b, subject to certain local relations described
in [5, Section 2.2]. In [5], our nWeb is denoted by & p(SL,). The tensor product
Z1 ® Z, is obtained by placing Z5 to the right of Z;. The composition Z; Z; is the
result of placing Z, atop Z,, after an isotopy to make the top ends of Z, match the
bottom ends of Z;.

For example, the first diagram in (7) represents a morphism from a* ® b* =
(@t,b™) — (a + b)™, and the second one represents a morphism from a~ ® b~ —
(a+b)".

The monoidal unit nWeb is the empty sequence. The planar isotopy condition
implies that the object a* is dual to the object a~. The cap and cup morphisms

a

R % ®

a

give rise tomaps a” ® a~ — @ and @ — a~ ® a™ that realize this duality.

For simplicity we allow diagrams to carry labels of 0 and n with the understand-
ing that n-labeled edges connected to a trivalent vertex should be deleted and replaced
by a tag as in the cap and cup diagrams:
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n n—a a
~ //J\,\ \T/ _n-a “
/i\ - a n—a a \\I//
a n—a n

and the remaining edges and loops labeled O or n should be deleted. Note that the
cap and cup diagrams coming from the duality a™ with @™ arising from the pivotal
structure do not require tags.

The following are consequences of the relations among generators of s(,,-webs:

n—a n—a
i = (-1 1 (10)
a a
a a
n—a = (11)
a a

Remark 2.5

The tags appearing in n-webs (which do not appear in [43]) play an important role in
keeping track of the fact that, while (V,,)* is isomorphic to V,,_,, this isomorphism
is not canonical. The tags in s(,,-webs keep track of these isomorphisms and contribute
signs that would have otherwise been missed by wrongly identifying the dual of a™
with (n —a)™.

2.6. An equivalence between nWeb and nRep .
The main result of [5] is the construction of an equivalence, which is a Q(g'/")-linear
pivotal functor,

I', : nWeb — nRep ,

defined on objects by T'y(at) = V,, and Ty(a™) = (V,)*. The ribbon structure of
nRep, can be pulled back to make nWeb a ribbon category. In particular, we have a
braiding X, 5 :a ® b — b ® a for any two objects a, b of nWeb. For simple objects
a,b € [1,n — 1] we use the diagrams with crossings as in Figure 1 to denote the
braiding X, 5 and its inverse X b ‘11 The braiding allows us to introduce crossings in
diagrams representing morphisms of n Web.
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Figure 1. The braiding X, j, (left) and its inverse X;° tlz.

Suppose that D is a link diagram in the plane in general position with respect
to the height function, whose components are labeled by integers in [0,n — 1]. Then
D defines a morphism in the category nWeb from @ to @. Since Hom,wep (9, 9) =
Q(g"'/™), the morphism D is determined by the scalar ev(D) € Q(¢'/"). The equiva-

lence I, shows that this scalar ev(D) is equal to the invariant J Z[” (eays- .., eq,); that
is,

JZ["(eal,...,eak):ev(D), (12)
where L is the framed link whose blackboard diagram is D and aj,...,a are the

labels of the components of L.

2.7. The ladder category
We give the definition of the ladder category Lad,,, which is a diagrammatic presenta-
tion of Lusztig’s idempotent form Uq (gl,,,) of the quantum group U, (gl,,,). Typically,
Uq (gl,,,) is regarded as a Q(¢q)-algebra where the unit is replaced by a system of mutu-
ally orthogonal idempotents 1, indexed by the weight lattice of gl,,,. Using the quan-
tum skew-Howe duality, Cautis, Kamnitzer, and Morrison [5] showed that there is a
braided monoidal functor from the ladder category to the category n Web. We explain
how to use this result to calculate quantum Uy (s[,)-invariants of links using ladders.
A ladder Z with m sides is a uni-trivalent graph drawn in the strip R x [0, 1], with
1) m parallel vertical lines running from the bottom line to the top line of the
strip, oriented upward,
(i)  some number of oriented horizontal lines in the interior of the strip R x [0, 1],
called steps, connecting adjacent sides; and
(ili)  alabeling of each interval (steps or segments of sides) by integers such that the
signed sum of the labels at each trivalent vertex is zero. Here the sign of each
incoming vertex is positive, and the sign of each outgoing vertex is negative.
Let 0_Z (resp., 0+ Z) be the sequence of labels appearing on the bottom (resp.,
top) edge of the strip. Then 0_Z,0,Z € Z™ are considered as weights of Ug(gl,;,).
For example, see Figure 2.
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3 1 0 2
| A
1+ /
1 A
\& 1 1
2
A
1
[~
1
A
A

Figure 2. A morphism in Lady4.

The category Lad,, is the Q(g)-linear category whose set of objects is Z™. Given
two objects a, b, the morphisms Homy .g,, (@, b) is the set of all Q(g)-linear combi-
nations of ladders Z with m sides such that d_Z = a and d+ Z = b, subject to the
relations described in (14a)—(14¢) below.

The composition of morphisms is given by the vertical concatenation of ladders.
Note that Lad,,, does not have dual objects and hence is not pivotal.

For an object a = (ay,...,a;) of Lad,,, for i such that 1 <i <m — 1, and for
r eN, let El.(r) 1, and Fi(r) 1, denote the following ladders:

ai+r ait1—7T

ES

Ei(r)la:z R \ T GHomLadm(a,a—i-rozi),

aji—1 ai di+1 ait2

Fi(r)la = 4 /)/ 4 --- €Homyug,(a,a —ra;).

aj— a; di+1 ai42

Here and in what follows, we draw the steps of a ladder by using slightly slanted
lines instead of horizontal lines such that the orientation of the step is upward. With
this convention we do not have to mark the orientation in a ladder diagram, since all
segments are oriented upward.

By comparing the sequences at the end of these ladders it is clear that
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Ei(r)la = latre, Ei(r) = la+trg; Ei(r)la,
(r) (r) ) (13)
Fl.r | P P Fir =lg—rg; Fir 1,.

When the specific weight is clear we will write E; instead of E;1, and F; instead of
F;1,. For example, Fi(r)EJ(.s)la means Fi(r)laﬂaj E](-s)la.
With this convention, the relations of the morphisms of Lad,, are given by

min(r,s)
") ) _ (@, ai) +1 =5 (=) p(r-0)
EVF,= ) { ) FPEN D, (14a)
t=0
E;’)F;Wa = F}”E}’Hd ifi #j, (14b)
EPEP1,=EYE1, if|i — j| > 1,and likewise for the F’s, (14c)
E®ED1, = {r - S} ET*1,,  and likewise for the F’s, (14d)
r

EiEjEl,=(EPE; + E;E?)1,
if |i — j| =1, and likewise for the F’s, (14e)
forallr,seN,1<i<m—1,and a € Z™.

Recall that (a,«;) = a; — aj+1 is the standard inner product on Z™, and the
quantum integers and factorial and binomial coefficients are defined by

r r

M=1"1_ rez (15a)
q—q
r
[rlt=[]Ikl. r=o. (15b)
k=1
[Mmry s [K]
r _ T r,SEZ,SZO, (15C)
s| o 5 <0.

Remark 2.6

If k is a field and € is a k-linear category, then it gives rise to an algebra A(€) whose
underlying vector space is the direct sum of all Hom spaces P, , Hom(a, b). The
product of x € Hom(b,a) and y € Hom(d’,a’) is defined to be zero unless b = a’,
in which case the product is defined to be the composite xy. In general, A(€) is a
k-algebra without unit. Since the relations (14a)—(14¢) are the defining relations of
Lusztig’s idempotent algebra U, (gl,,), A(Lady,) = Uy (gl,,)-
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2.8. The Schur quotient, the highest weight ¥, and evaluation

Fix positive integers m and n. The Schur quotient nLad,, is defined to be the
Q(g'/™)-linear category with set of objects all @ = (a1, ...,am) € Z™ such that a €
[0,n]™, that is, 0 < a; <n for all i. The algebra of morphisms of nLad,, is the quo-
tient of the algebra of morphisms of Lad,,, with ground field extended to Q(g'/"),
by the two-sided ideal generated by all 1,’s with a ¢ [0, n]™. For example, El.(r)la is
always 0 in nLad,, when r > n.

Let
¥ (n,m) = (n™,0") e Z*™, (16)
often abbreviated by . Considered as an object of nLady,,, ¥ is a highest weight
element for nLady,,, in the sense that for everyi = 1,...,2m — 1, we have
Eily =0, Iy Filyq, =0. 17)

This is because ¥ + «; has entries outside [0, n]. It follows that the algebra of endo-
morphisms of ¥ is isomorphic to the ground field Q(g'/"). In other words, we have
an evaluation map

eVn,m : Homypad,,, (9, 9) = Qg'm), X =eVym(x)1y. (18)

2.9. Braiding for ladders

The category nLad,, does not have a tensor product and hence is not a monoidal cat-
egory. However, nLad := P,,_, nLad,, is monoidal. This category does not have
duals, since all webs are directed upward. But it is a braided monoidal category,
as follows. The objects of nLad are sequences a = (ay,...,a,) of integers a; €
[0, n]. Given two objects a = (ay,...,an,) and b = (by,...,bp), Hompyaa(a,b) =
Hom,y 4, (a, b) if p = m and 0 otherwise.

The tensor product of objects a ® b is the horizontal concatenation of a and b
from left to right. A similar convention is used for morphisms.

In [5, Section 6] it is shown that nLLad admits a braided monoidal category struc-
ture; that is, it has a braiding, which is a system of natural isomorphisms X, p :
a ® b — b ® a satisfying the hexagon equations (see [51], [54]). The braiding for
nLad is constructed using Lusztig’s [38] braid elements. We also use the diagrams
with crossings in Figure | to denote the braiding X, and its inverse Xa_,é in the
category nLad,,.

When B is a braid on m strands and a = (ay,...,a,) € Z™, let Bl, €
Homyy,a4,, (@, B(a)) be the morphism described in Figure 3. Here B(a) is obtained
from a by applying the permutation corresponding to the braid 8. For example, 0,1,
and o;" 11,, where 0,-,01._1 are the ith standard braid generator and its inverse, are
depicted in Figure 3.
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ﬂla =
ai Am—1 am
oil,= /
i aij+1 ai42
—1 —
o g = \
ai ai+1 ai+2 am

Figure 3. The morphisms 1,4, 0; 14, and Ui_l 1g.

Then oiil 1, € Homyy,aq,, (a, 0;(a)). We record here the formula for the braidings
from [5]:

oil, = (_l)ai+aiai+lqai— L ,’1+1 Z (_q)—SEi(r)Fi(S) 1a, (19)
r,s>0
s—r=a;—a; 4
O—i_l 1= (_1)‘11’ taja;4 q—ai+% Z (_q)s Ei(r) Fi(S)la- (20)

r,s>0
S—r=a; —al‘+1

Note that the right-hand sides are finite sums, since Fi(r) and El.(r) are O for r > n.
Also 671, is obtained from o; 1, by the involution ¢ — ¢~ '.

Remark 2.7

Originally, Lusztig [38, Section 5.2.1] defined the braiding and its inverses using triple
product formulas. The simplification of Lusztig’s formulas to double products in (19)-
(20) was first observed for ¢ = 1 by Chuang and Rouquier [8]. For general g, a proof
of this simplification can be found in [5, Lemma 6.1.1].

2.10. From ladders to webs
In [5, Section 5] it is proved that there is a Q(g'/")-linear functor

W, m : nLad,, — nWeb
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bm

Figure 4. The standard closure of a braid § with four strands.

defined as follows. For an object a = (ay,...,an) of nLad,,, ¥, »(a) is obtained
from a by deleting 0’s and n’s from a and converting k to k*. For a morphism f of
nLad,, which is a ladder, W, ,,( f) is the same f considered as an n-web, using the
convention about labelings 0 and n. This means edges connected to the label 0 should
be deleted from the diagrams, and those connected to the label n should be truncated
to the “tags” depicted in the last two diagrams in (7) as explained in (9). The existence
of W, ,, is a consequence of the quantum skew-Howe duality.

The functors ¥, ,, : nLad,, — nWeb, with all m, piece together to give a functor
W, : nLad — nWeb. By [5, Theorem 6.2.1], ¥,, is a braided monoidal functor.

Suppose that 8 is a braid on m strands. We view f as a diagram with crossings
in the standard plane with strands oriented upward. Let cl(8) be the link diagram
obtained by closing f in the standard way (see Figure 4), and let L = L(f) be the
corresponding framed link. Assume L has r ordered components which are labeled
by integers ay,...,a, € [l,n—1].Leta = (ay,...,a,). Letby,..., by be the induced
labeling of strands of B from left to right (at the bottom of ). Of course, each b; is
one of the a’s.

Let Lcl(B, a), called the ladder closure of B, be the endomorphism of (2, m)
in the category nLad,,, given by the ladder described in Figure 5. Here the labels of
the strands of the braids are by, ..., by, which are determined by the labels a1, ...,a,
of the link L. All the dashed vertical lines of the m left-hand sides are labeled by n,
while all the dashed vertical lines of the m right-hand sides are labeled by 0. Then



416 GAROUFALIDIS, LAUDA, and LE

Figure 5. The ladder closure of a braid 8 with four strands with labels. Here ¢; =n — b;.

the remaining labels are uniquely determined by the rule that the signed sum at every
trivalent vertex is 0.

PROPOSITION 2.8
We have

eVam(Lel(B,a)) = Ji(ea, ... .. €a,).

Proof
Let L denote the closure of 8. We have that L is a link colored by a. Identities (10)
and (11) show that

W, (L,a) =Lcl(B,a).
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Since W, is a Q(g'/™)-linear braided functor, we have
ev(Lel(B.a)) = ev(¥,(L,a))
=Jr(eay,....€q,),

where the second identity follows from (12). O

3. Introducing the variable x = ¢"

Proposition 2.8 allows one to calculate the quantum s, -invariant of a link L for
each fixed n > 2. In this section, we introduce an algebra that allows us to unify
the quantum s, -invariants of links into Laurent polynomials of a variable x = ¢”.

3.1. Free associative algebra on E;, F;
Let

xm:{Elﬂ“'vEm—laFla-'-sFm—l}a (21)

and let 2, be the free associative unital Q(g)-algebra generated by X,,. For i =
1,...,m — 1, define the divided powers by

ED = El /I €U,  F7:=F/[r]' € A,
where [r]! is given by (15b). A Q(g)-basis of 2, can be described as follows. For
Y=(1,....Y;) € (X)) and k = (kq,...,k;) € N" define
Y(k) = Yl(kl)Y2(k2) . Yr(kr)'

Then the set of all Y ®) | where Y; # Yiy1 and k; > 1, along with k = @, is a Q(q)-
basis of 2,,.

Note that, for each a € Z™, Y ®)1, is a morphism in the category nLad,,. For
a,b € Z™ and n > 1, define the Q(g)-linear map

pZ,b (A — HOIHnLadm (Cl, b), p:ll,b(Y(k)) — 1aY(k)1b.

The algebra 2,,, admits a natural Z™-grading, called weight, defined by
w(F) = —a;, w(E;) =a;.

Observe that p b(Y(k)) =Ounless a = b 4+ w(Y ®)).

Let I be the two-sided ideal of 2 generated by El.(r), Fl.(r), withi =1,...,m—1
and r > s. Itis clear that [y, C I. Let §lm be the completion of 2(,,, with respect to
the nested sequence of ideals /5. Since pZ,b (Iy) =0if s > n, we can extend pZ,b to a
map, also denoted by py ,,

Pas: A — Homyyad,, (@, b).
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3.2. Convention on negative powers

The divided powers Ei(r) and Fi(r) are defined for nonnegative integers r. It is con-
venient to extend them to negative powers by the following convention. For r < 0,
a € 7™, we use the following convention:

O _FOD_o indl
E/”=F"=0 in,,
ENy=F"1,=0 inLady,.

With the above convention, (14a), (14b), and (14d) can be rewritten in the fol-
lowing form. For all r,s € Z and i # j, we have the following identities in Lad,,:

Ei(r) Fi(s) 1, = Z [(a,ai):r r— si| Fi(s—t) Ei(r—t) 1. (22)
teZ
EPFO1,=FPE 1, (23)

0 _ | TS| g+ @O pm _|T S| g+
E;7E; lu—|: . j|El. lg, F;"F, 1a_|: . j|Fl le.  (24)
3.3. Evaluation

Fix positive integers n,m. Recall that ¢ given by (16) is an object of nLad,,,, and
recall the evaluation map (18). This gives rise to an evaluation map

€Vp © ﬁ2m - Q(ql/n)’ evn(x) 1= evVum (pg’g(x))‘ (25)

Given a monomial z in E;, F;, the element ev, (z) can be calculated by a simple
algorithm moving each divided power in E; appearing in z to the right by using (22)
and (23). Note that we are not moving divided powers of E; past divided powers
of E;. Since the E;’s annihilate the weight 15, all that remains after sliding all the
E;’s to the right is a sum of products of the quantum binomials produced from the
application of (22). For details see the example in Section 3.7 and Proposition 5.2.

Suppose that ¥ = (Y1,...,Y%) € (X2,)¥ and b = (by,...,by) € ZF. There is
an easy case when evy (Y ®) =o, namely, when 1y Y @14 factors through a weight
with a negative component. The weight of ¥ ®) is denoted by

w(¥ @) = (w (YD), ..., wam (Y P)) € Z2™.
We say Y ®) has negative weight if W (Y ®) < 0 for some j with m < j <2m. For
anindex i, 1 <i <k, define the ith tail Tail; (¥, b) by

Tail; (Y, b) = v, &y, 2it 0 .y 80,

We say (Y, b) is tail-negative if there is an index i, 1 <i <k, such that Tail; (Y, b)
has negative weight.
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LEMMA 3.1
Suppose that (Y, b) is tail-negative. Then ev, (Y ®)) = 0 for all n.

Proof

Note that Y )1, factors through Tail; (Y, b)1y € Homp,qz (1, 7), where

p=w(Tail; (Y, b)) + 0.

419

Suppose that w; (Tail; (Y,b)) < 0 for some j >m and 1 <i < k. We have u; =
w(Tail; (Y,b)) + ¢; = w;(Tail;(Y,b)) < 0. By definition, Tail;(Y,b)1y = 0 in

Lad},,. Hence, Y ® 15 = 0 in Lad},,.

The tail-negative condition can be characterized by the function

2m k
J¥.b):= [] []He(w;(Taili(¥.D))).
j=m+1i=1
where
1 ifx>0,
He(x) = {
0 ifx<0,

denotes the Heaviside function. Note that

(T.B) = {o if (Y, b) is tail-negative,

1 otherwise.

3.4. Braiding in 2A
Suppose that a = (ay,...,a,) €Z™ and 1 <i <m — 1. Let

Tia) = (=) g Y (—g) T EST VRS €,
SEZL
T (@) = (yertatg T Y () BTV EY €

SEZ

(26)

27

(28)

(29a)

(29b)

Recall that we use the convention El.(r) = Fi(r) =0 if r < 0. Note that 7,"!(a) is
obtained from 7;(a) by the involution ¢ — ¢~!. From (19) and (20) it follows that,

for e = +1,

it

ollag=q"% 7 Tf(a)l, innLad,,.

1

(30)
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3.5. Special functions
LetY = (Yq,...,Y;) € (Xn)¥. A function H : Z" — 2, is called Y -special if

H(a) = Z(_1)g1(a,S)qu(a,S)Y(f(a,S))7 (31)
sezt
where
. g1 : Z"t" — 7 is quadratic, that is, given by a polynomial with integer coeffi-
cients of total degree at most 2,
. g2 : Z" T — 7 is linear, and
. f 127+ — 7F is affine such that f(a,-) : Z' — ZF is injective for every

aeZk.
The injectivity property ensures that the right-hand side of (31) defines an element
in A, . The next lemma is easy to verify.

LEMMA 3.2

(a) The functions T;, Tl-_1 22" — ﬁm given by (29a) and (29b) are (E;, F;)-
special.

(b) Suppose that f : 7% — 77 is a linear function. Then the function H : 7* —
é\lm given by

H(a) = y (f(@)

is Y -special.
(¢) IfH’isY'-special and H" is Y"-special, then H' H" is Y' x Y"-special.

3.6. Unifying the sl -link invariant
Fora = (ay,...,a,) € Z", let ||a||co be the usual norm defined by ||a||.c = max; |a;]|.

PROPOSITION 3.3
Suppose that L is a framed, oriented link in 3-space with r ordered components which
is the closure of a braid with m strands. Then there exist a sequence Y of letters in
Xom and a Y -special function H : 7 — §l2m such that, for all integers aq,...,a, €
[0,n — 1], we have

fz[”(eal,...,ea,):evn(H(al,...,ar)). 32)

Moreover, (Y, f(a,s)) is tail-negative whenever ||s||co > ||@]l0o- Here f(a,s) is the
function appearing in the presentation (31) of H.

Proof
Let L be the closure of a braid § € By, as in Figure 4, and let a = (a1, ...,a,) € N".
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Suppose that 1”* ® §, the braid (in B,,,) obtained by adding m straight strands to the
left of B, has a presentation

1'”®,3=0i€11~--0-6’, ije{fm+1,....2m—1},e; e{xl}for j =1,....1, (33)

It

where o; is the ith standard generator of the braid group (see Figure 1). Here ¢ is the
number of crossings of .

Write b = (by,...,by) and ¢ = (¢, Cm—1,--.,¢1) to denote the sequences of
labels labeling the ladder closure Lcl(8,a) as in Figure 5, so that ¢; =n — b; and
each b; is one of (ay,...,a,). The horizontal lines at the bottom and the top of the

braid 8 decompose Lcl(f) into three morphisms in nLady,,:

Lel(B.a) = Cap,, (a)(1c ® 15)Cup,, (a).

Each part can be written in a form that does not depend on 7.

Indeed, the lower morphism Cup,, (a) is a composition of Fi(bj ) for various i, j .
Hence,

Cup,, (@) = V(@) 19 (n,m)-
where V,,, (@) € 2,,, is the product of several Fi(bj s, Explicitly,
Vm(a) — l_[ [( l_[ (F(bk) F(bk)))F(bk):I
ke[l,m] i€[l1,k—1]

where

H H
l_[ Xi i = X1X2 X[, 1_[ Xi = X Xfg—1 X1

i€[1,k] i€[1,k]

Then, as a function of a, V,,(a) is a special function (see Lemma 3.2).
Similarly, the top morphism

Capm (a) = Am(a)1c®b = 115‘(n,m)Am (a)lc®b
is a special function. Explicitly,
T [0 TT (p®0 pGo
Am@= T] [E,(nk) [T (E.<.E, "k)]
ke[1,m] ie[l,k—1]

Now consider the middle morphism 1, ® B1. Using (33) and (30), we have

It
le ® Blp = g~ n 2ii Yi%i% 7, (a)z5(a) - 2 (@)l cp
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where
zj(a) = T,-jj (04103, (c. b)).
Using (292) and (29b) for 75! (b), we see that z; is a special function. Let
H(a) = Am(a)z1(a)z2(a) -z (a)Vm(a). (34)

Then H : Z¥ — é\lz,n is a product of special functions and, hence, is a special function
(see Lemma 3.2). By (30), we have

Lcl(B,a) = q_%zﬁ tijaia; lyH(a)ly.

Applying the evaluation map ev,, to both sides and using Proposition 2.8 and the
normalization (4) of J1, for the left-hand side, we obtain that

jL(eal,...,eak) = ev,,(H(a)).

This proves (32).
Let us have a closer look at the formula of H. By (29a) and (29b), z; has the
form
(a,s; hi(a,s;) p(fias;)) -(s))
zj= Z(_l)g./(a s])qs_, jla S./)Eijf J Fi_,'j , (35)

s ; EZL

where g; is a quadratic function and / ;, f; are linear functions. From (34), it follows

that H has a presentation (31), where s = (sq,...,5;), and
—
(fja,s;)) ~(s5)
yU@) = pn@( TT B S V@),
jell]

Assume that ||s]|eo > ||d|lco; that is, there is [ such that |s;| > ||a|lco. We can
assume that s; > 0, since otherwise s5; < 0 and the factor Fiisl) on the right-hand side

of (35) is 0. We will show that the i;th component of the weight of Figsl )zis negative,
where

2= ( ﬁ E D E i (a).
jell+1,1]
This will prove that (Y, f(a,s)) is tail-negative, since i; > m. Note that
w(z) =w(zi41(a) -z (@)\Vm(@)) = (cm —n,....c1 —n,b"),
where b’ is a permutation of b. Since ||5’||co = [|b]lco = ||@]| 0o, We have
wi, (F*Dz) = —s; + (b);, <0,

which completes the proof of the proposition. O
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Figure 6. The ladder closure of braid 8 = 013 .

Remark 3.4
Our evaluation algorithm should be closely related to the variant of skew-Howe dual-
ity defined for so-called doubled Schur algebras in [50] and [49].

3.7. An example: The trefoil knot
Before we proceed further, let us illustrate Proposition 3.3 by computing the invariant
of the trefoil and draw some useful conclusions regarding the g-holonomicity of the
invariant.

We take

,3=013=010101, m=2, %= (n,n,0,0). (36)

Then L = cl(B) is the right-handed trefoil knot, colored by a € NN [0,n — 1] (see
Figure 6).
By Proposition 3.3 and (34), we obtain that J351[” (eq) = evy(H(a)), where

H(a)= EYEPEPEX (T3 KO FO FY R, 37)

where T3 = T5(n —a,n —a,a, a). Using (29a), we replace each occurrence of 75 by
a sum over the integers and obtain the triple sum formula
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H(a) — Z (_q)s1+32+33 Eéa)Efa) E:E'll) Ega) (E?Ssl)F;Sl)E§S2) F3(52)

51,82,S3€Z

x ESY PV FO F@O F@F®, (38)

This is an explicit form of special function for H.

Next, we use the commutation rules given in (22)—(24) to sort the expression of
H(a)ly, moving all the E’s to the right and all the F’s to the left. Every time we
move Ei(r) (from the left) past an Fl.(s) (from the right), we obtain a 1-dimensional
sum over the integers. Then, use (17) to add some delta functions in the sum. Finally,
(53), which is explained later in the proof of Proposition 5.2, tells us to add Heaviside
functions He(k) (see Section 4). Doing so, we eventually get the following formula
for the quantum sl,-invariant of the trefoil colored by e, (the details are given in
Appendix A):

T3 ea) = H 3 (-q) "1V He(a — 1) He(a — s2)He(a —3)

S€Z°

x He(a + 51 + s2 — s4)He(a + s + 53 — s5)He(7)
y S2+ 81 || S2+S3[[{T+52+ 56|51 +S52—54 T
S4 S5 Se6 S1 S1+ 85y — 354
X|:S2+S3—S5]|: T ]|: a j||:n—r:|’ (39)
s3 S)+8s3—85||la—1 a

where T = 51 + 55 + 53 — 54 — 55 — 5 and 5 = (s1,...,5¢) € Z°. Keep in mind the
convention that 7] =0 if s < 0.
Let us end this example with some observations. The above formula has the form

Ji"(ea) =) Fla,s), (40)

KA

where F(a, s) is a finite product of factors of the following shapes:
0 (FA@,
(i) ~ He(A(a.s)),

(iii)  quantum binomial [ggi;],
(iv)  quantum binomial [";’(4‘1(“5’)”] =1 B;éz(‘;’)s)], where for s,/ € Z we define
xis | 0 if ] <0, @)
D] Moy 2 o,
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Here A(a,s) and B(a, s) are Z-linear functions. Moreover, for each integer value of
a and n, the sum on the right-hand side of (40) is terminating in the sense that only a
finite number of terms are nonzero. The number of terms are bounded by a polynomial
function of a.

We will show that a similar formula exists for any framed, oriented link colored
with e, . But before we do so, let us recall g-holonomic functions.

4. g-Holonomic functions

q-Holonomic functions of one variable were introduced in the seminal paper of Zeil-
berger [58]. The class of g-holonomic functions resembles in several ways the class
of holonomic D-modules, as acknowledged by conversations of Zeilberger and Bern-
stein prior to the introduction of holonomic functions (see [58]). An extension of the
definition to g-holonomic functions with several variables was given by Sabbah [52],
using the language of homological algebra. In this section we will review the defini-
tion of g-holonomic functions of several variables, give examples, and list the closure
properties of this class under some operations. Our exposition follows Zeilberger,
Sabbah, and the survey paper of the first and third authors [20].

We should point out, however, that the precise definition of g-holonomic func-
tions is not used in the proof of Theorem 1.1. If the reader wishes to take as a black
box the examples of g-holonomic functions given below and their closure properties,
then they can skip this section altogether and still deduce the proof of Theorem 1.1.

4.1. The quantum Weyl algebra

Let V denote a fixed (not necessarily finitely generated) 4-module, where A =
Z[g*!]. For a natural number r, let S,(V) be the set of all functions f : Z" — V
and S; 4+ (V) the set of functions f :N" — V.Fori = 1,...,r consider the operators
L; and M; which act on functions f € S, (V) by

L fH(ny,....nj,...,np) = f(ny,....n; +1,...,n,), 42)
(Mif)(nl»"-vnr)zqnif(nl»-“vnr)' (43)

It is clear that L; and M; are invertible operators that satisfy the g-commutation rela-
tions

M;M; =M;M;, (44a)
LiL; =L;L;, (44b)
L,' Mj = qgi'j MjL,', (440)

foralli,j=1,...,r.
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Definition 4.1

The r-dimensional quantum Weyl algebra W, is the #-algebra generated by L1, ...,
LEL MEL ... ME! subject to the relations (44a)—(44c). Let W, 1 be the subalgebra
of W, generated by the nonnegative powers of M, L ;.

Given f € S;(V), the annihilator Ann( /') (a left W,-module) is defined by
Amn(f)={P e W,|Pf =0}. (45)

This gives rise to a cyclic W,-module M ¢, defined by My =W, /' C S,(V), and
isomorphic to W, /Ann( f).

4.2. Definition of q-holonomic functions
In this section we follow closely the work of Sabbah [52]. Let N be a finitely gener-
ated W, 4 -module. Consider the increasing filtration ¥ on W, 1 given

Fn Wy = {A-span of all monomials M*L? with o, f € N”

with total degree at most n}. (46)

The filtration ¥ on W, 4 induces an increasing filtration on N, defined by ¥, N =
FuW, + - N. Note that ¥, W,  and, consequently, 5, N are finitely generated -
modules for all natural numbers #. An analogue of Hilbert’s theorem for this non-
commutative setting holds: the dimension of the Q(g)-vector space Q(q) ® 4 Fn N
is a polynomial in 7, for big enough n. The degree of this polynomial is called the
dimension of N and is denoted by d(N).

In [52, Theorem 1.5.3] Sabbah proved that d(N) = 2r — codim(N ), where

codim(N) = min{j € N| Ext,, (N, W, 1) # 0}

Sabbah also proved that d(N) > r if N is nonzero and does not have monomial tor-
sion. Here a monomial torsion is a monomial P in W,  such that Px = 0 for a cer-
tain nonzero x € N. Itis easy to see that N embeds in the W,-module W, Qvy,. n N
if and only if N has no monomial torsion. Throughout the article, we will assume that
all W, -modules do not have monomial torsion.

Definition 4.2

(a) A W, y-module N is g-holonomic if N =0 or N is finitely generated, does
not have monomial torsion, and d(N) =r.

(b) Anelement f € N, where N is a W, ;-module, is g-holonomic over W,  if
W, + - f is a g-holonomic W, 4 -module.
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The above definition defines g-holonomic W, 4 -modules, and our next task is
to define g-holonomic W,-modules. Let M be a nonzero finitely generated left W, -
module. Following [52, Section 2.1], the codimension and dimension of M are
defined in terms of homological algebra by

codim(M) = min{;j € N| Ext{Vr (M, W,) #0}, dim(M) = 2r — codim(M).

The key Bernstein inequality (proved by Sabbah [52, Theorem 2.1.1] in the g-
case) asserts that if M # 0 is a finitely generated W,-module, then dim(M) > r.

Definition 4.3

(@) A W,-module M is g-holonomic if either M = 0 or M is finitely generated
and dim(M) =r.

(b) An element f € M, where M is a W,-module, is g-holonomic over W, if
W, - f is a g-holonomic W,-module.

Next we compare g-holonomic modules over W, versus over W, ;. The fol-
lowing proposition was proven in [20, Section 3]. Next we compare g-holonomic
modules over W, versus over W, ;, using Sabbah [52, Corollary 2.1.4].

PROPOSITION 4.4
Suppose that f € M, where M is a W,-module. Then f is q-holonomic over W, if
and only if it is g-holonomic over W, 4.

The next corollary is taken from [20, Section 3].

COROLLARY 4.5
If f € Sy(V) is g-holonomic and g € Sy (V) is its restriction to N, then g is q-
holonomic.

Remark 4.6
The definition of g-holonomic +A-modules can be extended to ¢g-holonomic R-mod-
ules, where (R is the ring (and also an A-module)

R = Q@) ™). @7
Proposition 4.4 and Theorems 4.7 and 4.8 below hold after replacing 4 by R.
4.3. Properties of q-holonomic functions

In this section we summarize some closure properties of g-holonomic functions,
whose proofs can be found in [20, Section 5].
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THEOREM 4.7

Suppose that f, g € S, (V) are q-holonomic functions. Then, the following hold.
(a) f + g is qg-holonomic.

(b) fg is g-holonomic.

(c) Restriction. For a fixed a € Z, the function g € S,_1(V) defined by

gny,...,np—1)= f(n1,...,nr-1,a)

is g-holonomic.
(d)  Extension. The function h € S, +1(V) defined by

h(nl""7nr+1)Zf(n17""nr)

is q-holonomic.
(e) Linear substitution. If A € GL(r,Z) and f € S, (V) is q-holonomic, so is the
composition f o A e S, (V).

Let S;—1,1(V) denote the set of all functions f : Z" — V such that, for every
(ny,....n,—1) €Z™Y, f(ny....,n,) =0 for all but a finite number of n,’s.

THEOREM 4.8
(a) Suppose that f € Sy—1,1(V) is g-holonomic. Then, g € Sy—1(V), defined by

gny,....np—1) = Z f(ny,....n;.),

ny€Z

is g-holonomic.
(b)  Suppose that f € S, (V) is qg-holonomic. Then h € S, +1(V'), defined by

b
h(ny,..oneer,a,b) = Y f(n,na,. . ony), (48)

nr=a

is q-holonomic.

4.4. Elementary q-holonomic functions

A function g : Z° — 7 is affine if there is an (r x s)-matrix A with integer entries

and b € 7" such that g(a) = Aa + b. If b = 0, then such a function is called linear.
A function f :Z" — Q(g)[x*!] is called an elementary block if f is a finite

product of compositions of a linear function Z" — Z* (for s = 1,2) with one of the

following functions:

6] 7 — Zg*'.k — (=¥, or k — ¢¥, or k — He(k),
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(i) 72— ZIgF'). (k. 1) > (=D¥, or (k1) = 8k, or (k.1) — [¥], or (k.]) >
[x;k]_

Observe tlhat functions of the form (i) or (ii) above are g-holonomic (see [20]). Con-
sider the function f(nq,n,) = (—1)"1"2, Its annihilator ideal contains the monic
operators L% — 1 and L% — 1, which generate a g-holonomic ideal (see [20, Theo-
rem 7.2(a)]); hence, f is g-holonomic.

A function f :Z" — Q(q)[x*!] is called elementary if it can be presented by a
terminating sum

f@) =) gla.b),

bez!

where g : Z¥*! — Q(g)[x*"] is an elementary block. Here “the sum is terminating”
means that for each a there are only a finite number of b’s such that g(a,b) # 0.
Theorems 4.7 and 4.8 imply the following.

COROLLARY 4.9
Every elementary block and every elementary function is q-holonomic.

5. Proof of Theorem 1.1

5.1. Evaluation of monomials is q-holonomic
Forn € Z, leteval, : Q(¢q)[x*!] = Q(g) be the Q(g)-algebra homomorphism defined
by

eval,(f) = f|x=q”- (49)

The next lemma recovers an element of Q(g)[x*!] from its evaluations.

LEMMA 5.1

Suppose that f,g € Q(q)[xT'] satisfy eval,(f) = eval,(g) for infinitely many n.
Then f = g.

Proof
This follows from the fact that a Laurent polynomial in x has at most k roots, where
k is the difference between the highest order and the lowest order in x. O

Let X = (X1,...,Xx) be a sequence of elements of the set X, from (21).
Recall that, for b = (by,...,bg) € 7k, the monomial X ® € 2l,,, and its weight are
defined in Section 3.1. By convention, X ®) = 0 if one of the b;’s is negative. The
goal of this section is to calculate
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eva(X®) =ev(1, X P 1y),

where ¢ = (n™,0™) € Z>™.

PROPOSITION 5.2
Suppose that X = (X1, ..., Xx) is a sequence of elements of the set X,. There exists
a unique function

Ox : ZF > Qg)x*']
such that, for all b € 7k n eN,
evu (X @) = eval, (Qx (1)). (50)
Moreover, Q x is an elementary function given by

Ox(b)= ) Fx(b.)) (51)

jez!

for a certain | € N and elementary block Fx : ZK+! — Q(q)[x*"]. In addition,
(1) Fx(,j)=0ifl7llco > IPlloo (Which implies that the sum (51) is terminat-

ing), and

(i)  Fx(b,j) =0 if (X,b) is tail-negative or if one of the components of b is
negative.

Proof

The uniqueness follows from Lemma 5.1. Let us prove the existence. The idea is to
move the E;’s to the right of the F;’s by using (22) and (23) (this creates a sum of
a product of g-binomials) and then use (17), which creates a product of §-functions.
Besides, we insert Heaviside functions to make the sum terminating. The result is an
elementary function. Now we give the details of the proof.

Let [ <k be the maximal index such that X; € {E1, ..., E2;;—1}. We use induc-
tion on k and then induction on /. If k¥ = 0, then the statement is obvious.

For fixed k, we use induction on /, beginning with / = k and going down.

(a) Suppose that [ = k. Recall that ¢ = (»™,0™). Using (17), we have

X®O1y =6, oY1y,

where Y = (X1,...,Xg_1) and b’ = (by,...,br_1). For Y the statement holds. De-
fine

Fx(b.j):=Fy (. j)8p.0.  Qx(b)=)_ Fx(b.j).

jez!
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Then Fx (b, j) is an elementary summand. Both statements (i) and (ii) for Fx (b, j)
follow immediately from those for Fy (¥, j). Then Q x is an elementary ¢-holonomic
function, and (50) holds.

(b) Suppose that [ < k. Assume that X; = E, and X;4; = Fs. LetY = (Y1,...,
Y;) be the sequence defined by Y; = X; for all i’s except for those such that ¥; =
Xi4+1 and Y741 = X;. By induction, the statement holds for Y, and we can define an
elementary summand Fy (b, j) for (b, j) € Z*¥*!. Consider two cases.

Case 1: r # 5. Because E,Fy; = FyE,, we have X® = y®) where b is
obtained from b by swapping the /th and (/ + 1)th components. This case is reduced
to the case of Y by defining Fx (b, j) = Fy(b', ).

Case 2: r = s. We have

b
X® = Xien(ESD F240) X i,

where
— —>
b; b,
Xe= [| X7, Xim= [ X7
jel,i-1] JE+2,k]

We have Xiignily € Homypad,,, (9, ), where

k
w="1+ w(Xgn) =0 — Z bjai;.
j=l+2

Here the index i; is defined so that X; = F;; for j > [. Using (14a), we have

o) +b—b bi1— _
W%=ZWL”/ Hﬂmﬁm”wmnmﬁ
tEZ

ZZ[“’L?ar)‘}'bl_bl-‘rl] Y(b/)lﬁ, (52)

t
tEZ

where b" = (b},...,b;) such that b] = b; for all i’s except for i = [,/ + 1, with
by =bj41 —t,b;,, =b; —t.Clearly b’ is a linear function of (b, 7).
Note that (¢, &) = nd(r,m). From the definition of u,

(,ar) + by — bi41 = né(r,m) + Lin(b),

where Lin(b) = (W(Xrignt), &tr) + by — by41 is a Z-linear form of b. For j € ZH1,
we write j = (j’,1); that is, ¢ is the last component of j. For b € Z* and j € Z!*1,
define

[x;Litn(b)]FY(b’,j’)]f(X, b) ifr =m,

53
(5 [Py 0, j)H(X,b)  ifr #m, (53)

Fx(b,j)= {
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where # (X, b), defined by (26), is an elementary function of b.

Then Fx (b, j) is an elementary function. Let us prove (i) and (ii), which claim
Fx (b, j) = 0 under certain conditions. If # < 0, then the first factor on the right-hand
side of (53) is 0. Hence, we will assume ¢ > 0 in what follows.

(i) Suppose that || j [loc > [[blloc- Then either [|j"loc > |b]loo or [t] > [[b]los. In
the first case, || j'|lco > |6]loo = [|#']lco> and Fy (b’, j) = 0. In the latter case,
the /th component of 5" is negative. By (ii) we have Fy (b’, j') = 0. Hence,
Fy (b, j)=0.

(i)  First assume that one of the components of b is negative. Then one of the
components of b’ is negative. Hence, Fy (b’, j') = 0, implying Fx (b, j) = 0.

Now assume that (X, b) is tail-negative. Then the third factor on the right-hand
side of (53) is 0. Hence, Fx (b, j) =0.

Let us prove (50). If (X,b) is tail-negative, then both sides of (50) are 0, by
Lemma 3.1 and the property of J (X, b). Assume now that (X, b) is not tail-negative.
Then # (X, b) = 1, and (50) follows from (52), (53), and the identity (50) applicable
to Y. This completes the proof of the proposition. O

5.2. Coloring with partitions with one column

THEOREM 5.3
Suppose L is an oriented, framed link with r ordered components. There exists a
unique function

01N — Qq)lx*]
such that, for any integer n > 2 and a = (a1,...,a,) e N"N[0,n —1]",

T2 ear e ar) =il (01.(0). Y

Moreover, Q| is elementary and, hence, a q-holonomic function.

Proof

The uniqueness follows from Lemma 5.1. Let us prove the existence. Suppose that L
is the closure of a braid 8 on m strands, as in Section 3.5. By Proposition 3.3, there
exists a sequence X = (X1q,..., Xy) of elements from E;, F; withi =1,...,2m —1
and linear functions g1, g : Z" " — Z and f : Z" " — Z* such that

jzfn (eay.- . €a,) = Z (_1)81(0,5)6182(0,5)6\," (X(f(a,s)))_

SEZ!

By Proposition 5.2, there exists an elementary summand function Fy : /N
Q(g)[x*!] such that
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T (eayss- - rea) = Z(—l)g‘(a’s)q&(a’”eval”(Z FX(f(a’S)’j))'

sezt jen!

By Proposition 5.2(i),

Fx(f(a,).j) =0 if[[jllec > [ f(@.)] - (55)

When [|s||co > [|@]lcos (X, f(a,s)) is tail-negative (see Proposition 3.3). Hence,
by Proposition 5.2(ii),

Fx(f(a.5),j) =0 if slloc > [la]lco- (56)

Then (55) and (56) imply that the sum

Orla):= ) ) (- @Iq=2IF(f(a,s), )

seZ! jez!

is terminating for each a € Z". Then Q is elementary ¢g-holonomic, and (54) holds.
O

Remark 5.4
By our construction, Q vanishes in Z" \ N".

Remark 5.5
Theorem 5.3 gives an alternative construction of the colored HOMFLYPT polyno-
mial W, of a framed, oriented link colored by partitions with one column. By the
uniqueness,

Or(ar,....ar) =Wr(eq,,....€q,)-

5.3. The Jacobi—Trudi formula
In this section we explain how to extend the g-holonomicity of the HOMFLYPT poly-
nomial of a link colored by partitions with one row to the case of partitions with a
fixed number of rows. The key idea is the Jacobi—Trudi formula, which expresses the
Schur function s, of a partition A € &, considered as an element of the algebra A, as
a determinant of a matrix whose entries are partitions with one row. Observe that for
partitions with one row (resp., one column) we have s, = h, (resp., s(1a) = €g).
The Jacobi-Trudi formula (see [39]) states that if A = (A1,...,Ay) € Py, then
in A,

y4
Sy = det((e)tj—i-j—i)i,j:l)’
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where the right-hand side is an (£ x £)-determinant, with the convention eg = 1 and
en = 0 for n < 0. For example, if A is a partition with three rows with A1, A5, and A3
boxes, then we have

SA1, A2, A3 = T €A1 +2€1,€A3—2 T €A +1€A5+1€43—2 T €1, 4+2€1,—1€15—1
—€3,€0r+1€A3—1 — €A +1€1,—1€45 T Ha €a €h5.

Let L denote a framed, oriented link L with r ordered components, and choose
a partition A € $; and partitions s, ..., ir. Then, Proposition 2.4(c) implies that

WL(A, 1. pr)

= Z sgn(O) WL (€x,+0(1)=1+---+€hp+0@)—L> 1s- vy [r)s (57)

o €Symy

where L’ is the link obtained from L by replacing the first framed component of L
by £ of its parallels.

5.4. Proof of Theorem 1.1

Fix a framed, oriented link L with r ordered components. By using the symmetry
of the HOMFLYPT polynomial from Proposition 2.4(c), it suffices to show that the
colored HOMFLYPT polynomial of L, colored by partitions with at most £ rows, is
g-holonomic. Said differently, it suffices to show that the function Wy o (LZ)’ Nt
Q(q)[x*"] is g-holonomic. Let A = (A1,..., A,¢) € N"¢. Using (57), we have

(We o (tH)() = ngn(U)WAL(efo1(1)""’efa,rz(/1))’

where the sum is over o = (01, ...,0;) € (Symy)", sgn(o) = sgn(oy) ---sgn(o,), AL
is the link with r£ components obtained from L by replacing each component with
its £th parallel, and f5; : 7't — 7, are affine. Theorem 4.7(a) and 4.7(e) together with
Theorem 5.3 imply that Wy, o (L;f)’ is a sum of g-holonomic functions and, thus, is
g-holonomic. This concludes the proof of Theorem 1.1. O

Appendices

A. The formula for the invariant of the trefoil
In this section we give the omitted details of how (38) implies (39). We start with (38)
and observe that

Z (_q)—(S1+S2+S3)E§a)E§a) E:ga) Eéa) Egsl)F:i(sl)Egsz) F3(32) E:E’SB)F?’(S.’:)

§1,82,S3€7Z

x YO FDED 1 000
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— Z (_q)—(s1+sz+33)E§a)E§a) E:E'll) Eéa) (E:gsl)F;sl)E:gSZ) F3(52)E§53)
$1,82,S3€Z
X Fy ran-aaa) F3 " F3O F{ 32 110,00, (58)
where we used (13) to include the idempotent in the middle term (and the fact that

(n,n,0,0) —ao; —2aa; —aoz = (n—a,n —a,a,a)). The term in parentheses can
be simplified as follows:

E:ESI)F?,(SI)Egsz)F;SZ)(E§S3)F3fS3)l(n—a,n—a,a,a))

(14’)E(SI)F(SI)F(S2)E(52)F(S3)E(53)1(n —an—a.a.a)

(13)
— (F;SI)ESI)1(n—a,n—a,a,a))F3(S2)E§s2)F3(S3)E§S3)

(141)F(SI)E(SI)F(SZ)E(SZ)F(SB)E(53)1(n —an—a.a.a)

4E)
F(Sl)l (n—a,n—a,a+sy,a— sl)E(SI)F(SZ)l(n —a,n—a,a+sy,a— sz)E(SZ)

F3(S3) 1 (n—a,n—a,a+s3,a—s3) E§S3)

(3.1
)He(a —s1)He(a — s2)He(a — 33)F(S1)(E(S1)F(SZ)1(n —a,n—a,a+s»,a— sz))

X (EjESZ) F3(S3)1(n—a,n—a,a+S3,a—S3))E§S3)

(141)He(a —s1)He(a — s2)He(a — s3) Z |:S2 + Sli| |:S2 + s3i|

54,55 S4 S5
X F3(Sl)(F3(S2_S4)E§Sl_S4)1(n—a,n—a,a+52,a—m))

X (F?,(SS_SS) E§S2_SS) 1(n—a,n—a,a+S3,a—S3))E:§S3) 1(n—a,n—a,a,a)

= )He(a — s1)He(a — s»)He(a — s3) Z |:s2 + S1:| |:s2 + s3:| F3(S‘)

54,55 54 55

(s2—54)

X F3 1(n—a,n—a,a+s1+s2—S4,a—s1—S2+S4)
(s1—54) (s3—55)

X (E3 F3 1(n—a,n—a,a+S2+S3—S5,d—S2—S3+S5))
(s2—55) 1(s3)

X Ej E3 1 (n—a,n-a,a.0)

(E)He(a — s1)He(a — s2)He(a — s3)He(a + s1 + s2 — s4)He(a + 52 + 53 — 55)

S2 4851 || 52 + 53 (51) = (s2—54) ; = (51—54)

S
54,55 4
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(s3—55)

x Fj 1(n—a,n—a,a+s3+sz—s5,a—33—sz+ss))
(s2—s5) 17(s3)

x E3 E3" N n-an—a,a,a)

(2 He(a — s1)He(a — s»)He(a — s3)He(a + 51 + 52 — s4)He(a + s + 53 — 55)

s 2 — 84 —
v Z |: 2+S1:||:S2+S3:| |:51+ Sy + 53— 84 S5:|F3(sl)
54,585,586 S5 56
% F3(S2—S4) (F;S3—S5—Ss) Egsl—S4—Ss))E§52—SS)E§S3) Ln—an—a.a.a)

< ])He(a —s1)He(a — s2)He(a — s3)He(a + s1 + 52 — 54)

x He(a + 5o + 53 —s5)He(a + s1 + 52 + 53 — 84 — 55 — S¢)

o« Z S+ 81|82+ 53 ||8514+285,+53—854—55
S5 Se6

54,55,56
% (F;SI)F,J.(Q_S“) F3(~5'3_55_56))(E§51_S4_S6) Egsz—ss) E§S3))1(n—a,n—a,a,a)

(2 He(a — s1)He(a — s)He(a — s3)He(a + 51 + 52 — 54)

x He(a + s2 + 53 — ss)He(a + s1 + 52 + $3 — §4 — 55 — S¢)

y Z Sy 4+ 81 || 852+ 83|51 +285 4853 —54 — 55
S5 S6

54,5556
% 1+ 82— 4[| S1+ 52+ 53—854—55—S5¢
S1 81+ 852 — 84

v S2 4+ 83— S5 [| 51+ 852+ 53 —854—55—5¢
53 S2 + 53 — 85
(s1+s2+53—54—55—5¢6) (51 +52+53—54—55—5¢)
x Iy Ej li—an—a.a.0)-

Then to complete the computation of Yg(a)1y from (58), set T = 51 + 52 + 53 — 54 —
s5 — ¢ for simplicity, and use the above computation to simplify each term in the sum
from (58)

Lnm.0 0)E(a)E(a)E(a)E(a)F(S1 +s2+53—54—55— 56)E(Sl +52+53—54—55—56)

x B, Y F{Y " 100

= BV B B3V (B ) EY B Y FO B 1m0

(]'”’)E(a)E(a)E(a)(F(T)E(a))(F(a)E(T))F(a)F(a)F(a) l(n 1.,0.0)
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( ’)E(a)E(a)(E(a)F(T)l(n —anra— r))E(a)F(a)(E(T)F(a)l(n —ana O))F(Q)F(a)

(142) Z |: i||: i|E(a)E(a)(F(r pz)E(a pz)l(n —anta—t))

P1,P2

X Eéa) Fz(a) (sza_pl)Egr_pl)l(n—a,n,a,O))Fl(a) Fz(a)

_ Z |:T :||: :|1 (E(a)E(a)F(r pz))E(a pz)E(a)F(a)F(a r1)
P

P1,P2 P2

X (Egc—Pl)Fl(a) Fz(a))lﬂ

(]4“) Z |: :| |: :|1 (F(T PZ)E(‘I)E(Q))E(a P2)E(a)F(a)F(fl P1)

p1,p2

X (Fl(a) F2(a) E:gt_pl))lﬁ

= Z |: t j| |: j|(1 F(f P2))E(0)E(a)E(a PZ)E(Q)F(G)F(Q Pl)F(a)F(a)
P2 || P1
P1,P2

x (570 1y)

D Z |: i| |: i|(1’98’ pz)E(a)E(a)E(a pz)E(a)F(a)F(a p1)F(a)
P1.02

X F{ (8, 19)

(d ’)E(a)E(a)E(a T)(E(a)F(a)l%(n —anta— r))F(‘l T)F(a)F(a)l

(14a) n—rt _ _ _
N T
PO R,
n—rt _ _ _ _
N R A
(léh) Z |:I’ls—7 T] E;a) (Fz(a_”)Efa) Ega—r))(Fg’(a—r)

X Fl(a) Eéﬂ_sﬂ)Fz(ﬂ) 119
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(0)
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(a—1)
(a)E
El 3
E ,0)
(a)F(a_S7) l(n,n—S7,S7
’ 2
n— (Ez
13 |: 57 ] | (a)lﬂ)
’ (a)(E(a—S7 F2
(a_r)Fl 2
x Fy

E —87— - a ( )
4 2 7 1 ‘57 v a—v () a—rt
(a )
( 2 2 3
n S
n
(]"‘zl)

U1
87
$7,V1,02

vl)lﬂ)
(a—v1) éa 57

(a t)Fl(a)(Fz

F

X 3 E

n—t n— n— —57— — — —1)
) (a
) -(a—t §
(a U2)E§a E3
(a—s7 Uz)) E2 F

- 57 1§F2
_ (
|: ] S7j| 2 :|

V1
57
§7,V1,02

- _vl)lﬂ)
—v1) E(ll 57
(a)F(a (ES
Fl 2
X

7 n T 7 n 7 a—v a a ‘[) a—Tt
2
g ( 4 v2,a S7) 3 3
N
n
v| UZ
(] )

§7
§7,V1,V2

1 - 119)
@ F vl)(avl,a 57
JE

X I 2

(57)10
(a)F
—7) \
> @EETDFTI R
(57)E1 3
T E
" 2
— 87
n - SJ
= 57

57

,57,0))
- —a,n+a—sy

¢ )(E(a_T)FS(a T l(n 4

) pa $

87 n _S7} E§S7 El

n—tl||ln-— T

SOl I

§7
57

)
x F{ESD 1,

§ : ) (a)
- n—sy |:S7:|E§S7 El
i — ‘L'- _I’l — 57 |:a N .
' a—Sy —
(14a) .

§7,03 L

(s7) 119
(a)F

Fl 2
+a—S7,S7,0))

) (a—r—v3)1(n_a’n

(a—t—v3 E3 _

x (Fy o

(s7)
)@

) E(S7)E§a Fl

’ (a—r—v3) §

S7 |:S7 (119F3

n—

) L a — S7_ U3

(14b . I

Ela—T— )
T=v3)4 )

ly)
) (a)F2(57)(8v3,a—t
ESPE@F|

2

2 S7:|(1195v3,a—r)

n—sy

n—rt |: v N

(2)Z|: S7 :| a

$7,U3
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2
LN E TS ST | pen (p@ p@ (s7)
= Z|: 57 :||:a —s7j| |:a —r:| E2S7 (Ela Fla l(n,n—S7,S7,0))FZS7

57

2
(lél) Z n—t n—sy S7 S$7 E(S7)
7 a—Sy a—7T||Vs >
57,04

X (Fl(a_v4)E§a_v4)l(n,n—S7,S7,0))F2(S7)119
2
(14b) n—tfn—s7 87 87 (a—va)\ - (s7) - (s7) [ (a—v4)
= 13 F ESTF, E 1
2
O U T 7 PR ST EE1,, (59)
roull IR a—s7| |la—1 a 2 02

Tracing through this computation we have placed the symbol X to indicate places
where we must introduce Heaviside functions, so the end result should be multiplied
by He(t). The Heaviside functions He(a — t)He(a — s7)He(s7; — a) are implied by
the definition of quantum binomial coefficients from (15c¢). Thus, s7 = a and the sum
simplifies to

n—t||ln—al|ln—a a a @) (@)

n—rt a
= He(r){ . } [a N J Lo 0.0 E5” F3” 1m0

(142) n—rt a n _ _
= He(1) Z |: a :| |:a — ‘C:| [UJ Lonm0.00 F3 ™" ES ™" 110,09
V6

w2
a a—Tt a
Dhe(o) {n - z} [a " T} . (60)

By putting it all together, the a-colored trefoil evaluates to (39).

B. Proof of Propositions 2.4(b) and 2.4(c)

For a compact oriented surface (possibly with boundary) X, let §(X) be the HOM-
FLYPT skein algebra of X, as defined in [3] and [42]. Recall that, as a Q(x,q)-
module, §(X) is generated by oriented links diagrams on ¥ modulo the regular iso-
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K Xe) |

|
o

and the relation that a disjoint trivial knot can be removed from a diagram at the
expense of multiplication with Z:;‘:ll . The product L L, of two links diagrams is
obtained by placing L atop L,. When X is a disk, §(X) = Q(¢, x) viaamap L —
(L), where (L) is a framed version of the HOMFLYPT polynomial.

The HOMFLYPT skein algebra of the annulus contains the subalgebra €1 gen-
erated by the closure of all braids. It is known that €% is isomorphic to the algebra of

symmetric functions (with ground ring Q(q, x)). Under this isomorphism, the Schur

topy, the two relations

function s, of a partition A corresponds to a certain skein element Q, which will
be recalled later. The relation with the colored HOMFLYPT polynomial is as fol-
lows. For an oriented link diagram L on the disk with r ordered components and for
partitions A; fori =1,...,r, we have

WL (A1,....Ar) = (L% (Q3,.....02,)). (61)

Here, L * (Qy,,....03,) is the Q(q, x)-linear combination of link diagrams on
the disk obtained by replacing the ith component of L by Q,.. The above equal-
ity implies Proposition 2.4(b).

Let 0 : Q(x,q) — Q(x, gq) denote the (Q-algebra automorphism given by o (x) =
x,0(q) = —¢~'. One can easily check that o extends to a Q-linear automorphism of
&(X) for any X by setting o (L) := L for any link diagram L on X. It is easy to see
that if y is an element of the HOMFLYPT skein algebra of the disk, then

a((y) ={o() (62)

LEMMA B.1
For any partition A one has

a(Qx) = 0. (63)

Proof
Aiston and Morton [3] gave a geometric description of @, in terms of closures of
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braids. Let us recall this formula for partitions with one row i, = (a) or one column
eq = (1%) from [3, p. 11]:

1

U(a)

~ 1 - ~
Yo ¢ Pa., Quy=—— Y (¢ Pa,. (64

Q(14a)

Qw =

TESym,, mTE€Sym,,

Here, for a permutation 7 of Sym,,, w, denotes the positive braid corresponding to
7, and @, € € denotes the closure of w,. Moreover, a, is given by [3, p. 14] as

ap =[] 4’7 [hook(ij)]. (65)
@(.j)€r
where hook(i;) is the hook length of the cell (i, j) of the partition A.

From (64) and (65) one can readily check that 0(Q4)) = Q«), proving the
lemma for the case A = h, = (a). The case of general A can be proved similarly,
using explicit formulas of Q) as described in [3]. Alternatively, one can reduce the
general case to the case of one row as follows. The two Jacobi—Trudi formulas

sy = det((hp, - 1=1), syt =det((ea, +j-i)f j=1)-

together with the case A = h,, imply the lemma for general partitions. O

Suppose that L is an oriented link diagram L on the disk with r ordered compo-
nents, and suppose that A; fori = 1,...,r are partitions. We have

o(We(A1,....Ar)) =0 ((L % (Qx,.....04,))) by (6])
=(o(L*(Qu,.---.01,))) by (62)
=(L*(0(Q4)).-...0(04,)))

(L

=wr At ah.

This concludes the proof of Proposition 2.4(c). O

C. The recursion for the colored HOMFLYPT of the trefoil
Let A € #,—1 be a partition of length at most » — 1. We also use A to denote the
corresponding Uy (sl,)-module. For every positive integer k, the theory of ribbon
categories gives a representation J : B — Aut(A®¥), where B is the braid group
on k strands and Aut(A®¥) is the group of Uy (s1,)-linear automorphisms of A%k
Suppose that B € By, is a braid on m strands, and suppose that L = cl(f) is
the oriented, framed link obtained by closing § in the standard way, with blackboard
framing. Then
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JLOA, ) =" (J(B)), (66)
where for a Uy (s, )-linearmap f: V — V,
wy () =u(fg V).

Here the right-hand side is the usual trace of f'g acting on V, and g € U, (sl,,) is the
so-called charm element whose exact formula is not needed here. In particular, for
a finite-dimensional weight U, (sl,)-module V', the quantum dimension dimg (V) :=
Ju (V) (where U is the unknot) is

dimg (V) :=tr} (id) = tr(g, V).

Let o be the standard generator of B, (see X, of Figure 1). Then J(o) is
defined by the universal R-matrix, and the action of J(0) on 222 can be calculated
as follows. The decomposition of 752 into irreducible Uy (sl,)-modules has the form

m
2
h;?t = @/’l’m,ka
k=0

where [, x is the partition (2m — k,k). Since J(o) is Uy(sl,)-linear, the Schur
lemma shows that there are scalars ¢, ; € Q(¢'/") such that on 182,

m
J©)],02 = D emiidy,, ;- (67)
k=0

One of the axioms of the ribbon structure of U, (s(,,) is that
J0)lvew = (ry' @ ry )rvew, (68)

where r is the ribbon element, which belongs to the center of a certain completion of
Uy (sl,) and acts on any finite-dimensional weight Uy (sl,)-module (see [46], [54]).
Geometrically, r = Jr, where T is the trivial 1-1 tangle with framing 1, and its action
on A is known (see, e.g., [35, (1.7)]):

rly, =r(A)idy, wherer(A) = ¢*A+20), 9

Here (-,-) is the inner product on the weight space of Uy, (sl,) normalized such that
each root has square length 2, and 2p is the sum of all positive roots.
Using (68) in the square of (67), we get

(€m)> = T(im )t (hm) 2.
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Taking the square root and using (69), one gets the value of (¢, x), up to sign £1.
The sign can be determined by noting that, when ¢ = 1, J(0) is the permutation,
J(0)(x1 ® x2) = x2 ® x1. Eventually, we get

Cmk = (_l)kq—mz/nqmz—ka-i-kz—k' (70)

Suppose that Ty is the link closure of 6%, which is a torus link of type (2, ). By (66)
and the decomposition (67),

m
Tr, ) = @™ I1, (hn) = @13 (e ie)® dimg (tm )
k=0

m

k s(m2—2mk+k2—k) 1:
(—1)skgsim==2 )d1mq(um,k)
0

k=
m
N5k stm?—2mk+k2—k) [ Xik =21 [ x:2m —k —1
= et I
2m —2k + 1]
_— 1
m—k+1] 70

where x = ¢”. In the last equality we use the well-known formula for the quantum
dimension (see, e.g., [41, (11)]), which was first established by Reshetikhin. The
right-hand side of (71) gives a formula for W7, (hy,). When s = 3, we get another
formula of Wr, for the trefoil, which is simpler than the one given in Section 3.7,
since it is a 1-dimensional sum.

For odd s, let i be the torus knot T, with 0 framing. Then, adjusting the framing,
from (71) we get

m
Wa (h) = x~" 3 (=1 grom2mktki=h [x’ k- 2] [x’ m=k = 1}

k 2m—k
k=0
[2m — 2k +1]
—_—. 72
2m—k +1] (72)

Using the Zeilberger algorithm (see [47]), we get the recurrence relation for W7°"3 (hm)
as described in Section 1.4.
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