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Abstract

In this paper we study fully nonlinear obstacle type problems in Hilbert spaces.
We introduce the notion of Q-elliptic equation and prove existence, unigueness,and
regularity of viscosity solutions of Q-elliptic obstacle problems. In particular we show
that solutions of concave problemswith semicorvex obstaclesare in the spaceW 5™ .
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1 Intro duction

Givenan elasticmenbrane u attachedto a xed boundary @, a classicalproblemin math-
ematical physics asksfor the equilibrium position of the membrane when it is constrained
to lie above a given obstacle' . Mathematically this problem can be formulated as follows.
Given a domain D, a function g: @ ! R (the deformation of the xed boundary) and
' :D ! R (the obstacle), minimize

Z
(1.1) jir v(x)j’dx : v2 HYD); v=gon@ andv

D

This mathematical setup also models a number of others problemsin potertial theory, -
nancial mathematics, etc.. Becauseof the variational characterization of the problem, it is
fairly simpleto show existenceand uniquenessf a minimizer u for (IL.1). Furthermore, since
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upward perturbations are allowed, one concludes u 0in D. As socon asthe menbrane
leavesthe obstacle,i.e., in the setl := fu> ' g, u is harmonic. That is becausen |, local
downward perturbations can also be performed, without breaking the constrairt of being
above ' . Notice that, u jumps from negative valuesto zerothrough @u > ' g, the free
boundary of the problem. Thus, the optimal regularity one should hope for u is C*1. Frehse
in [15] shaved, for the rst time, that indeed,if ' is of classCt?, then u 2 C%1. Alternative
proofs of this fact were provided in [4] and [7]. Boundary regularity was establishedin [2]].
Regularity properties of the free boundary @u > ' g were studied in a fundamenal paper
of Luis Ca arelli [5] (seealso|6, 34]).

In this paper we will investigate a classof nonlinear obstacle problemsin an in nite
dimensionalHilb ert spacewhich may not be of variational type (seeProblemZ2ZHZ3). Sud
nonlinear obstacleproblems(or variational inequalities) of elliptic and parabolic typeshave
been studied extensiwely in nite dimensional spaces(see [2, 13, 14, 20, 23, 26, 28, 137,
37] and the referencegherein) and C*? regularity results have beenobtained [23, [Z€, 2]
In particular the modern theory of viscosity solutions [9, [14] can be directly applied to
degenerateobstacleproblems|[20].

The interestin nonlinear obstacleproblemscomesmostly from stochastic optimal cortrol
and mathematical nance, in particular from the theory of option pricing. For obstacle
problemswith gradiert constrairts related to singular stochastic cortrol we refer the reader
to [14). Contrary to the nite dimensionalcase there arevery fewworkson obstacleproblems
in in nite dimensionalspaces.Papers[35, [1g] dealwith sud problemsand results of [25, 3(]
are applicable to our nonlinear Obstacle Problem [ZZ{Z3 Our goal is to study existence,
uniquenessand regularity of viscosity solutionsof it to obtain results comparableto thosein
nite dimensions.Evenin Euclidian spacespptimal regularity for solutionsto obstacle-ype
problemsis still a major line of investigation, see,for instance, [T, 8, 25, 33).

The paper is organizedas follows. In Section 2 we introduce the main de nitions, as
well as the Q-elliptic obstacle problem we are concernedwith. An asymptotic exampleis
explored in Section 3. Existence, uniquenessand Lipschitz cortinuity of the solution, u,
of the obstacleproblem in in nite dimensionalspacesare proved in Section4. In the last
section,we establishunder someconditionsthe Wé;l regularity of u, which isa correspnding
optimal regularity result for in nite dimensionalspaces.

2 The setup of the problem

Throughout this paper, H will be a real separableHilbert spacewith norm j j and inner
product h; i, and Q will be a nontrivial, bounded, nonnegatiwe, self-adjoirt operator in H
of trace class. Let e;; e; be an orthonormal basisof H composedof eigervectors of Q
andlet 1; 2 denotethe correspnding eigervalues. Then

b3
(2.1) 0< Tr(Q) = i< +1:

i=1

The next de nition plays an important role in our investigation.
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De nition  2.1. Let S(H) denote the spaceof all bounded self-adjoirt operators in H
equipped with the operator norm. A cortinuous function F: S(H) ! R will be called
\ Q-elliptic" if there exist 0 < sud that

(2.2) Tr(QY) F(X+Y) F(X) Tr(QY);
forall X;Y 2 S(H); Y O.

It is worth pointing out that Q doesnot have to be positive, thereforeF might be totally
degeneraten many directions.

Let' : H! R beboundedfrom above, locally uniformly cortinuous function. To avoid
trivialities, we will assumethat

sup' >0 and lim sup' (x) < O:
H ixji1

Theseare standing assumptionswhich will not be repeatedthroughout the paper.
Our obstacleproblem hasthe following form.

Problem 2.2 (Obstacle Problem). Find afunctionu: H ! R satisfying
l1.u ' inH.
2. F(D?u) O0OinH.
3. F(D%u) = 0infu>"g.

4. lim u(x) = 0:
jxjl1

The statemerts in items 2 and 3 have to be understaod in the viscosity senseand then
the above problem can be rewritten asfollows.

Problem 2.3. Find afunction u: H! R which is a viscosily solution of the PDE

(2.3) min F(D?u);u ' =0 inH
sud that
(2.4) lim u(x) = 0:

jxji1

For completenessve provide the de nition of viscosily solution at the end of this section.

The above equationis not \prop er" in the languageof [9] in the sensdhat F is not strictly
increasingin the u-variable. This howewer will not causetoo many di culties. Instead we
requirethe \ Q-ellipticit y" of F which is a kind of in nite dimensionaluniform ellipticity. As
we shall see,it will be enoughto guarartee existenceof solutions and their good regularity
properties. Howeer, evenif Q > 0, the equationis still slightly degenerate.lt hasbeenwell
understaod in the theory of secondorder partial di erential equationsin Hilbert spaceghat
for elliptic and parabolic equationswith purely secondorder terms a degeneracycondition
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must be imposedto make the equation well posed (see[11] and the referencestherein).
We also discussthis phenomenonbrie y for obstacle problemsin the next section. The
\ Q-ellipticity" condition which we introduced here seemsto be the best possiblefor fully
nonlinear equations.

We prove in Sectiond that, whenF is concave and the obstaclefunction ' is semicowex,
viscosily solutionsof ProblemZ3 arein the spaceWé;1 (H). The proof usesa strategy which
is rather well known for Bellman equationsin nite dimensionalspacedZ23, (24, 28, [14]. First
oneestablisheghe semicowexity of a solution and then usesnondegeneracyf the equation
to estimate secondorder derivatives \from above" or equivalertly to prove that solutions
are also semiconcge. The semicowexity is typically proved by stochastic argumeris (see
[23, 14] for Bellman equationsand [Z23] for obstacle problems). In the degenerateelliptic
caseit requiresthat the zeroth order coe cien ts be large. Similar technique was employed
for Bellman equationsin Hilbert spacesn [3(] to shov semicowexity and somepartial C1*
regularity of solutions. An analytic proof of semicowexity usingviscosity solution techniques
appearedin [I9. Our proof is in the spirit of the viscosily solution approad. We refer the
readersto [11] for various regularity results for linear elliptic and parabolic equationsin
Hilbert spaces.

Notice that the \ Q-ellipticity" condition (Z2) implies that

(2.5) Tr(QZ) Tr(QY) F(X+Y 2Z) FMX) Tr(Qz) Tr(QY)

forall X;Y;Z 2 S(H);Y;Z 0. A natural questionthe readersmay askthemsehesat this
point is: what kind of equationsare \ Q-elliptic*? Condition (Z2) holds for instanceif

F(X) = Tr(QX);

which givesrise to the obstacleproblem for the in nite dimensionalLaplace-type equation,
or more generallyfor the Bellman equationsde ned by

F(X) = |51£f Tr(A X)g;

wherethe A 2 S(H) aresudh that Q A Q. If A is a singletonthen the above F
givesrise to a linear equation. Linear \ Q-elliptic" equationshave beenconsideredin [2Z].

Remark 2.4. Thereis anotherway to introduce\ Q-elliptic" equationsby in nite dimensional
versionsof the Pucci extremal operators

(2.6) P5(X) =supf Tr(A X):A 2S(H);Q A Qg
and
(2.7) Po(X)=inff Tr(A X):A 2S(H):; Q A Qg:

We would then say that F is\ Q-elliptic" if

(2.8) Po(X Y) F(X) F(Y) P(X Y) forall X;Y 2 S(H):
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This de nition obviously implies (Z2) howewer, cortrary to the nite dimensionalcase,it
seemgo be strongerthan (Z3). Operators P, and Pg can be alsode ned more explicitly.
Indeed, let Y is a bounded, self-adjoirt, operator in the trace class(and thereforecompact).
Denoteby Py andP,, the spectral projectionscorrespndingto the nonnegative and negative
eigervaluesof Y respectively. Then

Y*=YP"andY = YP ;

are nonnegatiwe self-adjoirt operators. ThusY = Y* Y isa natural decompsition of Y
into its positive and negative parts. Now if X 2 S(H), there holds

Tr(QX) = Tr(Q?X Q?)

and Q%X Q% is a self-adjoirt trace classoperator. It is now easyto seethat the supremum
in (ZB) is attained by the operator

N[

Q' Pl Pt @
and the in m um in (Z3) is attained by the operator
Q' Pt t Poixgt @
Therefore
PS(X) = Tr (Q2XQ%)" + Tr (Q:XQ?)
and

Po(X)= Tr (Q:XQ2)* + Tr (Q:XQ2)

We nish with afewfurther de nitions and convertions we will usethroughout the paper.
For N 2 N we denoteby Hy the spacespannedby fey;:::;eng. We will write Py for the
orthogonal projection in H onto Hy. Wedene Qy =1 Py. For afunction w we will
denoteby w andw respectively the upper semi-cotinuous and the lower semi-comin uous
ervelopesof w. Forr > 0 we will write B, for the open ball certered at O with radiusr.
We say that a function ' is semicowex (respectively, semiconcae) on H if there exists a
constart C  Osud that ' + $jxj? is corvex (respectively, ' $jxj? is concare) on H. We
will call C the semicowexity (respectively, semiconcsaity) constart of ' .

We will beusingthe de nition of viscosiy solution from [30] and the equivalert de nition
usingthe secondorderiets, J 2*:J 2 or their closuresd - :J > . For moreon this and the
de nition of the secondorder jets we referthe readerto [9, [10, 30]. Herewe just mertion that
if forafunctionu:H ! R,u ' hasalocal maximum (respectively, minimum) at x for some
' 2 C%(H), then (D' (x);D?' (x)) 2 J Z*u(x) (respectively, (D' (x);D? (x)) 2 J % u(x)).

Deniton 25.LetG:H R H S(H)! R bea cortinuous function. A locally
bounded function u : H ! R is called a viscosity subsolution (respectively, a viscosiy
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supersolutio_n) of G(x;u;Du;D?u) = 0in H if wheneer (p;X) 2 T (X) (respectively,
(p:X) 2 T2 u (x)) then

(2.9) G(x;u (X);p;X) 0 (respectively, G(x;u (x);p;X) 0):
For our obstacleproblem we have
G rp;X)=minfF(X);r ' (x)g:

We remark that in particular, De nition [Z3implies that viscosity solutions of Problem [Z3
are boundedon H.

3 An asymptotic example

Beforewe beginto analyzein nite dimensionalobstacletype problems,it is interesting, asa
warm up, to understandthe asymptotic behavior of the solutions of someobstacleproblems,
as the dimensionapproadesin nit y. Let us considerthe Obstacle Problem ZZHZ.3 in R",
where D
F(X)= Tr(X) and '(X)= 1 jxj%

Becauseof the symmetry of the problemwe canexplicitly solveit. We will look for a radially
symmetric solution. As we know, away from the obstacle,the solution u, is harmonic. Hence,
it hasto be equalto the Newtonian potertial, i.e. we must have

un(x) = ¢xj% "

Assumingthat the setfx : ' (x) = u,(x)gis a ball B,, matching the valuesof' and u, and
their derivativesin the radial direction on the free boundary (recalling the C** regularity of
the solution) we must therefore have

cad "= P 1 a2
and a
c2 n)al "= p——
1 a?
which easily give that r ,
a= a(n) = —1:
Thereforewe have obtained that
1T ixi  a(n)
Un(X) = p1 @n)2. .o n .
—amyr z X jxj > a(n):
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It can then be veried by a direct calculation that the obtained function is the unique
solution of ttbe obstacleproblem. The readercan also easily ched that if ' (x) = 1 jxj2
thena(n) = (n 2)=n. In both caseswe have that

lim a(n) = 1
n!l

Similar computation could also be performed if we prescribed the 0 boundary data on,
say @B,. The conclusionis that if we imposea uniform bound from belov on how much
the operator di uses in eat direction and try to de ne a solution of the obstacleproblem
in in nite dimensional spaceas the limit of solutions of nite dimensional problems, the
procedurefails, asthe solution should be: u sticks to the whole obstacle,until it reachesthe
ground.

This phenomenoncan also be easily explained by the probabilistic interpretation of the
solutions u, using optimal stopping of the n-dimensional Brownian motion [2, 23, 20 by
observingthat asthe dimensionn increases fewer paths of the Brownian motion hit the
obstacle. Notice alsothat the \limiting" con guration is merely a cortinuous function, thus
the C*! bound guararteed by Frehse'sTheorem deteriorates when the dimension goes to
innit .

The above examplesillustrate that, in accordancewith the theory of secondorder partial
di erential equationsin Hilbert spaceqd1]], free boundary obstacletype problemsin in nite
dimensionsnaturally lead us to considerdegenerateelliptic operators.

4 Existence, uniqgueness and contin uity of solution

In this sectionwe will prove that Problem[Z3 has a unique viscosity solution. It is worth
mertioning that in dimensionsl and 2 our obstacleproblemsare not well posedin general.
To seethis considerfor instancethe caseof the Laplaceequation,i.e. whenF (X) = Tr(X),
and an obstaclefunction which is radially symmetric and hascompactsupport. The solution
then must be radially symmetric and harmonic away from the obstaclebut the only radial
harmonic functions boundedat in nit y in dimensionsl1 and 2 are constarts. Howewer we
will shav that under certain conditions on Q and F Problem [Z3 is always well posedin
dimensionsgreaterthan 2 (including in nit y).
Our rst stepis to establisha comparisonprinciple.

Lemma 4.1 (Comparison). LetF satisfy (Z2). Let u be a visoosity subsolutionof (Z3)
and v be a viswsity supersolution of (Z3) suchthat

(4.2) limsupu(x) O; liminfv(x) O:
jxjl1 xj1

Then u V.

Proof. Suppose,cortrary to the claim, that supfu (x) v (xX)g=4 > 0. We rst perturb
u and v sothat the perturbations are viscosily sub- and supersolutionsof equationswhich
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are linearly increasingin the zeroorder terms. Let R > 0 be sud that

4.2 sup u(x —: inf v(x —:
(42) SUpUG) 5 V) g

Then for every < =(2R?)
(4.3) jxj% < 5 on Br:

Moreover, using (Z1) and (Z28), we easily obtain that u (x) = u(x) + jxj? is a viscosily
subsolution of
min u + F(D% );u (" + jxj? =0 inBg

andv (x) = v(X)  jxj? is a viscosily supersolution of

min v + F(D?v);v (' jxj¥) =0 inBg

for somesmall = ( ;R; Tr(Q);supu;infv) > 0. Moreover we still keep
_s_ugf(u )(X) (v) xX)g 3 and suEf(u ) (X) (v) X)g 2:
ixj ixj> &

Let be a modulus of cortinuity of ' on Bg.

We now follow the standard viscosity theory strategy (seefor instance[d, 30]) of doubling
of the number of variables and its penalization, i.e. we considerthe function (u ) (x)
(v) (y) jx Vyj>=2). Using a perturbed optimization result (see[17]), for every n 2 N
there exist py; ¢y 2 H sud that jp,j;joj 1=n and sud that

jX
2

yj? " y
(u) () + hpn; Xi + g, yi

has a maximum over By Bgr at somepoint (x;y). It is then standard to notice (see
[14, (18, 30)) that

X 2

(4.4) Ilmollm sup =0

nl 0
(Without the perturbation terms the proof of this fact would be the sameas the proof of
Proposition 3.7 of [9].) Moreover it follows from (£2) and (£3J) that if is small and n is
su ciently largethen jxj;jyj < R. Hence,for small andlargen, (u) (x) (v) (y)> 2.
Thereforewe cannothaveu (x) ' (x)+ jxj? asthen we would have

W)y )y "+ )+ (x y)<2

for small and large n which is a cortradiction.
At this point, if H were nite dimensional,we could just usethe maX|mum principle for

semicominuous functions (seeTheorem 3.2 of [9]) to produce elemeits of N (u ) (x) and
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I (v ) (y) whosesecondorder componerts have proper ordering. Unfortunately it is not
known if sudh a maximum principle is true in in nite dimensions.To remedythis, P. L. Lions
introducedin [3(] a technique which, through a reduction to a nite dimensionalcase,still

allowsto produceelemerts of 727 (u) (x) and I (v ) (y) whosesecondorder componerts
consistof two operators;in nite dimensionaloneswhich are evertually negligible,and nite
dimensionaloneswhich have the right ordering. This technique was later slightly improved
and generalizedin [LI0]. More precisely Theorem 2.1 of [I(] ensuresthat for every N 2 N
there exist operators

Xn = Py XnPn and Yn = Py YnPn

sud that
Xy

B Xn + 2Qn 2 T2 () ();

2 .
Yigive ZQu 237 (v) ()

and sud that Xy  Yy. Operators Xy ; Yy arein fact operatorson Hy and X Yy is
the right ordering we should expect from a maximum principle. Operators 2= Qy will be
negligible after we sendN ! 1 becauseof the structure conditionson F.

We can now usethe de nition of viscosity sub- and subsolution. Recallingthat u (x) >
' (X) + jxj? we obtain

(W) O+F Xy+2Qu O
and moreover we have )
(v)WM+F Y -Qv O
Using (Z2) the above imply
() (v)M+FXn) F(W)  a(N);
where ;(N)! OasN ! 1 . It then follows from (£3) that
2 i((N)+ F(Ww)  F(Xn)  1(N)

for small and large n. We therefore obtain a cortradiction by letting N ! 1 and then
n!' 1; 1! 0. O

Lemma 4.2. Let F satisfy (ZZ) and assumeF (0) = 0. Let Q haveat least three positive
eigenvalueqcounting their multiplicities). Then there exist a continuous vissity subsolu-
tion u and a continuous visasity sugersolution U of (Z3) satisfying0 u U and

lim a(x) = O
xji1
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Proof. It is easyto ched that u(x) = maxf' (x);0g is a subsolution of (Z3). To produce
U without lossof generality we will work with the basisfe g of eigervectors of Q, i.e. we
will assumethat Q is diagonal. We can also assumethat the e are ordered sud that
1 2 3 arethe three biggesteigervalues. De ne a boundedlinear operatorC: H! H
by Ce = e, where
r r_r r_—r r

1 .
1= -, 2= = ; 3= - - = — fori>3:
3

De ne w(x) = jCxj 1. Then, by direct computation, we nd
D2w(x) = 3jCxj °C?x C?x jCxj °C=

Therefore, using ((Z3) we obtain

P |
1 X L 4y ei?
2 — 2 pi=l i ™
. I
— 2. 3maxt ? g
jcxjs ! R
i=1 |
b3
JCX] i=4
0:

Finally, we de ne
u(x) = minfKw(x); Mg;

whereK;M > Oaresuch that Kw>"' andM ' onH. It is now easyto verify that T is
a desiredsupersolution. O

Theorem 4.3 (Existence of a viscosity solution). LetF satisfy (Z2) andlet F(0) = 0.
Let Q haveat least three positive eigenvalueqcounting their multiplicities). Let u and U be
the functions from Lemmaf.4 Then the function

u(x) = supfw(x) :u w T;w is a vismsity subsolutionof (Z3)g
is the unique continuous visoosity solution of (Z3) satisfying (Z:4). Moreover

O u sup:
H

Proof. The fact that u is a viscosily solution follows from Perron's method. The cortinuity
and uniguenesss a direct consequencef Lemmal.1l O

The next theoremshaowsthet u is asregularasthe obstacle,up to the Lipschitz cortinuity.
More precisely we have:
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Theorem 4.4 (Continuity of u). Let F satisfy (Z2). Let the obstacle’ be uniformly
continuouson H andlet beits modulus of continuity. Let u be a visasity solution of (Z3)
satisfying (Z.4). Then is a modulus of continuity for u.

Proof. Let h be any vectorin H. By hypothesis,

(4.5) j x+h)y 09 (hi):

We want to shav the above inequality still holdsif we replace’ by u. From (A5), we obtain
(4.6) “(x) (hj)+ " (x+ h):

Taking into accoun that u(y) ' (y), forany y 2 H, we deducefrom (&8 that

(4.7) “(x) (hj) + u(x + h):

De ne
Vn(x) == (jhj) + u(x + h):
Then v, is a viscosily supersolution of (Z3) sud that I_irln Vh(X) = (jhj) 0 and soby
jXxj!

Lemmal.1 we have
Vh(X)  u(x):

This implies,
ux) u(x+h)  (jhj):

Making h = h and then setting x = x + h we thereforearrive at
jux+h) ux)j  (hj);
asdesired. O

Remark 4.5. The sameargumern givesus that if

' (x+Qzh) ()] (jhj) forallx;h2H
for somemodulus , then

ju(x+ Qzh) u(x)j (jhj) forall x;h 2 H:

Remark 4.6. Existence, uniquenessand cortinuity results for the obstacle problem (ZZ3)
can also be shovn in domainsD di erent from H, provided we can construct appropriate
barriers near the boundary @D, i.e., if we can evertually construct a uniformly cortinuous
subsolution and a supersolution of (Z3) equalto a given function on @. This may not
always be possiblesince our equation is degeneratebut it can be donein somecases.We
illustrate how to adieve this in a simple yet meaningful situation. Let us assumethat the
boundary conditionisu = 0 on @, D is convex, F(0) = O, 0 is Lipschitz cortinuous,
and' = Oon @.
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Obviously u = ' is a subsolution. To construct a supersolution we choose for every
X 2 @ an outward unit \rErmaI" vector n, to @, i.e. a vector n, sud that jn,j = 1 and
n,;x yi Oforally2 D, and then we de ne the function

Wy(y) = minfChny;x  yis K ki g;

whereC is the Lipschitz constart of ' in D. It is easyto seethat w, onD andw, is a

viscosity supersolution of (Z3) in D. Thereforethe function
u(y) = inf wi(y)

is Lipschitz cortinuousin D with the Lipschitz constart C, = 0on @, and U is a viscosily
supersolution of (Z3) in D.

Having u and U, comparisonand existenceof a unique viscosity solution can be shavn
in exactly the sameway as Lemmal and Theorem[Z3

The cortinuity estimatefor u alsofollows by the argumert usedin the proof of Theorem
B2 after a standard modi cation. Supposethat is a modulus of cortinuity of ' in D and
we also know that ju(x) u(y)j (ix yj) forall x 2 @;y 2 D. Forh 2 H denote
D,=1fx2D :x+ h2Dgandthendene v,(x) = 2 (jh)) + u(x+ h). Thenvy, ' in Dy,
V, uon@, and vy is aviscosily supersolution of (Z3) in Dy,. Therefore,by comparison,
wegetu v, in Dy which yieldsu(x) u(x+ h) 2 (jhj). In particular we obtain that, if
u; T are Lipschitz cortinuousnear @ and' is Lipschitz cortinuousin D, then the solution
u is Lipschitz cortinuousin D.

5 Optimal regularit y

In this sectionwe will addressthe question of optimal regularity of the viscosity solution
of Obstacle Problem (ZZ3). Our goalis to obtain a natural extensionof the Ct! regularity
results, known in Euclidean spacesfor in nite dimensionalHilb ert spaces.
Following [11], page54,for afunction :H ! R wede ne its Q-derivativeat x, Dg (X),
by
Dq (x) := DV(0);

wherev(y) = (x+ Q%y).

De nition  5.1. We will say that a bounded cortinuous function : H ! R belongsto
Wé;l (H) if Dg is boundedon H and there exists a constart C > 0, sud that for all
x;h2H

j (x+Qzh)+ (x Qzh) 2 (x)j
jhj2

(5.1) C:

We equip W™ (H) with the norm

(5.2) k k21 =k ki +kDg ki + supj (x+ Qzh) + '(x‘ Qzh) 2 (X)J:
e x;h2H jhj2
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It is worthwhile to notice that, if dim(H) < 1 and Q > 0, then
WE" (H) = W2 (H) = CH(H);

which makes Wé;l (H) a natural correspnding optimal regularity spacefor the obstacle
problemin an in nite dimensionalHilbert space.

To understand this spacebetter, rst of all it is worth to obsene that if 2 C?(H)\
Wé;l (H) then, denotingby D¢k (x) the secondorder directional derivative of at x in the

direction of k, we have for k = Qzh, jhj = 1,

jD X) —
jDkk (X)) Q2
In particular
. . C
JDeiei (X)J _
|
Moreover in this caseQ%D and Q%D2 Q% are cortinuous and boundedon H.

Secondlyif is boundedand satises (B), x 2 H, andwe setv(y) = (x+ Q%y) then
it follows from (&) that

jvy+ h)+v(y h) 2v(y);

jhj? ¢

for all h 2 H, sov is semicowvex and semiconcae in H, i.e. v 2 CtY(H) (see[Z4]). In
particular Do (x) = Dv(0) existsand it is alsoeasyto seethat it must be boundedon H.
Moreover, if x = 0 in the de nition of v, we have

Do (Q%y) Do (Q?2) Ciy 7

for all y;z 2 H (see[24]). Thereforeif 2 Wé;l (H) and we assumein addition that Dq
is cortinuousthen 2 C3™ (H), whereC3™ (H) arethe spacedle ned in [11], pages54-55.

Lemma 5.2. Let F satisfy (Z2) and be concave. Letvi; v, 2 S, whee

n o]
S= v:H! R:visalocally uniformly continuous viscsity sugersolution of F(D?v) = 0 :

Then v; + (1 v, 2 S for all 0 < < 1. Also, if v belongsto S, then so does
Ve(X) := v(X + €) for anye2 H.

Proof. The fact that v, is a supersolution is obvious. Let us deal with the convexity of S.
Let v+ (1 )V ' have a (strict and global) minimum at x, for some' 2 C2?(H).
Considerfor > 0 the function

X yj?
2

(xy)= vax)+ (@ )va(y) + " (X):
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Without lossof generality we can assumethat
( x;y)  (ixj+ jyi)* whenjxj + jyj is big enough
Then for every > Othereexistp;q 2 H sud that jpj;jq] and

szij "(X)+ hpxi+ hosyi

hasa minimum over at somepoint (x ;y ). Obviously jx j;jyj R for someR independert
of and

vix)+ (1 )va(y) +

(5.3) jim X Y1

10

Let ! R be a modulus of cortinuity of v, on Bg. Then

vix )+ (1 va(x) " (x)+ 2R

¥)+ R
i)+ (@ vay) + B O x4y
ix yj?

0O+ (@ ) TeGx v+ T
Vi(xo) + (1 )va(Xo) " (X0) ()

where ()! Oas ! 0. It then follows from the strictness of the minimum at xq that
X! Xpoandy ! xpas ! O.

By Theorem2.1of [1(] for every N  1thereexist Xy = PyXnPn; Yn = Py YnPn sudh
that Xy + Yy Oand

1 v x

"(x) 2R

+D'"(xX) p; Xn gQN+D2'(x) 2J_2; uy(x);

1 y X
1
Therefore, using (Z3), concavity of F, and X + Yy 0, we now obtain

2 -2
g; Yn -Qn 232 ux(y ):

F(D? (x )+ 2-Tr(QQy)  F D> (x) “aqu

4
F Xy Yn -Qu+D?(x)

F 2 Xy 2Qu+D? (x)
1 2
+ (1 )F CR Yn o —Qn
0:
Letting N ! 1 andthen ! 0 in the above inequality yields F(D?' (xo)) 0 which

completesthe proof. O
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Theorem 5.3. Let F satisfy (Z2) and be concave. Let the obstacle’ be semionvexon H
with the semi@nvexity constant C. Let u be a visosity solution of ProblemZ3. Then u is
semionvexon H with the samesemimnvexity constant C, and

+ %h + %h 2 2
u(x + Q2h) ufhxj Q) 20 2 iy cTrQ)

(5.4)

Proof. Let x; h 2 H. It follows from the fact that ' is semicowex that

“(x+th)+ ' (x th)
2

forany jtj 1, whereC is the semicowexity constart of ' . De ne the function

(5.5) + Ctijhj® " (x);

u(x + th) + u(x th)
2

V() = + Ct%jhj2

>Fom Lemmak2, V' 2 S. From (&5 and the fact that u is above the obstacleeverywhere
we obtain
vI(x) ' (X); 8x 2 H:

Therefore, from Lemma. we obtain

u(x + th) + u(x th)
2

which shavs that u is semicowex on H with the samesemicowexity constart C. In partic-
ular it is easyto seethat u is Lipschitz continuouson H and

(5.6) vi(x) = + Ct?jhj?2  u(x)

ju(x+ h) u(x)j 2kuk; + % jhj

forall x;h2 H.
It remainsto prove (B4). First of all we regularizeu by taking its inf-convolution, i.e.
we de ne for > 0 the function

. >

ux) = inf uy)+ 2

y2H

It is well known (seefor instance [24]) that u ! u uniformly on H as ! 0, u are
semicowex for small with the semicowexity constaris C ! C as ! 0 (see[ll, 24)).
Thus

+ h) +
(5.7) u(x+h)y+u(x h) 2u(x) C jhj?

2

forall x;h 2 H,andu 2 CY1(H) (sinceit is alsosemiconcse). Moreover, sinceu is a vis-
cosity supersolutionof F(D?u) = OonH, it followsthat u is a alsoa viscosity supersolution
of F(D?u) = OonH.



A. Swiech and E. Teixeira 16

For N 1 wewill write x = (xN;(xV)?) = (PyX; QuX). De ne the function uy (xy) :=
u(Pyx). If" 2 C*(Hy) anduy ' hasa minimum at xj, then there exists C; suc that
forevery >0

u) M) Du(xg);(xM)Ti+ XN X P+ Cu(d+ })i(XN)? (x0)7j?
hasa minimum at xo = (x§;(x))?). Therefore,for every > 0, using (Z5), we obtain

F(D2 () 2 TrQPy) 2Ci(1+ 3)T r(QQn)

by choosing small and then N big enough. Sinceu,, 2 C**(Hy) it is twice di erentiable
a.e. on Hy. Moreover for every point xN where uy is twice di erentiable, there exists a
function ' 2 C2(Hy) sud that D' (xN) = Duy(xN); D2 (xN) = D?uy(xV), anduy

hasa local minimum at xN. Thereforewe concludefrom the above that, for largeN we have

(5.8) F(D?uy (x"))
a.e.onHy. It follows from (&3) that
(5.9) D2u, Cl

a.e.onHy, whereC is the semicowexity constart from (&) and is independert of N. We
now compute

F(D%uy) = F(D%uy+Cl CI)
F(O) Tr(QD%uy+CQ)+ CTr(Q)
F(O) Tr(QD%uy)+(  )CTr(Q)

a.e.on Hy. Therefore
(5.10) Tr(QD?uy) }(F(O)+ + ( )C Tr(Q)) =: M.

a.e.on Hy. Notice that M . isindepender of N.
Let bestandardmolliers in RN for > Oandlet uy be the molli cations of uy, i.e.

uy (Xn) = Uy (Xn):
Standard properties of molli cations, conbined with (&9 and (510, give us
uy 2 C*(Hy); D2uy Cl and Tr(QD?%u;) M.

onHy. Wenow x x;h2 H. Then Q%hN 2 Hy and soby the Mean Value Theorem

ui (v + Qzhy) Uy (Xn) + uy (v Qzhy) Uy (Xn)

= ——_ mu, (xn + Qzhy);Qzhni MU (X Qzhy);Qzhyi



A. Swiech and E. Teixeira 17

forsome0O< : < 1. The function
f(t) = Du), (xn + tQzhy); Qzhyi
isin C[ ; ], soagainusingthe Mean Value Theoremand (&I0) we thus have

f() f( )=m2u (xn + toQ7hy)Q7hy; Q2hyi( + ):

Now iij—Nj;kl; kN 1 createan orthonormal basisof Hy, then
N
M. Tr QzD%u) (xn + toQzhy)Q?
X1 2, 1 LoioAdLis
= hD“uy (Xn + toQzhy)Q2k'; Q2K'i
i=1
. 1 1 hy 1 hy
+ DZU’ Xy + T 2h 2 —— 002 ——
N (XN + toQ2hy)Q i Q i
D( 1 . . . 1 1 1
C QKK+ D2 (xy + toQihy)QE N Qb
i=1 Jhn] Jhn]

This yields
fC) f£C ) 22(|V|; + C Tr(Q)jhnj?
= Z(FO)+ + CTrQ))jhnj%

Therefore, we have obtained that

uy, (Xn + Qzhy) + U, (Xn  Qzhy)  2u (Xn) 2 _
S — g —FO+ + CTQ):

Letting ! O above we obtain the sameinequality for the uy . Now, sincexy ! X;hy ! h
asN ! 1 anduy(Xy) = u(Xy)! u(x)asN! 1, letting N! 1 ,6then ! O, and
nally ! 0, we obtain

u(x + Qzh) + u(x Qzh) 2u(x) 2 _
ihi? —(F(0)+ CTr(Q);

which concludesthe proof of the Theorem. O

Corollary 5.4. Let F satisfy (Z2) and be concave. Let the obstacle’ be semi®nvexon
H with the semionvexity constant C. Let u be a vismsity solution of ProblemZ3. Then
u2 W3t (H) and

(5.11) kukyz:  kuky + 2kuky +% KQik+ 2(F(O)+ CTrQ)):

Moreover u is Lipschitz continuous on H with Lipschitz constant (2kuk; + %).



A. Swiech and E. Teixeira 18

Proof. It follows from (B2 that

u(x + Qzh) + u(x Qzh) 2u(x) jQzhj?
— C——
jhj2 jhj2

CTr(Q):

This, together with (B4), gives

sup jux+ Qzh) + u(x Qzh) 2u(x)j 2

(5.12) sup ihi2 Z(FO)+ CTrQ)):

As we have already noticed in the proof of Theorem.3, u is Lipschitz cortinuouson H with
Lipschitz constart (2kuk; + %). Therefore

(5.13) jux + Qzh) u(x)j  2kuk, +% kQzkjhj

for all x;h 2 H. Sincewe already know that (212 implies that Dqu existson H, it easily

follows from (B213 that kDquk; (2kuk; + %)kQ%k. Therefore we have the required
estimate. O

Remark 5.5 Theorem[.3 states that u is semicowex under a semicowexity assumption
on ', moreorer u hasthe samesemicowexity constart as' . Thus, in particular, just by
assumingthe semicomwexity of the obstacle,we concludethat the setof points of Fredet dif-
ferertiabilit y of u is a denseG subsetof H. For the secondorder di erentiabilit y properties
of corvex functions in Hilbert spacessee[3)].

Remark 5.6. Insofar as regularity theory for domains di erent from H goes, we do not
know at this stage whether an equivalert of Theorem can be showvn. The proof of
the semicowexity of solution is basedon comparison principle. It is a global argumert
which works well in the whole spacebut runs into trouble when the boundary is preser.
In particular it would require a knowledgeabout semicowexity of the solution around the
boundary which, without an appropriate regularity theory for local solutions, seemsa hard
task to be accomplished. Howewer, if we know that the solution is semicowex, then an
equivalent of (54) can be shown in exactly the sameway sinceall argumeris involved are
local in nature and we can then obtain the optimal regularity result. For nite dimensional
domains D, W2! (D) and Wli;cl (D) regularity results for obstacle problems for Bellman
equationshave beenestablishedin [2€, [2g)].
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