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O-TERMS, SINGULARITIES AND THE EXTENDED BLOCH GROUP

STAVR OS GAR OUFALIDIS

Dedicated to S. Bloch on the occasion of his sixtieth birthday.

Abstra ct. Our paper originated from a generalization of the Volume Conjecture to multisums of ¢-
hypergeometric terms. This generalization was sketched by Kontsevich in a problem list in Aarh us Univ ersity
in 2006; [Ko]. We intro duce the notion of a special and general g-hypergeometric term (in short, special
g-termand general g-term). The latter is a product of g-binomials and g-factorials in linear forms in seweral
variables.

In the rst part of the paper, using elementary manipulations of symbols, we show how to assign elemerts
of the Bloch group to a general g-term. The image of these elements under the Blo ch-Wigner regulator map
is always a nite subset of the set of purely imaginary periods, in the senseof Kontsevich-Zagier.

In the second part of the paper, we extend our results to the extended Bloch group. The latter captures
exactly the torsion information of K‘3nd (C), and its regulator is given by the Rogers dilogarithm function.
Our outcome is again a nite subset of the set of periods.

In the third part of the paper, given a special g-term, we can asscciate two power series, convergent in a
neighborhood of zero. We conjecture that the serieshave analytic contin uation as a multiv alued function in
the complex numbers minus the above described nite set of points. Our conjecture implies a strong form
of the Volume Conjecture and is known to be true in caseof 1-dimensional special g-terms, as follows from
joint work with O. Costin.

In the nal part of the paper, we describe a rich source of special terms that come from real 3-dimensional
knotted objects. Finally we compare our combinatorial encodings of general g-terms with that of Neumann-
Zagier and Kontsevich.
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1. Intr oduction

1.1. A brief summary of our results. Our paper originated from a generalization of the Volume Conjec-
ture to multisums of g-hypergeometricterms. This generalization was sketched by Kontsevich in a problem
list in Aarhus University in 2006;[Ko]. Our paper expandsKontsevich's problem, and revealsa closeand
preciserelation between special g-hypergeometric terms (de ned below), elemens of the extended Bloch
group and its conjectural relation to singularities of generating series. Oddly enough, setting g = 1 also
provides a relation betweenspecial hypergeometricterms and elemerts of the extendel additive Bloch group.
This is explainedin a separatepublication; see[Gal] and [GaZ2].

As a guide to our results, we intro duce the notion of a g-term below. Givena generalg-term t, in the rst
part of the paper we will construct:

(a) A setof Variational Equations (seeDe nition 1.4) with solution set X which is typically a nite set
of solutions, given by algebraic numbers.
(b) A map:
o X ! B(C)
where B(C) is the Bloch group; seeDe nition 1.3 and Theorem 1.

(c) The image of ; under the Bloch-Wigner regulator map is a nite subsetof iR\ P, whereP is the
set of periods in the senseof Kontsevich-Zagier; see[KZ].

Among other things, the map  givesan explicit method for constructing elemers of the Bloch group
B(C). Assumingsomestandard conjectures,the map  may construct all elements in the Bloch group B(C);
seeSection 6.3.

1.2. What is a g-term? The next de nition plays a key role in our paper.

Denition  1.1. (a) A special g-hypergeometric term tn (in short, special g-term t) in variables n and

B (n; k)

\d
. = gR(nk) L(nk)
(1) tn,k (Cl) q Cj (n’ k) a

j=1

(Do, (nk)>
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whereB;; C;j;D; and L areintegral linear forms in the variablesn; k, wherek = (ki;:::; k) is a multi-index,
Q is anintegral quadratic form Q and = 1
(b) A geneal g-term t,k in variablesn and k = (ky;:::; k) is an expressionof the form
Q(nk) L(nk) Y j .
(2) thx (@) = g ' (q)A,- (nk)"
j=1
whereA; andL areintegral linear forms, Q isanintegral quadratic formand = 1, ; = 1forj = 1;:::;J.

Here and throughout, the g-factorial and the g-binomial are de ned by:

_ i m _  (@m
3) (q)m-j:1(1 d); T @@

We will assumethat for every n 2 N, we have thk (g) = O for large enoughk.

Remark 1.2. It is easyto seethat every special g-term is a generalg-term; seeLemma 7.1 from Section7.1.

An alternativ e way of encading a generalg-term is to record , the (r + 1) (r + 1) matrix of coe cien ts
of Q, and list the coe cien ts of the linear forms Aj (n;k) and L(n; k) forj = 1;:::;J asa(J + 1) (r+ 1)
matrix, wherek = (kg;:::;k;). When = 1, wecanignore L (n; k). This encading is very much in the spirit
of Neumann-Zagierand Kontsevich; see[NZ, Ko] and also Section 7.

1.3. The Blo ch group. Let us recall the symbolic-de nition of the Bloch group from [B1]; seealso [DS,
Sul, Su?].

Denition 1.3. (a) Let P(F) denotethe abelian group generatedby symbols[z], z 2 F nf0; 1g, subject to
the 5-term relation:

h,,i 1

y 1 X 1 x _
(@) X oW+ Tyt oy <O
(b) The Bloch group B(F) is the kernel of the homomorphism
(5) P(F) ' F ~"F ; [zZI7'z~ (2 2)

to the secondexterior power of the abelian group F de ned by mapping a generator[z] to z™ (1 z). The
secondexterior power G G of an abelian group G is de ned by:

(6) GA"G=G zG=(a b+b a)
(c) The 2-term complex (5) is the famous Bloch-Suslin complex that has motivated a lot of researd.

Recall the Bloch-Wigner function

@) D,:C ! iR; 27! Dy(z) ;= i=(Li2(2) + log(2 2z)logjz));

which is continuous on C and analytic on C nf0; 1g. SinceD; satis es the 5-term relation, we can de ne a
regulator map on the pre-Bloch group of the complex numbers:

(8) R:P(C) ! iR; z 7! Do([2])

and its restriction to the Bloch group (denoted by the samenotation):

(9) R:B(C) ! iR;  z7! Dx(z])
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1.4. From ¢terms to the Bloch group. In order to state our results, let us introduce some useful

X
(20) Vi(A) = &; Vo(A) = ap; where  A(n;k) = agn + aiki:
For an integral linear form A on n; k let us abbreviate

Y
(11) A= ')
i=0

The next de nition assciatesan ane sdcemeover Q to a generalg-term t.
Denition 1.4. Givenageneralg-term t asin (2), considerthe set X of points z = (zp;:::;z ) that satisfy
the following system of Variational Equations

@ ¥
(12) z@, Vi(l) 1 ZA )Vi( A = 1
j=1

Typically, one expectsthat the Variational Equations (12) have a nite set of complex solutions. In that
case,the solutions lie in Q. The Variational Equations (12) are reminiscert of the Bethe ansatzin quantum
eld theory. The next de nition assignselemeris of the pre-Bloch group to a generalg-term t.

De nition  1.5. With the above convertions, considerthe map:

(13) t:Xe 1 P(C)
given by:

XJ
(14) z7' (2) = i [ZM]:

j=1
The next theorem, communicated to us by Kontsevich, assignselemens of the Bloch group to a general
g-term t.
Theorem 1. (a) The map ; descendso a map
(15) t: Xy ! B(C)
which we denote by the samename.
(b) The image of
R t o X ! iR
is a nite subsetof iR\ P, whereP is the set of periods in the senseof Kontsevich-Zagier; [KZ].

1.5. An example. To better understand the content of Theorem 1, let us give a simple example, which is
already nontrivial and of interest to Quantum Topology. Considerthe generalg-term

n(n +1)
(16) th(a) = o "(a);
wherea2 Z, = l1landb2 N. In other words, k = ;. The Variational Equations (12) become:
(17) 221 2)® =1

Xt is the nite setof complex solutions of (17). The map (13) is given by:

(18) X¢ ! B(C); z7! ((2) = az]:
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Curiously enough,Equation (17) and the corresponding elemer of the Bloch group wasstudied by Lewin,
using his method of ladders In that sensethe Variational Equations (12) is a generalization of the method
of ladders.

Let us end this sectionwith a remark.

Remark 1.6. Among other things, Theorem 2 is a practical way of constructing elemeris of the Bloch group
B(C) that are typically de ned over number elds. For examples,seeSection 7. In general, X is not O-
dimensional, although its imageunder R ; alwaysis nite. This niteness is positive evidencefor Bloch's
Rigidity Conjecture, which states that

B(Q Q=B(C) «Q

1.6. Acknowledgemen t. An early version of this paper wasdiscussedwith M. Kontsevich in the IHES and
University of Miami and with S. Bloch in Chicago. The author wishesto thank S. Bloch and M. Kontsevich
for generouslysharing their ideaswith the author and for their hospitality in the IHES in the fall of 2006
and in Chicagoin the spring of 2007. The paper was nished in the spring of 2007, and updated further in
the summer of 2007to incorporate the nal extensionof the Rogersdilogarithm due to Goette and Zickert.
The author wishesto thank D. Thurston and C. Zickert for many stimulating conversations.

2. Proof of Theorem 1

This sectionis devoted to a proof of Theorem 1, using elemernary symbol-like manipulations.

that ( {(z)) =02 C ~ C ,where isgivenby (5). We compute as follows:

X
t(z2) = j@hr@ M)
j=1
On the other hand, we have:
A = Y ZiVi(Aj):
i=0
Thus,
Aj Aj X vi (Aj) A
i@ ) = "™ )
i=0
X

Vi(A)(z N (L ZM)

z ™ML M)A,
=0

Sincez satis es the Variational Equations (12), after we interchangethe j and i summation, we obtain that:
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X X
(2) = z" (@1 ZAj)Vi(jAj)
i=0 j=1
X
= zi N (1 ZAj)Vi(jAj)
i=0 j=1
X
= zZi"(z & Vi('—))
i=0
- X Zi/\zé% X Z}/i(L)A
1
i=0 i=0

= Zi~ 8 b
i :
i=0
SinceQ is an integral symmetric bilinear form and » is skew-symmetric, it follows that

X @
ziNz@ = 0:
i=0
In addition, we claim that for = 1, we have:
(29) z" =02C ~C:

Indeed,if = 1, then
zM1=z"(1L1)=z"1+z"1:
If = 1,then
ZZh (D=2 )=z~ ( DH=zr1=0:
SinceC = (C )?, the result follows. Thus,
(t(@@)=02C ~C:

This provesthat . takesvaluesin the Bloch group, and concludespart (a) of Theorem 2.

Part (b) follows from a stronger result; seepart (c) of Theorem 2 below. The idea is that any analytic
function is constart on a connectedcomponert of its critical set. In our case,there existsa potential function
whosepoints are the complex points of an ane variety de ned over Q by the Variational Equations. The

complex points of an ane variety have nitely many connectedcomponenrts. Finiteness of the image of
R  follows.

3. From gterms to the extended Bloch group

In the remainder of the paper, we will extend our results from the Bloch group to the extended Bloch
group. As a guide, given a generalg-term t, we will assign

(a) A potential function V;; seeDe nition 3.10.

(b) A setof Logarithmic Variational Equations (see(12)), which typically have a nite set of solutions,
given by algebraic numbers. The variational equations may be identi ed with the critical points X
of the potential V;; seeProposition 3.12.

(c) A map

At : Rt ! é(C)

where IE(C) is the extended Bloch group; seeDe nition 3.1 and Theorem 2. When "} is composed
with a regulator map R (given in Equation (30)), it essetially coincideswith the evaluation of the
potential on its critical values;seeTheorem 2.
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(d) The image of the composition =2 D " isa nite setof complex nhumbers, given by exponertials
of periods; seeTheorem 2.

In the last part of the paper, which was a motivation all along, we mention that quantum invariants of
3-dimensional knotted objects (or general statistical-mechanical sums) give rise to special g-terms, a fact
that was initially obsenedin [GL1]. We also make connection betweenour Variational Equations and the
Gluing Equations of Neumann-Zagier;seeLemma 7.2.

3.1. The extended Blo ch group. Our aim is to assiate elemens of the extendedBloch group to every
generalg-term. The extendedBloch group wasintro duced by Neumannin his investigation of the Cheeger-
Chern-Simonsclassesand hyperbolic 3-manifolds; see[Ne]. The de nition below is called the very-extended
Bloch group by Neumann, seealso [DZ].

There is a closerelation betweenthe Bloch group B(F) and K ' (F), (indecomposableK -theory of F);
see[B1, B2] and [Sul, Su2?], as well as Section 3.3 below. Unfortunately, the relation among B(F) and
K d(F) is known modulo torsion, and the torsion doesnot match. For F = C, this is exactly what the
extended Bloch group captures. The idea s that:

‘torsion is encaded by the choice of the branch of the logarithms |.

More precisely considerthe doubly punctured plane
(20) C =0Cnf0;1g

and let € denotethe universalabelian cover of C . We can represern the Riemann surfaceof C  asfollows.
Let Cc¢ denote C cut open along eadh of the intervals (1 ;0) and (1;1 ) sothat ead real number r
outside [0; 1] occurstwice in C¢y: . Let us denote the two occurrencesof r by r + Oi andr  Oi respectively.
It is now easyto seethat € is isomorphic to the surface obtained from Ce  2Z  2Z by the following
identi cations:

(x + 0i;2p;2q) (x 0i;2p+ 2,290 for x2 (1 ;0)
(x + 0i;2p;29) (x 0i;2p;2q+ 2) for x2(1;1)

This meansthat points in € are of the form (z;p;q) with z2 C and p;q even integers. Moreover, € is the
Riemann surfaceof the function

c ! c% z 7! (Log(z);Log(l 2)):
where Log denotesthe principal branch of the logarithm. Considerthe set

y 1 x11 x
x'1 y 11 vy
of 5-tuples involved in the 5-term relation. Also, let

FT := f(Xy; )Jg (C)°

We can now de ne the extendedBloch group, following [GZ, Def.1.5].

Denition  3.1. (a) The extenda pre-Bloch group F[>(C) is the abelian group generated by the symbols
[z; p: ] with (z;p;qd) 2 €, subject to the relation:

x4 )
(21) ( D'[xi;pi;g]=0 for ((xo;Po;0o);:::;(Xa;Pa;Gu)) 2 FT:

i=0
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(b) The extenda Bloch group IE(C) is the kernel of the homomorphism
(22) ATR(C) 1 CAC [zpid 7! (Log(z)+ p i) A ( Logl z)+ q i)
(c) We will call the 2-term complex (22) the extendel Bloch-Suslin complex.
For a comparisonbetweenthe extended Bloch-Suslin complex and the Suslin complex, seeSection 8.3.

Remark 3.2. There are four versionsof the extended Bloch group, depending on whether (p;q) 2 Z? versus
(p;0) 2 (22)?, and whether we include the transfer relation of [Ne, Eqn.3]. For a comparisonof Neumann's
version of the extended Bloch group with the above de nition, see[GZ, Rem.4.3].

3.2. The Rogers dilogarithm. The extended Bloch-Suslin complex (22) is very closely related to the
functional properties of a normalized form of the dilogarithm. In fact, it would be hard to motivate the
extended Bloch-Suslin complex without knowing the Rogersdilogarithm and vice-versa.

Following [Ne, DZ], the Rogers dilogarithm is the following function de ned on the open interval (0; 1):

2
(23) L(z) = Liy(2) + %Log(z)Log(l z) 3
where 2
z X n
Lis(2) = Log 94 - z
0 t n=1 n

is the classicaldilogarithm function. In [GZ, Defn.1.5], Goette and Zickert extended L (z) to a multiv alued
analytic function on € as follows (see[Ne, Prop.2.5]):

(24) R:€ 1 Cc=2(2)
(25) Azpa = La@+ 5og@+ pLogd 2+ ia) —
(26) = L@+ o (aog@ + plogt 2) —2

where as usual, for a subgroupK of (C;+) and anintegern 2 Z, we denoteK (n) = (2 i)"K C.
Let us commert a bit on the properties of the Rogersdilogarithm.

Remark 3.3. A computation involving the monodromy of the Li, function shows that the dilogarithm Li,
has an analytic extension:

(27) Li,: € 1 C=2(2)

See[Oe, Prop.1]. Compare also with [Ne, Prop.2.5]. In [GZ, Lem.2.2]it is shown that R takesvaluesin
C=Z(2) and that the Rogersdilogarithm is de ned on the extended pre-Bloch group; we will denote the
extensionby R. In other words, we have:

(28) R:P(C) ! C=z(2):

In [DZ] and [GZ] it wasshawn that the Rogersdilogarithm coincideswith the C=Z(2)-valued Chesger-Chern-
Simons class (denoted &, in [DZ]). For a discussionon this matter, see[DZ, Thm.4.1].

Remark 3.4. It is natural to ask why to modify the dilogarithm asin Rogersextension. The motivation is
that ' (but not the dilogarithm function Li,(z) nor the Bloch-Wigner dilogarithm) satis es the extended
5-term relation T ; see[DZ, Sec.2]and [GZ, Lem.2.2].
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Remark 3.5. For the purposesof comparing the Rogersdilogarithm with other special functions (such asthe
ertropy function discussedin [Gal]) It is easyto seethat the derivative of the Rogersdilogarithm is given

by:

1 log(1 2z) log(z)
O = —
(29) L= 3 z YT 2
Thus, R descendsto a regulator map:
(30) R:B(C) ! Cc=z(2
which can be exponertiated to a map:
(31) er R B(C) ! C:

The regulators R and R of the Bloch group and its extendedversionare part of the following commutativ e
diagram:

ez 1

B() * c=Z@

B(C) /X iR =2 Rt

For a proof of the commutativit y of the left square,see[DZ, Prop.4.6]. Let us end this sectionwith aremark.

C

i

Remark 3.6. Even though the regulators R and R are de ned on the (extended) pre-Bloch groups, the
following diagram is not commutativ e:

B(c) & c=@2 22)

B(C) —— iR

3.3. Two cousins of the extended Blo ch group: K (C) and CH?(C; 3). The Bloch group B(F) of a
eld has two cousins: K (F) and the higher Chow groups CH?(F;3), alsode ned by Bloch; see[B2]. A
spectral sequenceargumert (attributed to Bloch and Bloch-Lichtenbaum) and somelow-degreecomputations
imply that for every in nite eld F we have an isomorphism:

(32) K (F) = CH%(F;3):

For a detailed discussion,see[E-V, Prop.5.5.20]. On the other hand, in [Sul, Thm.5.2] Suslin provesthe
existenceof a short exact sequence:

(33) 0! Tor( g; g ! KM(@(F) 1 B(F) ! O

whereTor( g; g)isanontrivial extensionof Tor( g; ), where ¢ isthe roots of unity of F. For F = C,
the above short exact sequencebecomes:

(34) 0! Q=z ! K@) ' B(C) ! O

Moreover, Suslin provesin [Sul]that B(C) is a Q-vector space.
On the other hand, in [GZ, Thm.3.12] Goette and Zickert prove that the extended Bloch group ts in a
short exact sequence:
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(35) 01 Q= | B(C) ! B(C) ! O
for an explicit map ", Equations (32), (34), (35), together with the fact that B(C) is a Q-vector space,imply
the following.
Prop osition 3.7. There exist abstract isomorphisms:
(36) B(C) = K (C) = CH?(F;3):
In addition there are regulator maps (sometimesalso known by the name of cycle maps or Abel-Jacobi
maps:
RO:KM(C) ' HL(Spec(C);Z(2)) = C=2(2)
R%: CH?(F;3) ! HJ(Spec(C);Z(2)) = C=Z(2)

where Hp denotesDeligne cohomology For an explicit formula for R% see[KLM-S, Sec.5.7].
Let us end this section with a problem and a question. Recall that the extended Bloch group can be
de ned for any sub eld F of the complex numbers, as discussedin [Ne].

Problem 3.8. De ne explicit isomorphismsin (36) that commute with the regulator maps R; R® and R
We will comebadk to this problem in a forthcoming publication; [GZ].
Question 1. Isit true that for very sub eld F of the complex numbers we have an isomorphism:
B(F) = KM (F)?
3.4. gterms and potential functions. In this section, we will generateelemeris of IE(C) from a general
g-term t; seeTheorem 2 below.
De nition  3.9. Consider the following multiv alued function on C
(37) € 1 c=z(); ( x)= 2_1| g Lio(X)

Remark 3.3 shows that indeed takesvaluesin C=Z(1). The function x 7! ( e* X) appearsin work of
Kashaevon the Volume Conjecture; see[Ks]. The relevanceof the special function is that it describesthe
growth rate of the g-factorials at complexroots of unity; seeLemma 8.1 in Section 8.1.

The next de nition assaiatesa potential function to a generalg-term.

De nition  3.10. Givena generalg-term t asin (2), let us de ne its potential function V; by:
1 1 X
(38) Vi(2) = 5 Q(Log(2) + zLlog Log@ )+ (zM)
j=1

Since V;(z) is a multiv alued function, let us explain its domain. Given a generalg-term t asin (2), let
denote

\d
(39) Hy=fz (C)*tjzt @ z%) @ z)=0g
j=1 i=0

there are well-de ned analytic maps:

(40) ii A Li(C) ™ nH{! C
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givenby i(z) =1z, a;(2)= zA and | (2) = z'; using the notation of (11). Lifting them to the universal
abelian cover, givesrise to analytic maps:

(41) Afa M Dt €

We denote the image of z 2 D; under thesemapsby z;, z* and z- respectively. With thesecorvertions we
have:

Lemma 3.11. Equation (38) de nes an analytic function:
(42) Vi :Dy ! C=Z(1):
The next proposition describesthe critical points and the critical valuesof the potential function.

Prop osition 3.12. (a) The critical points z of V; are the solutions to the following system of Logarithmic
Variational Equations

X @

(43) jVi(Aj)Log(l z%)+ @(LOQ(Z)) +Log vi(L)=0
j=1 '

fori=0;:::;r

(b) There is a map:

(44) Xe U Xz ((za)i:: (%))

where : €1 C isthe projection map.

X
(45) Log(z") =  Vvi(A)Log(z) pza i
i=0

Givenw = (X; po; ) 2 € and even integersp;q2 2Z let us denote

(46) TPTIW) == (X;po+ p;p+ @) 2 €

In other words, T; and Ty are generatorsfor the ded transformations of the Z?-cover:

(47) €1 C

We need one more piece of notation: for z 2 Dy, consider the corresponding elemens z- and z for

X
(48) Log(z") Log(z %)+ 3 w(L)Log(z) = O
i=0

De nition  3.13. With the above corventions, considerthe map

(49) "R 1 P(C)
given by:

A = Log = X PziA | )
(50) w7 T(w) = [z L‘2;0;2—i] [z %001+ LI CAD)

=1

Our next de nition assignsan important numerical invariant to a special term t.
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De nition  3.14. For a generalg-term t, let
(51) CV, = fe V(@ jz satis es (43)g:

Our next main theorem links the exponertial of the critical valuesof V; with the values of At under the
regulator map. Let P denote the countable set of periods in the senseof Kontsevich-Zagier, [KZ].

Theorem 2. (a) The map " descendsto a map
(52) "R B(O)

which we denote by the samename.
(b) We have a commutativ e diagram:

A

%, — B(C)

e Vt 1R

C

(c) CV, is a nite subsetof €”. Thus, we get a map:
(53) CV : Generalg-terms ! Finite subsetsof e :

Example 3.15. Let us corntinue with the Example 1.5. Whena= 1,b= 2and = 1, the Variational
Equations (17) have solutions

fz jz= €& Foq:

In that case,the corresponding elemeris of the extended Bloch group are
2z 10,01+ [z ¥%,0;2] [z ¥%0;0];
and their valuesunder the regulator map R are given by:

0 2:0298832128%93074:::

whoseimaginary part equalsto the Volume Vol(41) of the 4; knot; see[Th]. Moreover,

fe 2
f0:7239261119::;1:3813564445::0:

CVt LV0|(41)g

4. Pr oofs

In this sectionwe will give the proofs of Proposition 3.12 and Theorem 2.

4.1. Pro of of Prop osition 3.12. It suces to show that for everyi = 0;:::;r, 2 P T 1z % is given by the
left hand side of Equation (43). This follows easily from the de nition of V; and the elemenary computation:

Log(1 x).

(54) 00 = 5
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4.2. Pro of of Theorem 2. The proof is similar to the proof of Theorem 1, once we keep track of the
branchesof the logarithms.

Variational Equations (12). We will show that "(At(z)) =02 C~ C, where” is given by (22). We have

"(@) = "@) + ")
where
X
"11(2)

Pz:A ]
T (@)
j=1

[z %0 2—"0?] [z <2000

"2 (w)

It follows that

NW@) = AN @) + ANCa(2)
where
X

M 1(2) i (Log(zM) + pia, 1)~ ( Log(l  2%))

i=1
Log(z ““?)~ 2Log
= 2Logz ©?) " Log:

A( AZ;t(Z))

On the other hand, using Equation (45), we have:

X
Vi(A)(Log(zi) " Log(l z"))
0

(Log(z*) + pzia i)~ Log(L Z*)

= Log(zi) ~ (vi(A)Log(l z*)):
i=0

Since z satis es the Logarithmic Variational Equations (43), after we interchangethe j and i summation,
we obtain that:

X
Log(z)~ ( jvi(Aj)Log(l z*1))
i=0 j=1

N a(2))

X
Log(zi) ™ ( iVi(AjLog(1 "))
i=0 j=1

Log(z:) » (%(Log(z» +Log vi(L)):

i=0

SinceQ is an integral symmetric bilinear form and * is skew-symmetric, it follows that

Log(z) ~ (%(Log(z» = o

i=0

Moreover,
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Log(zi) * (Log  vi(L))
i=0 i=0

= (Log(z")+ pz )" Log
= Log(z")" Log:

vi(L)Log(zi) * Log

Thus,
A("1:1(2)) = Log(z") " Log
which implies that
N"(2)) = (2Log(z ?) + Log(z")) " Log:
On the other hand, reducing Equation (48) modulo iZ, and using (45) we have:

X
0 = Logx') logz "+ 3 wi(L)Log(z)
i=0
= Logz') Log(z %)+ S(Log(z) + ipzt)
= %(Log(z'—) +2Log(z “2) + —'pzz;'-
1 _
= E(Log(z'-)+ 2Log(z “?)):
In other words, we have:
(55) Log(z') + 2Log(z ©2) 2 ?'z:

SincelLog 2 iZ, it followsthat ~( At(z)) = 0 and concludespart (a) of Theorem 2.
For part (b), obsene rst that for every w 2 ¢ and every even integersp and g we have:

RATETSWD = R(w) + - (alog() + pLog(d  2):

Moreover, by the de nition of and by Equation (45), for any integral linear form A = A; forj = 1;:::;J
or A = L, we have:

() = 5= ROTP*G)  Flogl)logl 2% pealogh 2%)

Thus, using the de nition of the potential function from Equation (38), we obtain that:

V(@)= 5 RO(@) + T+ T

where 0 1
x .
To= =@ 27 jlogz¥)loglt 2%) 5 pea,Logt Z)A
i
T, = 5-QMogz) ,log Logz) LRz <%0 2%y 1z =200
_ 1 1 L Log L=2y.
= 5QUog2) slog Logz) 9 Logz =2

Using (45), and interchangingi and j summation, and using the Logarithmic Variational Equations (43),
it follows that:
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jLog(z™)Log(1 z™) = ( jvi(Aj)Log(zi) pza; i)Log(l z™)
j=0 j=0 i=0
= Log(zi))  jvi(Aj)Log(l z™) iPza; ilog(l z™)
i=0 j=0 j=0
@ x . A
= Log(zi )( @ Log vi(L)) jPza; ilog(l z™):
i=0 ! j=0
Thus,
_ o1 X @ Log X .
T, = 17 LOg(Zl)@(LOQ(Z))*'ﬂ vi(L)Log(z):

i=0
Since Q is a symmetric bilinear form, it follows that

i=0

27 Logz) R (Log(z))  QuLog(2) = o
2 @
This, together with Equation (48) implies that T; + T, = 0. Exponertiating, it follows that

e Vi@ = gR(@) o ¢

which concludespart (b) of Theorem 2.

For part (c), sincean analytic function is constart on a connectedcomponert of its setsof critical points,
and since the set of critical points X is the set of complex points of an ane variety de ned over Q, it
follows that X has nitely many connectedcomponerts. Thus, CV; is a nite subsetof C. Moreover, since
the value of the regulator at a point [z;p;qg] with z 2 Q is a period, in the senseof Kontsevich-Zagier, and
since every connectedcomponert of X, has a point w sothat z= € ™ 2 (Q)'*' (due to the Variational
Equations (12)), it follows that CV, is a subsetof €”. This concludesthe proof of Theorem 2.

5. special g-terms, generating series and singularities

In this section,which is independert from the previousones,we will assigntwo germsof analytic functions
L{P(z) and L (z) to a special g-term, and we will formulate a conjecture regarding their analytic cortin uation
in the complex plane minus a set of singularities related to the image of the composition R ;.

5.1. From special g-terms to elements of the Habiro ring. In the rst part of the paper, we assigned
elemerts of the extended Bloch group to a generalg-term t, and usedthem to construct a nite set CV, of
e”.

In the secondpart, which is largely independert from the rst, we will assigntwo seriesLP(z) and L{" (z)
to a special g-term t and make a conjecture regarding the set of singularities S; of the analytic contin uation
of L{P(2).

Before we give details, we should point out that integrality (in the senseof Laurent polynomialsin Z[q 1])
plays an important role in this section. Precisely for this reason,we considerthe special g-terms of the form
(1) and not the generalg-terms of the form (2).

The next de nition assignsa sequenceof Laurent polynomials to a special g-term.

De nition  5.1. Given a special g-term tn () asin (1), considerthe sequencga;., (q)) of Laurent polyno-
mials:

*
(56) an(@ = tax(d) 2 2Z[q ']
k=0
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(the sumis nite for every n 2 N) and the corresponding expression:

X
(57) Gi(@ = (@naun(9):

n=0

The above expressionis indeed in nite, and doesnot make senseas an analytic function inside or outside
the unit disk. Becauseof the innocenrt-looking (g),, the above expressionmakes sensein the Habiro ring.
The latter was introduced by Habiro in [HaZ2]:

(58) b= lim Z[g=((1 o)1 @)@ d):

As a set, b contains all seriesof the form
3

(59) f(@= fa(@@ @ o:::@ d");  where fn(q)22Z[q '];
n=0

with the warning that f (g) doesnot uniquely determine (f ,(Q)).

5.2. Two generating power series from an element of the Habiro ring. Fix a special g-term t. The
elemen G;(q) of the Habiro ring givesrise to two generating series:

X

(60) LiP(2) Gi(e'r)z"

n=1

B(Gi(e'™))

(61) LP(2)

where B is the Borel transform de ned by

(62 B:CL ! Cllali B o =2

Remark 5.2. In [Ha2] Habiro provesead of the following seriesGy(q), L{"(z) or L} (z) uniquely determines
all others. However, note that G;(qg) doesnot determine t.

The next lemmas, that usestandard estimatesfrom [GL2] and [GL3, Thm.6], show that L{"(z) and L} (z)
are analytic functions at z = 0.

Lemma 5.3. For everyspecial g-term t, L{*(z) and L{(z) are analytic at z = 0.

Proof. We needto recall what is nicely bounded sequencefrom [GL3, Def.1.3]: given a sequencegf ,, (q)) of
Laurent polynomialsf,(q) 2 Z[q ] for n 2 N, we say that (f,(q)) is nicely bounded if there exist the bounds
on their spanand coe cien ts. That is, there are constarts C;C°> 0 that depend on (f,(qg)) such that for
n> 0,
(63) span,fn () [ Cc%n?;C%?]
(64) jifn (@i c":

P _
Here, the span and the “!-norm of a Laurent polynomial f (q) = jM:m ¢ d with anay 6 0 are dened to
be[ m;M]and

e .e XA - -
(65) Jif(@jjz = 1S
j=m

respectively. Given a sequencgf,(q)) of Laurent polynomials, let
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hs
(Dnagn (9)

n=0

(66) Gt (9)

denote the corresponding elemert of the Habiro ring, and let us considerthe power series

X 2 i
(67) LP(2) = Gt (e )z2"
n=1
(68) LP(z) = B(Gi(e'™)

In [GL3, Thm.6] T.T.Q. Le and the author showed that if (f,(q)) is nicely bounded, then Gs (2) is
Gevrey-1. Thus pr(z) is convergert for z = 0.

Moreover, it is easyto seethat if (f,(qg)) is nicely bounded, then there exists a constart C > 0 that
dependson f sothat for every N > 0 we have:

(69) jGr (e7)j CN:
Indeed, sincejeZN—ij = 1, we have:
jGi(ev)i = | (ev )nfn(e™)
n=0
X\l e ess
ji@nfn (i1
n=0
X
CO”I
n=0
N .

Thus, to nish the proof of the Lemma, it suces to show that for every special g-term t, the sequence
(ar:n (q)) of Laurent polynomials is nicely bounded.

where0 ki < Cnforalli = 1;:::;r. In other words, the summation in (56) involvesonly polynomially
many nonzeroterms in n.

Sincea g-binomial is a Laurent polynomial with nonnegative coe cien ts, its ** norm equalsto the corre-
sponding binomial coe cien t. This, and the above, implies that there exists C, > 0 so that

Jitni (Qiiz - C3

for all (n; k). Sincethe summation in (56) involvesonly polynomially many nonzeroterms in n, it follows
that there exists C3; > 0 sothat

liagn (Qiiz C3
for all n > 0. Moreover, for k linearly bounded by n, it is easyto seethat there exist a constart C4 > 0 so
that for all (n; k) with n > 0 we have:

spartni () [ Can®C4n?]
Consequettly, there exists a constart Cs > 0 sothat for all n > 0 we have:
spamn(q) [ Csn? Csn?l:

This concludesthe proof of the fact that (a;.n (Q)) is nicely bounded, and the proof of Lemma 5.3.
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5.3. The Newton polytop e of a gterm. Let usrecall the Newton polytope of a g-term.
Denition 5.4. Givenag-term t asin (1), de ne its Newton polytope P; by:
(70) Po=fw2R"jBj(w) O; Cj(w) O0; Dj(w) Oforj=1;:::;Jg R":

By our assumptionson the g-term t, P; is a compact rational cornvex polytope in R" with non-empty
interior. Moreover, for every n 2 N we have:

(71) support(thk ) = NP\ Z":

It is easyto seethat the restriction tj of agterm tto aface of its Newton polytope is alsoa g-term.

5.4. An ansatz for the singularites of L{"(z) and L{(z). Recallthe nite setCV, C from De nition
3.14and Theorem 2 assaiated to a g-term.

Denition  5.5. For a g-term t, de ne
(72) St :=f0g[ [ face of P, CVy

It followsthat 2 ilog(S;)+ Z(2) Cisadiscretesubsetofa nite union of horizontal linesin the complex
plane and may be depicted as follows:

Here, the horizontal spacingbetweentwo dots in any horizontal line is 4 2 = 39:4784176044::.

Our ansatz relates the singularities of the analytic cortinuation of the germsL{*(z) and L{(z) with the
setsS; and 2 ilog(St) + Z(2).

Keepingin mind the extra term (@), in Equation (57), given a special g-term t,.« let us denotethe special
g-term thx by:

(73) Tk (@) = (Qntnk (9):

Conjecture 1. For every special g-term t, the germs L{"(z) and L} (z) has an analytic continuation as a
multivalued function in CnS; and Cn2 ilog(S,) + Z(2), respectively. Moreover, at a singular point , each
germ has a local expansion of the form;

(z ) (og(z ) h(z )
where 2 (1=2)Z, 2 N andh (w) is an analytic function at w = 0.

In asubsequeh publication wewill shav how Conjecture 1implies a strong form of the Volume Conjecture,
with exponertially small terms included; see[GL2].

Example 5.6. If the special g-term is given by (16), then Conjecture 1 is known; see[CG]. There is ample
numerical and theoretical experimentation whena= 1;b=2 = 1in (16); see[Sh].
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6. special gterms and 3-dimensional knotted objects

6.1. A source of special gterms: 3-dimensional knotted objects. The remaining sectionsare the
third part of the paper. Our aim is to give examplesof special g-terms of interest to 3-dimensionaltopology,
to motivate our choice of potential functions, and to comparewith other combinatorial encadings of general
g-terms, due to Kontsevich and Neumann-Zagier.

To begin with, generalg-terms are easyto produce: seeRemark 1.2. A rich sourceof special g-terms is
also 3-dimensional quantum topology which has beena motivation for much of our work. This is already
obsened in [GL1] (much in the spirit of [Z] and [WZ]), where T.T.Q. Le and the author assigna special
g-term t to a planar projection of a knot, and shaw that the corresponding sequenceof Laurent polynomials
(at:n () is g-holonomic. See[GL1, Thm.1] and [GL1, Sec.3.2].

Let us explain what is a knotted object.

De nition  6.1. A knotted object will either denote a closed3-manifold which is an integer homology sphere,
or the complemen of a knot in S2.

In this section, K will denote a knot, M will denote an integer homology 3-sphere,and K will denote a
knotted object.

A re ned version of the state-sumformulas for the colored Jonespolynomial of [GL1, Sec.3.2}which takes
into accourt the non-comnutativ e version of the MacMahon Master Theorem (see [GLZ]) as well as the
work of [HL], imply the following result.

Let

(74) Z :Knots ! b

denote the lifted Kashaevinvariant of a knot, asin [HL]. In [GL4] we will show the following.
Theorem 3. [GL4] There exists a map:

(75) Planar Diagrams of long Knots ! Sgpecial g-terms

that ts in a commutative diagram:

Planar Diagrams of long Knots — Special g-terms
closur e (G (a)
Knots z b-

If PD is a planar projection of a long knot and tn« is the corresponding special g-term from (75), where

One of Habiro's motivations for introducing his ring, was to construct an invariant of integer homol-
ogy spheresthat encadesthe sl, quantum invariants of Reshetikhin-Turaev; see[Hal] and [Tu]. Habiro's
construction was extendedto simple Lie algebrasby Habiro and the secondauthor (see[HL]):

(76) ZHL : Integer Homology Spheres Simple Lie algebras ! b

Recall that every integer homology spherecan be obtained by surgery on a unit-fr amed algebaically split
link in S3; i.e., a link whoselinking matrix is diagonal with 1 in the diagonal. Let us abbreviate those
links by AS-links below.

Conjecture 2. There exists a map:

(77) Planar Diagrams of AS-links ! Special g-terms
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that ts in a commutative diagram:

Planar Diagrams of long Knots — Special g-terms
surgery (G (q))
Integer Homolagy Sphees oz b.

6.2. The 3= 3 principle. In this sectionwe will describe a classicaltopological construction that assigns
elemerts of K -theory to knotted 3-dimensionalobjects. This sectionis slightly more abstract and indepen-
dent from the rest of the results. The main idea is a numerical coincidencebetweenthe dimension of the
knotted objects with the index of K 3(C).

Recall that the fundamertal group 1(S® K) of a knot complemert has a peripheral sutgroup generated
by the inclusion of the boundary torus @S® K) in S® K. An SL(N;C)-representation of a group G is a
homomorphism :G ! SL(N;C). A paralolic-SL(N; C) represenation of the complemen of a knot K is
a represenation

1(S* K) ! SL(N;C)
whoserestriction to the boundary torus mapsto a parabolic subgroupof SL(N; C); i.e., a subgroup conjugate
to the upper triangular matrices with 1 on the diagonal. Below, the superscript par will denote parabolic
represenations.

De nition  6.2. For a natural number N 2, and an integer homology sphereM , we de ne the moduli
spaceof SL(N; C) represenations as follows:

(78) Xmn = Hom( 1(M);SL(N; C))=SL(N; C)
For a knot K, we de ne the moduli spaceof SL(N; C) parabolic represenations as follows:
(79) XN = Hom™ (' 1(M); SL(N; C))=SL(N; C)

It is well-known that for every knotted object K, the moduli spaceXkn is the set of complex points of
an a ne variety de ned over Q.

Given a parabolic SL(N; C)-represeration of a knotted object, considerthe corresponding classifying
spacemap [M; BSL(N; C)], aswell asthe composite map:

(80) [M;BSL(N;C)]! [M;BSL(N;C) ]! [M;BGL(N;C) ]! [M;BGL(N;C) "]
where SL(N;C) denotesthe group SL(N;C) with the discrete topology, and the superscript + denotes

Quillen's plus construction. This givesrise to an element of K3(C), and after projection, also givesan
elemen of K (C). Altogether, we obtain the following.

Prop osition 6.3. For every knotted object K, we havea map:
(81) kn S Xk 1O KEPY(C)

Oneexpectsthat if M is a homologysphere,andt is aterm assaiated to the SL(N; C)-quantum invariants
of M via the map (77), then the imageof .y in K9 (C) will coincidewith the image of  in é(C) via a
suitable isomorphism map of (36).

6.3. Geometric realization of elements of the extended Blo ch group. It is natural to ask which

elemerts of the extended Bloch group I{B(C) are obtained from the map " of (49). Let us give a heuristic
argumert which indicates that perhapsall elemeris arise this way.

Fix x 2 é(C). Using the abstract isomorphism (36), consider a corresponding elemert in K 1'9(C), and
lift it to an elemen of K3(C) = 3(BGL(C)*). Sincehomotopy and bordism coincide in small degreeswe
may represen the above elemert by a map M3 ! BSL(N;C) for someclosed3-manifold M and natural
number N 2 N. Now, considerthe corresponding point y in the SL(N; C) character variety Xy .y of M.

If the expectation formulated in the last paragraph of Section 6.2 is true, then y lies in the image of
for someg-term t which givesrise to the SL(N; C) quantum invariants of M .
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7. Other combinatorial encodings of g-terms

We mertioned already in Remark 1.2 that a generalg-term may be encaded by a matrix of integer ertries,
that keepstrack of the coe cien ts of the quadratic and linear forms and signs that appear in the very
de nition of a g-term. In this section we will compare general g-terms with Neumann-Zagier matrices and
Kontsevich's rational polytopes.

7.1. Special g-terms are general. In a problem list submitted to the Aarhus University in 2006, Kontse-
vich formulated a question regarding the growth rate of multisums of quantum factorials; see[Ko]. In this
section we will show that our Conjecture 1 is a re nement of Kontsevich's question.

Lemma 7.1. Every special g-term is a geneal g-term.
Proof. We may write a special g-term t of (1) in the form:

W ,
tn (Q) = gR(mk) L) (Q)AJ,-(n;k):
i=1

where the linear forms A; and the signs ; = 1 are given by:
8
EBj if1 j J (
‘ —_— . 1 )
(82) A = D;j !fJ 1 j. 2] = 1 !fl i 2\.]
3G if2J+1 j 3J 1 if2+1 | 4

.Bj Cj if3J+1 j 4]

Sincewe are assumingthat for every xed n, t,x (g) = O for large enoughk, it follows that the support
of to (q) is of the form (n; k) wherek 2 nP \ Z' for a suitable rational corvex polytope P  R"*1.

7.2. From general gterms to Neumann-Zagier matrices. In this section we will connectthe Varia-
tional Equations (12) to Neumann-Zagiermatrices. The latter were introduced in [NZ] as a combinatorial
abstraction of the combinatorics of an ideal triangulation of a hyperbolic 3-manifold.

Givenamatrix r 2r A with integerertries, andavector 2 f 1;1g", considerthe systemofr polynomial

Y A . . .
(83) rALN () L i= 10

j=1
The above system of Equations are called Gluing Equations assaiated to the matrix A. In hyperbolic
geometry, the Gluing Equations arise in deformation of the hyperbolic structure of a spacegiven by the
gluing of r ideal tetrahedra of shapesz;;:::;z. In that case,the rows of the matrix A span an isotropic
subspacein R?", which in addition is middle-dimensional, i.e., Lagrangian, see[NZ, Prop.2.3]. Such matrices
are sometimescalled Neumann-Zagier matrices in the literature. For the purposesof our paper, we will
declarethat A is a Neumann-Zagier matrix then its rows span an isotropic subspacein R?".

Comparing the variational equations (12) assaiated to a general g-term t as in (2) with the gluing

equations (83) assaiated to a Neumann-Zagiermatrix we obsene that the only di erence is in the presence

(84) za, = ZM:

In other words, we have the following.
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Lemma 7.2. There exists a map:
(85) NZ : General gterms ! Neumann-Zagier matrices t 7! NZ;

that ts into a commutative diagram:

NZ

Genenl g-terms Neumann-Zagier matrices

Variational Equations Gluing Equations

Complex points of Varieties over Q

Remark 7.3. More precisely the commutativ e diagram above statesthat variety de ned by the Variational
Equations assaiated to t is birational over Q to the variety de ned by the Gluing equations of NZ;, via
explicit maps.

to t, together with the Equations (84) for the added variables.
With the notation of Equation (10), let us de ne the matricesM and N of size(r + 1) J matrices M
as follows:

(86) Mij = jvi(Aj); Mg = Vvi(A))

fori=0;:::;r,j = 1;:::;J. Let usnow de ne the matrix NZ; of size(r + 1+ J) (2r + 2+ 2J) asfollows:
— 2Q Or+yx3 Orsyxpr+y M

87 NZ; =

&7) ! NT 1y O3x(r+1) 03x3

where N T denotesthe transposeof N and the ordering of the columns of NZ; is given by
zi zpa;, 1 oz 1 zp,

It is easyto chedk that the Gluing Equations (83) of N Z; are identical to the Variational Equations (12)
union Equations (84) are identical to the Variational of t. Moreover, it is easyto ched that the rows of NZ;
is an isotropic subspaceof R?"*2+2 J

Remark 7.4. If M is a matrix of full rank, then NZ; is Lagrangian.

Remark 7.5. Sometimes,we can assa@iate Neumann-Zagier matrices of smaller sizeto a general g-term t.
0 .
For example,when Aj = Al" then we can useonly one added variable za; .

8. For completeness

8.1. Motiv ation for the special function and the potential function. Recallthe special function
given by Equation (37). The next lemma is our motivation for introducing . Kashaevinforms us that this
computation was well-known to Faddeev,and was a starting point in the theory of g-dilogarithm function;
see[FK].

Lemma 8.1. For every 2 (0;1) we have:

(] . ,
(88) 1 ey = gV (e ro(%T),
k=1



g-TERMS, SINGULARITIES AND THE EXTENDED BLOCH GROUP 23

Proof. The proof is similar to the proof of [GL2, Prop.8.2], and follows from applying the Euler-MacLauring
summation formula
1 N

log( (1 e'"))
k=1 k

logl e~ )

=1
Zl

N log(l € ™ )dx+ O 'OEI—N :
0

together with the fact that:
z 1 2
log(l1 € iaX)dx:i —  Lig(e? ")
o 8 27 & 2

Fix a special g-term tnx (q) where k

Lemma 8.1 implies the following.

Lemma 8.2. With the alove assumptions,we have:

(89) logtp; = eV Vit "+ o (%),
This motivates our de nition of the potential function.

8.2. Laplace's metho d for a g-term. There is an alternative way to derive the Variational Equations
(12) from a generalg-term t.

Sincetnk is g-hypergeometric,and k = (k1;:::;Kk), it follows that for every i = 0;:::;r we have
Ri(zo;::t12r;0) = i (9) 5 Q(zo0;::1;250)
trik 15 ik, (q)
wherez; = ¢ fori= 1;:::;r and zo = . It is easyto seethat the system of equations:
Ri(zo;z1;::0:2) = 1 i=0;:::;r:

is identical to the system (12) of variational equations. In discrete math, the above system is known as
Laplae's methad.

8.3. A comparison between the Blo ch group and its extended version. A comparisonbetweenthe
extended Bloch-Suslin complex and the Suslin complex is summarizedin the following diagram with short
exact rows and columns. The diagram is taken by combining [GZ, Sec.3]with [Ne, Thm.7.7], and using the
map ~ from [GZ, Eqn.3.11].

0 0 0
|

0 QzZ = c‘ — C=(Q1) — 0

0 B(C) — B(C) — C~C — K2(C) —— 0
‘ ‘ exp " exp ‘

0 B(C) — P(C) — c ~Cc — Ky(C) —— 0
| | |

0 0 0 0
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where

GN"G = G zG=a b+b a)
"2 = NE)
(z) = z~2i
( exphexp)@rh) = (&€ P”reP):

In addition, we have the following useful Corollary, from [GZ, 3.14].

Corollary 8.3. For z 2 C we have:
1 A iz —
Wﬁ( (€ ”)=z
The restriction
R:Ker(B(C)! B(C) ! C=z(2)

is 1-1.

9. Some questions

In this sectionwe will list someproblemsthat we hope to return in the near future.

The Bloch-Suslin complex (5) is just the tip of the mountain. Seeral authors have developed general-
izations of the complex (5) in relation to special valued of L-functions and motivic cohomology Seefor
example,[BD, Gol, Go2, Za]. For F = C, Suslin has computed in [Su3, Thm.4.9] that the torsion of K ,,(C)
is given by:

0 if n = even

TOTSiOﬂ(Kn(C)) = Q=Z if n = odd

Problem 9.1. Develop an extended version of the Bloch-Suslin complex for C whosekernel to the Bloch-
Suslin complex matchesthe torsion of K, (C).

Without doubt, an obstacleto de ning an extendedversionof the Bloch-Suslin complexesis to understand
a proper generalization of the Rogers dilogarithm. For example, the Rogers dilogarithm L(z) from (23)
satis es the following curious matrix relation:

'@ = B(z)
where
0 1 0 ,1
0 Log(l 2z) Liz(2) 1 Logl 2) L)+
A(z) = @ 0 Log(2)A ; B(z) = @ 1 Log(z) A:
0 0 0 0 0 1

The matrix A(z) generalizesto polylogarithms; see[BD].
Problem 9.2. Find a generalization of the Rogersdilogarithm and its functional equations.

Problem 9.3. Understand the Rogersdilogarithm and the 5-term relation from the Hodge theory point of
view.

In all known examplesof general g-terms t, the set of complex solutions X ; of the Variational Equations
(12) is nite.

Problem 9.4. Give su cien t conditions on a general g-termt which imply that X is nite and nonempty.
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