Math. 2403, Practice Test1l, Solutions

1. (a) Solve the initial value problem

dx 2
& a1 =3

This is a separable equation. Therefore

/(333 +1)de = /2dt

R

and so

which gives
—1+£+/14+6(2t+c¢)
x = .

3

Since we must have z(0) = 3 and this leads to

_ —1E£V1+6¢
=—

3

which is equivalent to

10 = £v1 4 6e¢.

Therefore only the + solution makes sense and then ¢ = 33/2. So finally

,_ ~Ll+ VI2E+ 100
_ . ,

b) Draw the associated slope field.
(c) Draw the phase portrait.

2. Solve the initial value problem

d 2
d—j - TCE =t*cost, x(m)=1.

This is a linear first order equation. We calculate the integrating factor

_ 24 —21n 1
pt) =e Jrar— ¢ 21t:t—2.

Therefore, multiplying both sides by p(¢) and then integrating, we get

1_ di — si
x-t—z— costdt =sint + ¢



and so

Now

Therefore
x = t3(sint + i)
w2’

3. A falling object is subjected to air resistance that is proportional to the velocity of the
object. Suppose that the proportionality constant is equal to £ > 0, the object has mass
m, and the acceleration due to gravity is equal to g.

(a) Derive an equation governing the velocity v of the object.

Let F, denote the force acting on the object that is due to gravity and let F). denote the
force due to air resistance. Denote by v(t) the velocity of the object at time . We know
that I, = kv. Then from Newton’s Law

d
m - acceleration = md—:: =F,—F.=mg—kv
which gives
at " m° Y

(b) Solve the differential equation and determine the limiting (or terminal) velocity of the
object.

The integrating factor is

Therefore we obtain

vemt = /e%tgdt = %e%t +c

and finally
v(t) = 9 4 cemwt.
k
To find the limiting velocity of the object we have to find the limit of v(t) as t — +oc.
But m
lim v(t) = lim (_g +ce m
t——+4o0 t——4o0

4. Find the general solution of the system

dx (-2 1
a1 —2)F



Draw a phase portrait for the system. The origin is a critical point. Describe its type and
stability.

The characteristic equation is
det(A—X)=(—2-XN)? —-1=X+1(A+3)=0

which gives the two eigenvalues \; = —1, Ay = —3. The corresponding eigenvectors are

e[ (7]

Therefore the general solution is
-1
+ e3¢ .

The origin is asymptotically stable. It is an improper node (nodal sink).

!

x(t) = cre”

5. Solve the initial value problem
20" — Ty +3y=0, y(0)=1, y'(0)=-2.

Describe the behavior of the solution for increasing t.

The characteristic equation is 2r? — 7r +3 = 0 which has roots r; = 1/2, 7y = 3. Therefore

the general solution is .
y(t) = cre? + cpe’t.

Solving for ¢; and co we get ¢; = 2,c5 = —1 and so the solution is
y(t) = 27 — 3t

The solution y — —o0 as t — oo.



