RESUR GENCE OF THE EULER-MA CLA URIN SUMMA TION FORMULA

OVIDIU COSTIN AND STAVROS GAR OUFALIDIS

Abstra ct. The Euler-MacLaurin summation formula compares the sum of a function over the lattice
points of an interval with its corresponding integral, plus a remainder term. The remainder term has an
asymptotic expansion, and for a typical analytic function, it is a divergent (Gevrey-1) series. Under some
decay assumptions of the function in a half-plane (resp. in the vertical strip containing the summation
interval), Hardy (resp. Abel-Plana) prove that the asymptotic expansion is a Borel summable series, and
give an exact Euler-MacLaurin  summation formula.

Using a mild resurgence hypothesis for the function to be summed, we give a Borel summable transseries
expression for the remainder term, as well as a Laplace integral formula, with an explicit integrand which
is a resurgent function itself. In particular, our summation formula allows for resurgent functions with
singularities in the vertical strip containing the summation interval.

Finally , we give two applications of our results. One concerns the construction of solutions of linear
di erence equations with a small parameter. And another concerns resurgence of 1-dimensional sums of
guantum factorials, that are asscciated to knotted 3-dimensional objects.
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2 OVIDIU COSTIN AND STAVR OS GAR OUF ALIDIS

1.1. The Euler-MacLaurin summation form ula. The Euler-MacLaurin summation formula relates
summation to integration in the following way (see[O, Sec.8)):

X k 21 1

1) f N - N f (s)ds+ é(f 1) f()) + R(f;N)
k=1 0

where the remainder R(f ; N) has an asymptotic expansion

2 R(f;N) R(f;N)

in the senseof Poincare, where

X B 1
. — 2n @n 1) n 1) 177
3) RN = oy 10 @ 19 00) 2 N
and B, are the Bernoulli numkbers de ned by the generating series
@ LIPS
e 1 n '

Typically, the formal power seriesR(f;N) is divergert and Gevrey-1, due to the fact that the n-th
derivative in (3) is not divided by an n!. In the presen paper, we discussan exact form of the Euler-
MacLaurin summation formula, under a resurgencehypothesis of the function f (x); seeProposition 1.2
below.

1.2. Tw o applications of our exact Euler-MacLaurin  summation form ula. Our exact form of the
Euler-MacLaurin summation formula has two applications: in Quantum Topology (where one sometimes
needsto apply the Euler-MacLaurin summation formula to a resurgent function that hassingularities in the
vertical strip which is perpendicular to the range of summation), and in Borel summability (with respect to
) of di erence equationswith a small -parameter. Let us discussthese applications.

Considera triple t = (a;b; ) wherea;b2 Z, b> 0, = 1 and the expression
X an(n+1) b n
(5) l(@= g 7 (dn
n=0

where (q), is the quantum factorial de ned by:

Y
(6) @n= @ d) (Po=1

k=1
Although [(g) doesnot makessensewhen q is inside or outside the unit disk, it does makessensewhen
(@) qis a complexroot of unity; in that casel(q) 2 C.
(b) g= e'™; in that casel(q) 2 Q[[1=X]].
Givent asabove, considerthe power series:

* 2
1+ le(em)p"
n=0

(8) LT (P) B(l:(e™))

where B is the Borel transform de ned below in De nition 1.1. Our preser results, together with [CG3]
and additional argumerts, imply the following theorem, which will be preseried in detail in a forthcoming
publication [CGZ2].

@) L¥ (p)

Theorem 1. [CG2] For all t as atove, the power series LN (p) and L{ (p) are resuigent functions.
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In particular, it follows that the generating seriesL N? (p) of the Kashaev invariants of the two simplest
knots, the 3; and 4, (correspondingto t = (0;1;1) andt = ( 1;2; 1)) areresurgen functions.

Another application of our exact Euler-MacLaurin formula is to prove parametric resurgence(i.e., resur-
gencewith respectto ) of a formal (WKB) solution to a linear di erence equation with a small parameter:

(9) y(x+ 5 ) =alx )y(x )
The formal solution of (9) is of the form: |
1R .
(10) yix; )=exp - Fu(x) "
k=0
Under suitable hypothesison a(x; ), Theorem 6 below provesresurgenceof the above seriesfor x xed, and
constructs an actual solution to (9) which is asymptotic to the formal solution (10).

1.3. Known forms of the Euler-MacLaurin  summation form ula. Before we state our results, let us
recall what is already known. Supposethat f satis es the following assumption:

f is analytic and satis es the following bound:
(11) f(x) = O(xj °)
for some0O< < 1lands> 0, uniformly in the right-half plane <(x)

For such functions f , Hardy proved in [Ha, Sec.13.15that R(f;N) is Borel summable and that the Borel
sum agreeswith the original sum. In other words, the Borel tranform of R(f;N) can be extendedto the ray
[0:1), it is integrable of at most exponertial growth, and replacing R(f;N) with the corresponding Borel
sum replacesthe asymptotic relation (2) with an exact identity.
In a dierent direction, supposethat
f is continuousin the vertical strip 0 <(x) 1, holomorphic in its interior, and f (x) = o(e? 1= i)
asj=(x)j! 1 in the strip, uniformly with respectto <(x).
Then, the Abel-Plana formula statesthat (see[O, Sec.8.3]):
Z, 1 Z,

L B R A A A 2
=N fudur 3(F(@Q) f(0)+i N N N N
0

2y 1 dy:

Xk
(12) f N
k=1
1.4. What is a resurgent function? The notion of a resurgert function was introduced and studied by
Ecalle; see[Ec1]. For our purposes,a resurgert function is one that admits endless analytic continuation
(expect at a countable set of non-accurulating singular points) in the complex plane, and is expnentially

bounded, that is, satis es an estimate:
(13) if (2)j < ce¥d

for large z. Examples of resurgert functions are meromorphic functions, algebraic functions, or Borel trans-
forms of solutions of genericdi eren tial equationswith analytic coe cien ts. The nth coe cien t of the Taylor
seriesof a resurgert function around a regular point has a manifest asymptotic expansionwith respect to
1=n that include small exponertial corrections; seefor example [CG1, Sec.7]. This property of resurgen
functions is key in applications to quantum topology, where a main problem is to show the existence of
asymptotic expansions. For example, an asymptotic expansionof the coe cien ts of the power series(3) is
almost trivial (for a xed function f). On the other hand, the existenceof asymptotic expansion for the
coe cien ts of I3, (€"%) = l.1.1y(€¥*) and I4,(e¥™) = I( 1. 1(€¥*) (or more generally, F(e'™)) is a
highly non-trivial fact that follows from the resurgenceof the Borel transform of Fop.c (e7*); see[CG2].

For an introduction to resurgent functions and their properties, we refer the readerto the survey articles
[CNP1, CNP2, D, DP, Ma, Sa] and for a thorough study, the reader may consult Ecalle's original work
[Ecl, Ec2]. Let us point out, however, that our main results (Theorems 2 and 4 below) do not require any
substartial knowledge of resurgence.
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1.5. Statemen t of the results. Let usrecall a useful de nition.

Denition 1.1. The (formal) Borel transform of a formal power seriesin 1=N is a formal power seriesin p
de ned by:

X
(14) BICIN I ! CIPl B aarmr =

n=0 n=0
Let G¢ (p) denotethe Borel transform of the power seriesR(f ;N ).

Theorem 2. If f (x) is resumgentand f {x) is continuous at x = 0; 1 then G¢ (p) is given by:

_ 1 1 0 p 0 p o _P 0 Y
(15) Gf(p)_ﬁnzlﬁf Yom " owm Tawm U 7w
In particular, Gt (p) is resumgent with singularities given by
(16) N=f2inl;2in(! 1)jn22Z ;! = singularity of f %:

Let us considera function f (x) that satis es the following:

(A1) f is resurgent with no singularities in the vertical strip 0 <(x) 1, and f (u) = o(e? ¥ (W) as
j=(j! 1 in the strip, uniformly with respectto <(u).

Then, we have the following exact form of the Euler-MacLaurin summation formula.

Prop osition 1.2. Under the hypothesis (A1), for every N 2 N we have:
X k Z, 1 Z,
a7) f — =N f(s)ds+ =(f (1) f(0) + e NPG; (p)dp:
k=1 N 0 2 0
In particular, the left-hand side of the above equation is the evaluation at N of an analytic function in the
right hand plane.

Our proof of Proposition 1.2 allows to generalizeto the casethat f is resurgent with singularities in the
vertical strip 0 <(x) 1;seeTheorem4in Section3.2. In that case,every singularity off in the vertical
strip givesrise to exponertially small corrections, and the right hand side of Equation (17) is replacedby a
transseries

Finally, let us give an integral formula for G (p) which is useful in studying the behavior of G (p) for
large p.

Theorem 3. With the assurEptionsof Theorem 2 we have:
1 1 u f(s
18  Gi(p) = ©

2 i)3 , el 1 s?
where ¢ is a small circle around O oriented counterclockwise.

pu

(e%+e 2is) f(l+S)

(1+9)?

(e77G % + e 10 ) dsdu

0

Let us end the introduction with someremarks.

Remark 1.3. Theorem 2, and especially Theorem 4 below provide a new construction of resurgert functions.
Best known resurgert functions are those that satisfy a di erence or di erential equation, linear or not; see
for example [Br, BrK, C1] and [Ec2].

On the other hand, due to the position and shape of their singularities, the resurgert functions G; (p) of
Theorem 2 do not seemto satisfy any di erential equationswith polynomial coe cien ts.

For example, considerthe function f (x) = (x !) ™ where! 620; 1] which satis es the linear di eren tial
equation with polynomial coe cien ts:

(x 1Y% mf(x)=0:
f isresurgen, with only onesingularity at x = ! . The corresponding resurgert function G¢ (p) of Theorem 2

Gs (p) hasin nitely many singularitiesontherays2 i' R*,2 it R ,2 i(! 1R*,2 i(! 1R . It seems
unlikely that G; (p) satis es a linear (or a nonlinear) di erential equation with polynomial coe cien ts.
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Remark 1.4. Let us point out that Theorem 2 implies that the shape of the singularities of G; (p) is the
sameasthat of f x). For example, if f qx) is simply rami ed, then sois G¢ (p). We recall that a resurgert
function h(x) is simply rami ed if, locally, at ead singularity ! of h(x) we have:

(19) h(x) = P XL, +2—1ilog(x Dr(x 1)+s(x 1)

where s;r are convergert germs,and P is a polynomial.

1.6. Acknowledgemen t. An early version of this paper was preseried by the secondauthor at talks in
Columbia University, Universite Paris VII and Orsay in the spring and fall of 2006. The authors wish
to thank J. Ecalle for encouraging corversations. The secondauthor wishesto thank G. Masbaum, W.
Neumann, D. Thurston for their hospitality.

2. Proof of Theorem 2

2.1. Computation of the Borel transform Gy (p). Let ~ denotethe Hadamard product of power series:
I I
R ' R ' X
(20) bhp" ~ Gp" = bhep™
n=0 n=0 n=0

It is classical,and easyto ched, that the Hadamard product A ~ B of two functions A(p) and B (p) analytic
at p= Ois alsogiven by an integral formula:

1 Z
(21) (A-BXP= 5 ASB ° ds;

where is a suitable cortour around the origin. For a detailed explanation of the above formula, see[Ju,
p.302] and also [Bo, p.245].

Let Gt (p) denote the formal Borel transform of the power seriesin (2). SinceB, = 0 for odd m > 1, we
have:

B
Gi (p) ey [P 1O NO)
n=1
X BZn p2n 2
— f 2n 1) (1) f 2n 1) (0)
n=1 (2n)! 2n 2)!
= * B_m f (m 1)(1) f(m 1)(0) p" 2
- m! (m 2)!
= 1 1
= x B_mpm 2. ~ x f(m 1)(1) f(m 1)(0) p" 2
m! (m 2)!
m=2 m=2
= q(p) ~ %(p)
where
X B 1 1 1 1
— Smm2_+ X+ L. -
(22) o) = N P=S ot ot
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and
(m 1) (m 1) pm 2
(23) O )
m= !
d X pm 1
= — (m 1) (m 1)
b f @ f 0) m D

m=2

= OI%(f(“p) fp fQ+fO)=1fA1+p fYp:

Considerpositive numbersro and sud that gi(p) is analytic for jpj < ro (eg,ro < 2 ) and gz(p) is analytic
for jpj < {the latter is possibleby Equation (23) and our assumptionson f .
Now, Equation (21) implies that

1 z p ds
(24) Gt (p) = > 01(8) % s s

for all p with jpj < r, where is a circle around O with radius r < ry.
With our assumptions,when jpj < r, the function s 7! g(p=9 has no singularities outside of . Thus,
outside of , the singularities of g;(s)g2(p=9=s are simple polesat the points 2 in forn 2 Z , with residues

Pl _,. - o= o P 1

Res 01(8)a. S S,s- 2 in = Reqgi(s);s=2in) g > 7
- 1 p
- 222® 2n

Moreover, gi(s) = O(1=s) when the distance of s from 2 iZ is greater than 0:1 and g,(p=9 = O(1) for s
large, thus the integrand vanishesat in nit .

We now enlargethe circle and collect the corresponding residuesby Cauchy's theorem. Using the above
calculation of the residueand Equation (23), it follows that

_ 1% p p
G = 77 @ egn te 7
n=1
1 1 p p p p
= — — 91+ = +f01 |  R—_—
4 2n:1 n2 2 in 2 in 2 in 2 in

Sincef {x) is regular at x = 0; 1, it follows that the above seriesis corvergert for p2 C N, whereN is
de ned in (16). In addition, we concludethat G; (p) has endlessanalytic continuation with singularities in
N.

It remainsto provethat Gs (p) is exponertially bounded,assumingthat f is. If f is exponertially bounded,
Cauchy's formula implies that f %is exponertially bounded. Then, we have:

014+ P P a 1]
f° 1+ > Cexp al+ > in Ce%exp a2
Thus,
. . C(er+ 1) i ®* 1 ce+1) ipj
1Gt (P)] —%7 exp a2— . 2T 1 exp a2—

This completesthe proof of Theorem 2.
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3. An exact form of Euler-Ma cla urin summaion formula

3.1. Pro of of Prop osition 1.2. Proposition 1.2 follows easily from the Abel-Plana formula; seeAppendix
A. Howevwer, we give a proof of Proposition 1.2 that allows usto generalizeto Theorem 4 below.
Consider a resurgert function f that satis es the assumptions(Al), and let us introduce the function

N eiNu_i_e iN u
h(u) = S (U) o

and the contour . which is a rectangle oriented counterclockwise with vertices iR;1 iR;1+ iR;IR
that excludesthe points 0, 1 together with small semicirclesof radius at the points 0 and 1.

e iNu

-iR

Figure 1. The contoursCy; Cs; C3; C4 of the critical strip, and a truncated contour g

Due to our assumptionson f , the singularities of h(u) inside . are simple polesat k=N with residue
f(k=N)=(2 i) fork = 1;:::;N 1. The residuetheorem implies that

z | |

X0 k N eiNu4 g iNu
(25) PNy 72 fTWewe o=
k=1 R;

du:

Let ‘,;; (resp. k. ) denotethe upper (resp. lower) part of the contour . Sincef (x) has no singularities

in <(u) 2 [0; 1], the residuetheorem implies that
Z, N z N z
(26) N f (u)du = > f (u)du > f (u)du:
0 R; R;

Adding up Equations (25), (26) and using

lz+2z 1+} B 1
2z z! 2 1 z2
1z+z %t 1 _ 1
2z z1! 2 22 1
we obtain that
Xtk 21 z f (u) z f (u)
(27) f N N . f(uydu= N . mdu+ N Wdu
k=1 R; R;

Now let R! 1 . Due to assumption (Al), the integrals over the horizontal parts of . approach zero.
Next, let ! 0. Sincef is continuous, the integral around the quarter circle that links to i tendsto
f (0)=4. The other quarter circles are treated similarly.
Thus, we have:
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Z,

k _ 1
I(:lf N N Ozf(u)du— 2(f (1) fZ(O)) ) )
fw @, fw O, Fw @, f(u) f(0)
Czl e 2iNu C41 e 2iNu c, e iNu 1 CseZiNu 1

Consider now the corresponding function Gs (p) from Theorem 2. We have:
Gt (p) = G1(p) + G2(p) + Gz(p) + Ga(p)

where
_ 1% 0 p
Gup) = 27 f It
n=1
_ 1 1. p
Gp) = 77 @l o
n=1
_ 1 X o P
Gl = 77w om
n=1
_ 1 1., p .
G = 7z _w ogwm
n=1

Consider the contours Cy; Cy; C3; C4 on the boundary of our strip, as shown in Figure 1.
We claim that the Laplace transform of the G; (p) forj = 1;:::; 4 is given by:

z
f(u fQ@Q .
N - Wdu forj =1
Z, N %du forj =3
(28) e VPG (p) = % 1
0 N L.()du forj =2
7C; 1 e 2iNu
f(u fO L -4
J

Let us show this for j = 3; the other integrals are treated in the sameway. We compute as follows:

Z, Z, X
1 1 p . . .
e "PG3(p)= - e NP=f0 = dp by interchanging sum and integral
0 4 2 el n 21in
Z 2 iN nu
-t S fqu)du byp= 2 inu
21 Ci el n
= 2_1| . log(1 e 2 NUY)f Yu)du by (29)
Z 3
_ f(u f(0) . .
=N o @ N1 du by integration by parts
where
X e 2 iN nu .
(29) — = logd e 2N
n=1

This concludesthe proof of Proposition 1.2 in casef satis es (Al).

du:
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Let us end this section with a remark.

Remark 3.1. If f (x) = €, onemay verify Equation (15) directly by using the Mittag-Le er decomposition
of the function x=(e* 1).

3.2. Euler-MacLaurin ~ summation for functions with singularities in the vertical strip. In this
section we considera function f that satis es the following assumptions:
(A2) f isresurgen, andlet denoteits setof singularities on the critical strip 0 <(x) 1. We assume
that 62[0;1]forall 2 , andf(u) = o€ = Wi) asj=(u)j! 1 in the strip, uniformly with
respectto <(u). We alsoassumethat on avertical ray +iR*, wehavef (u)e 2 (W) 2 L1( +iR").

(A3) For every 2 there exist a holomorphic germh (u) and real numbers ; sothat for u near0O
we have:
(30) f(u+ )Y=u (logu) h (u):
(A4) For simplicity, let us alsoassumethat <( )6 <( 9 for 6 O andthat isa nite set.
Let z,
(31) (LG)(x) = . © P G(p)dp

denote the Laplae transform of G(p). We denote by f (u) the variation (or jump) of the multivalued
function f (u+ ) at u; whereu lies the vertical ray starting at 0 (seefor example,[Ma]). We alsode ne:

_ 1 ip
(32) Gt:im (P) = Iﬁf >m

In casef (u+ ) is single-valued then G¢..,» (p) is a distribution supported at p= 0.
Then, we have the following exact form of the Euler-MacLaurin summation formula.

Theorem 4. (a) If f satises (A1-A4) and > 1forall 2 , thenfor every N 2 N we have:
X k 21 1

(33) f N - N f (s)ds+ z(f (1) f(0) + (LG)(N)
k=1 0
_ X X _
+ Ne# N e 'm (LGt::m )N)
=( )>Om=O
. X R .
+ Ne 2N e 2 'mN (LGt;:m )(N)
= ( )<Om=O

(b) If some 1, Equation (33) is true after integration by parts M -times whereM  max . 1l ].

Proof. Without loss of generality, let us assumethat f has a single singularity in the vertical strip O
<(x) 1with=()>0.
Usethe modi ed contour . . in Figure 2.
Let Hr denotethe portion of r. . that consistsof the truncated Hankel contour around , and Sg. =
R Hgr. Equations (25) and (26) become:

z . . z . .
N eiNug g iNu xn Kk N eiNug g iNu
(34) > fWewme e wdur T g 75 g we
Hr k=1 Sk

and

N 2 Z, N 2 N 2
(35) — f(udu N f(uWdu= — f(wdu — f (u)du:

2 g 0 2 S 2 s

R;

Adding up, the extra contribution from Hr becomes:
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iR

-iR

Figure 2. The modied truncated contour . : on the left and a Hankel contour H on the right.

z

(36) N L CV

HRl eZINU

Now let R! 1 . Notice that f (u+ ) isuniformly L! for u nearQi > 1for all . Using this and our
integrability assumption (A2), it follows that in the limit the above integral equalsto

Z
f
o= N W,
1 eZlNu
2y f (is)
= N| st:
o 1 e
Now, = 1+i with 5> 0, and we may write
1 _ 1
1 e2iN(+is) ~ 1 | NgNs
- |Ne2Ns !Nme 2N ms

where! = € ! satisesj!j< 1. Thus,

R
I = NtN INMOLG .y )N

m=0

Part (a) of Theorem 4 follows. Part (b) follows from the fact that if f (u+ ) hasa local expansionof the
form (30), and F () (u) = f (u), then F(u+ ) asa local expansionof the form:

(37) F(u+ )=u *S(logu) H (u)
for a holomorphic germH (u). Cf. also[C1, Thm.1].

3.3. Euler-MacLaurin  with logarithmic singularities at x = 0. In this section we consider functions
f (x) that have a logarithmic singularity at x = 0. Motivated by our applications to quantum topology, we
considerfunctions f of the form:

(38) f (x) = clogx + g(x)

where g that satis es (A1), and c2 C. Let usde ne
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_1 _p P
(39) H(p)—p2 5 1 1+2

It is easyto seethat H(p) is analytic at p= 0. In fact, the Taylor seriesof H at p= 0 is given by:

(40)

Theorem 5. Under the alove hypothesis, for every N 2 N we have:

X k Z1 c c 1

(41) f N =N f (s)ds+ > logN + éIog(2 )+ z(g(l) g(0)) + L(Gg + cH)(N):
k=1 0

Proof. Sincef is given by (38), we have:

Xk Nt X
f N - clog — + g
k=1 k=1

=~

N

Recall now from [Ha, Sec.13.15}he following exact form of Stirling's formula:

! 1 1
(42) log NN = zIogN N + EIog(2 )+ (LH)(N):
Applying Proposition 1.2to g gives:
Xk Z1 1
g ¢ TN ge)dst 501 9]+ (LN):
k=1

Adding up, and using
z 1 z 1 z 1 z 1
N f(s)ds= N g(s)ds+ Nc logsds= N g(s)ds Nc
0 0 0 0

we obtain (41). The result follows.

4. Parametric resur gence of difference equations with a parameter

Considerthe rst order linear di erence equation with a small parameter :

(43) y(x+ 5 ) =alx )y(x )

where a(x; ) is smooth. (43) hasa unique formal solution (often called a WKB solution) of the form:

P 1
(44) y(x; )= e k= Fel

11

whereF; (0) = 0. Seefor example,[CC] and [GG]. For simplicity, supposethat a(x; ) = a(x) is independert
of . Under the stated assumptions,the next theorem givesan exact solution to (43) which is asymptotic to

the formal solution (44).

Theorem 6. (a) For all x such that s! loga(sx) satis es (Al) we have:
1R .1 Z x 1 1 21
(45) - Fr(x) - loga(q)dg Eloga(x) + EIoga(O) + e ¥ G(qg;x)dq
k=0 0 0
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where
!

@) o= L L Extalw @x g Ly L

= L ' u Ioga(s) (ezpuis + e 5 ) M(ez i?:+ S + e 2 i’(J:+s)) dsdu:

(2 )2 o , e 1 s2 (x + )2 '
where ¢ is a small circle around O oriented counterclockwise.
(b) Moreover, (43) has a solution y(x; ) of the form:
s
4 4
N 1()) 1 L A

(47) y(x; ) = a) P - . loga(g)dq + . e T G(g;x)dg

Remark 4.1. It followsthat the singularities of G(q; x) areofthe form 2 in or2 in( x) wheren2 Z and

is a singularity of loga. Thesetype of singularities appear in parametric (i.e., co-equational) resurgence
of Ecalle; see[Ec2].

The proof of Theorem 6 indicates the closerelation betweenthe Euler-MacLaurin summation formula
and the formal solutions of a linear di erence equation with a parameter.

From that point of view, resurgenceof Gs (p) translates to parametric resurgenceof formal solutions of
linear di erence equations. In the caseof formal solutions of linear di eren tial equationswith a parameter,
Ecalle shows that their singularities are of the form n( ; x) forn=1;1;2;3;:::; see[Ec2, Eqn.(6.9)].

Proof. (a) Let z(x; ) = logy(x; ). Taking the logarithm of (43), it follows that
z(k + ; )=loga(k )+ z(k; ):
Summing up for k = 0;:::;N 1 and using the variable
(48) X =N
we obtain that:
1

loga(k )
k=0

z(x; ) z(0; )

X

loga(x) + loga(0) + loga(xk=N):
k=1

Let us x x and apply Proposition 1.2to the function s! loga(sx). We obtain that

z 1 1 1 z 1
z(x; ) z(0;) = N loga(xs)ds = loga(x)+ - loga(0) + e NPH (p;x)dp
20 2 2 7 0
X
= 1 loga(s)ds }Ioga(x) + }Ioga(O) + e = H(p;x)dp
z 2 2 z
X 1

1 1 1 - q dq
z z z q d.
. loga(s)ds > loga(x) + > loga(0) + , e ©H vt X "

where by Theorems2 and 3 we have:

X 0 p 0 P 0 p 0 p
H(p'x) - X i a x 1+ 2 in + a x 1 2 in a X2 in a X2 in
! 2 2 p p q p
4 Zn:lZn ax 1+ 2 in axl 2 in a X2 in a X2 in
1 ! u loga(sx) , ou loga((1 + s)x)

pu pu
(ez i+ s) + @ 2i@r s)) dsdu:

(ezis + e 2is)

2 i) o e 1 s2 1+ s)?
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SinceH (g=x; x)=x = G(q; x) (where G(q; x) is givenby (46)) and z(0; ) = O, it followsthat for all > 0and
k 2 Z we have:

(49) z(k + ; )=loga(k )+ z(k; ):
To prove (b), let us considerthe di erence
E(x; )= (logy(x+ ;) loga(x) logy(x; )):
It follows by de nition that E(x; ) is analytic in (x; ). Thus,
R -
E(x; )= G x' 1
i;j =0
Moreover, (49) implies that for all > 0 and all k 2 Z we have:
R o
0=F(k; )= g k' "Mt
i;j =0

Thusc; = Oforalli;j and E(x; ) = 0. This completesthe proof of (b).
The de nition of y(x; ) by a Laplace integral and Watson's lemma (see[O, Sec.4.3.1])implies that

s
yi ) 2T 0k
k=0

for analytic functions (x) that satisfy (0) = 0. Sincea formal WKB solution given by (44) is unique, it
follows that Fy(x) = ((x) for all k. Thus, (a) follows.

Remark 4.2. Theorem 6 can be generalizedwhen

b3
a( )= a(x)
k=0
is analytic with respectto (x; ), and the coe cien ts ax(x) areresurgert functions. It may alsobe generalized
to the caseof higher order linear di erence equationswith a parameter. This will be explained elsewhere.

Remark 4.3. The reader may compare Theorem 6 with the results of the last section of [Sa].

5. An integral formula for Gt (p)

In this sectionwe give a proof of Theorem 3. We follow the ideasof [C2] to convert the sum of Equation

(15) into an integral. Let us show that
R if 0 P = i £t 7Uf (s) ezpuls dsdu
210 g , S2(ev 1)

(50) n2 2 in

n=1
and similarly for the sum of the other three terms in (15).
To prove Equation (50), we rst expandf ®at p = 0, then take a Laplace transform with respect to the
summation variable n, interchangethe order of summation and sum the geometric series. We obtain that:

ifo p _ xR £+ (0) p i1
e Nz 2in ne1 j=0 j! 21 ni*2
: . Z
_ (00O T g,

i DR

7 ) )
RO 00 ©Op a1
o o JG+D2DT e 1
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Using Cauchy's formula ~
f0D @0 1 f(s)
G+1) 20 ,9%
and interchanging summation and integration it follows that:

X1, p LR P17 fgp un

ds

dsd
7dsdu

., n% 2in 20,4 0 LiFP@Ie
z :
1 X
= i ﬂ 1 ﬂ stdu
210 o , S2(ev 1)j:01. 2 is
z 1
= ! 7Uf (S ez & dsdu:

27 o ,S(e" 1)
The interchangesof summation and integration are justied by dominated corvergence.This concludesthe
proof of (50) and Theorem 3.
Appendix A

For completeness)et us shav how the Abel-Plana formula implies Proposition 1.2. With the notation as
in Proposition 1.2, we claim that for every N 2 N we have:

L1+ f@ o 1 R 1%t p
(51) |O 2y 1 =12 FOeflmdp
n=1
Z, i Z,
A A Y ! 1 Nps 0 p
2 s T ey 1 ar _w, T M ®
n=1
z : z
(53) I SO T P S
0 ey 1 42n:1n20 2 in
. f ¥ f0 _ 1 17% Npo P
&4 s ey 1 oz wm,® zm ®

Adding up, and using the Abel-Plana formula (12), givesa proof of Proposition 1.2. Let us give the proof
of (51) and leave the rest as an exercise.For y > 0, we havee 2 Y < 1 and the geometric seriesgives:

(55) _1 N e 2.
ey 1 '
n=1
Interchanging summation and integration, changing variables2 ny = N p and integrating by parts (justi ed

by the hypothesis(Al1)), we obtain that

Z, i Z .
sk of 0 XS iy
i . 2y 1 = |n:1 . e f 1+ﬁ f(1) dy
y4
iN X 1710 p
= - = p L
5 n e f 1 > f(1) dp
. )(_ Zl
-+~ 1 N pyO P
= 5 o (e "M f 1 5 f(1) dp
Z,
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