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2 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMAS1. IntroductionThe four-colour theorem (briey, the 4CT) asserts that every loopless planargraph admits a vertex 4-colouring. This was conjectured by F. Guthrie in 1852,and remained open until a proof was found by Appel and Haken [3, 4, 5] in 1976.Unfortunately, the proof by Appel and Haken (briey, A&H) has not been fullyaccepted. There has remained a certain amount of doubt about its validity, basicallyfor two reasons:(i) part of the A&H proof uses a computer, and cannot be veri�ed by hand, and(ii) even the part of the proof that is supposed to be checked by hand is extraor-dinarily complicated and tedious, and as far as we know, no one has madea complete independent check of it.Reason (i) may be a necessary evil, but reason (ii) is more disturbing, particularlysince the 4CT has a history of incorrect \proofs". So in 1993, mainly for our ownpeace of mind, we resolved to convince ourselves somehow that the 4CT really wastrue. We began by trying to read the A&H proof, but very soon gave this up. Tocheck that the members of their \unavoidable set" were all reducible would requirea considerable amount of programming, and also would require us to input by handinto the computer descriptions of some 1400 graphs; and this was not even the partof their proof that was most controversial. We decided it would be easier, and morefun, to make up our own proof, using the same general approach as A&H. So wedid; it was a year's work, but we were able to convince ourselves that the 4CT istrue and provable by this approach. In addition, our proof turned out to be simplerthan that of A&H in several respects.The basic idea of the proof is the same as that of A&H. We exhibit a set of\con�gurations"; in our case there are 633 of them. We prove that none of thesecon�gurations can appear in a minimal counterexample to the 4CT, because if oneappeared, it could be replaced by something smaller, to make a smaller counterex-ample to the 4CT (this is called proving \reducibility"; here we are doing exactlywhat A&H and several other authors did - for instance, [2, 9]). But every minimalcounterexample is an \internally 6-connected triangulation" (de�ned later), andin the second part of the proof we prove that at least one of the 633 con�gura-tions appears in every internally 6-connected triangulation. (This is called proving\unavoidability", and uses the method of \discharging" vertices, �rst suggested byHeesch [11]). Consequently, there is no minimal counterexample, and so the 4CTis true. Where our method di�ers from A&H is in how we prove unavoidability.Some aspects of this di�erence are: we con�rm Heesch's conjecture that onecan prove unavoidability of some reducible set without looking beyond the secondneighbourhoods of \overcharged" vertices; consequently, we avoid the problemswith con�gurations that \wrap around and meet themselves", that were a majorsource of complications for A&H; our unavoidable set has size about half that ofthe A&H set; our \discharging procedure" for proving unavoidability (derived froman elegant method of Mayer [13]) only involves 32 discharging rules, instead of the300+ of A&H; and we obtain a quadratic time algorithm to �nd a 4-colouring of a



THE FOUR-COLOUR THEOREM 3planar graph, instead of the quartic algorithm of A&H.Our proof is also somewhat easier to check, because we replace the mammothhand-checking of unavoidability that A&H required, by another mammoth hand-checkable proof, but this time written formally so that, if desired, it can be read andchecked by a computer in a few minutes. We are making the necessary programsand data available to the public for checking. (For details see the next section.)The paper is organized as follows. Section 2 contains some preliminary de�nitionsand observations. In the Appendix we list the 633 con�gurations, using conventionsdescribed in section 2. In section 3 we prove their reducibility, and in section 4 weprove unavoidability; thus, the proof of the 4CT is complete at the end of section4. Section 5 is a variety of comments on why we did things the way we did, andsection 6 contains a quadratic time algorithm to 4-colour a planar graph. In section7 we give more details of the \machine-checkable proof".2. The Set of ConfigurationsThroughout the paper, let � be a �xed 2-sphere. If X � �, its topologicalclosure is denoted by X. A line is a subset of � homeomorphic to the closed unitinterval, and its ends are de�ned in the natural way. An open disc is a subset of �homeomorphic to the real plane R2 and a closed disc is a subset of � homeomorphicto f(x; y) 2 R2 :x2 + y2 � 1g.A drawingG is a pair (U(G); V (G)), where U(G) � � is closed and V (G) � U(G)is �nite, such that(i) U(G)� V (G) has only �nitely many arc-wise connected components, callededges(ii) for each edge e, e is a line and e� e consists of the two ends of e.Thus, we do not permit loops. The members of V (G) are the vertices of G, and theset of edges is denoted by E(G). An edge e is incident with a vertex v (and viceversa) if v is an end of e. This de�nes a graph, and we use standard graph-theoreticterminology for drawings without further explanation. The degree of a vertex v isthe number of edges incident with it, and is denoted by d(v) or dG(v). A drawing Gis a subdrawing of a drawing H if V (G) � V (H) and E(G) � E(H). A subdrawingG0 of G is induced if every edge of G with both ends in V (G0) belongs to G0.A region of G is an arc-wise connected component of � � U(G). A region r isincident with a vertex v (and vice versa) if v 2 r; and a region r is incident withan edge e (and vice versa) if e � r. A region is a triangle if it is an open disc and isincident with precisely three distinct edges that form a circuit of G. (By de�nition,a circuit has no repeated vertices or edges.) A drawing is a triangulation if everyregion is a triangle. Thus, a triangulation can have parallel edges, but no circuit oflength two bounds a region.A minimal counterexample means a drawing T that is not 4-colourable, suchthat every drawing T 0 with jV (T 0)j+ jE(T 0)j < jV (T )j+ jE(T )j is 4-colourable. Toprove the 4CT we shall show that there is no minimal counterexample. It is easy



4 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMASto show that every minimal counterexample is a triangulation, and is 5-connected,and is 6-connected except for vertices of degree 5. More precisely, let us say a shortcircuit of a triangulation is a circuit C with jE(C)j � 5, so that for both the opendiscs � bounded by U(C), � \ V (T ) 6= ;, and j� \ V (T )j � 2 if jE(C)j = 5. Letus say T is internally 6-connected if it has no short circuit. Then (see for example[7]) we have(2.1) Every minimal counterexample is an internally 6-connected triangulation.At the end of (6.5) we give an algorithm which in e�ect constructs a 4-colouringof T from a short circuit of T and 4-colourings of all triangulations smaller than T ,and (2.1) is a corollary of the existence of such an algorithm. It is easy to convert(6.5) to a proof of (2.1).A drawing G is planar if one region of G is designated as in�nite, and all theothers �nite. (More exactly, a planar drawing is a pair (G; r) where G is a drawingand r is a region of G; but this seems pedantic.) A near-triangulation is a non-nullconnected planar drawing G such that every �nite region is a triangle. In �guresrepresenting planar drawings, the outside will always represent the in�nite region.A con�gurationK consists of a near-triangulationG(K) and a map K :V (G(K))!Z+ (Z+ denotes the non-negative integers) with the following properties:(i) for every vertex v, G(K)nv has at most two components, and if there aretwo, then K(v) = d(v) + 2,(ii) for every vertex v, if v is not incident with the in�nite region, then K(v) =d(v), and otherwise K(v) > d(v); and in either case K(v) � 5,(iii) K has ring-size � 2, where the ring-size of K is de�ned to be Pv (K(v) �d(v)� 1), summed over all vertices v incident with the in�nite region suchthat G(K)nv is connected.Suppose we wish to describe a con�guration K by a �gure. One way is to \draw"the drawing, and write the number K(v) next to the point representing the vertexv, but this is inconvenient. A better way, due to Heesch [11], is to use a choice of\vertex shapes" to represent the values of K(v). The shapes we use are shown in�gure 1. K(v)= 5K(v)= 6K(v)= 7K(v)= 8K(v)= 9K(v)= 10Figure 1: The shapes of vertices.



THE FOUR-COLOUR THEOREM 5We did not make any special shape for vertices v with K(v) � 11. Pleasenote, therefore, that in the very last con�guration of the Appendix, the vertex v ofdegree eight is supposed to satisfy K(v) = 11. Apart from this, we shall not needto describe con�gurations having vertices v with K(v) � 11.In the Appendix we show 633 con�gurations, using the notation explained in�gure 1. They are in lexicographic order of degree sequence. To refer to an in-dividual con�guration in this set, we use conf (x; y; z) to mean the con�gurationon row y and column z of page x of the Appendix. Some of the con�gurationsare drawn with extra \half-edges"; for instance, conf (1; 1; 4) is the �rst. All thesehalf-edges should be ignored for the moment. Also, certain of the edges are drawnthicker than usual { again, this should be ignored for the moment, and thickenededges regarded as normal edges. (For the reader who wishes to con�rm our results,this list together with all the necessary programs can be accessed at the URLhttp://www.math.gatech.edu/~thomas/FC/ftpinfo.html in electronic form. Thesame material is also available via anonymous ftp from ftp.math.gatech.edu, inthe directory pub/users/thomas/four.)Two con�gurations K and L are isomorphic if there is a homeomorphism of �mapping G(K) to G(L) and K to L. Any con�guration isomorphic to one in theAppendix is called a good con�guration.Let T be a triangulation. A con�guration K appears in T if G(K) is an inducedsubgraph of T , every �nite region of G(K) is a region of T , and K(v) = dT (v) forevery vertex v 2 V (G(K)). We shall prove the following two statements.(2.2) If T is a minimal counterexample, then no good con�guration appears in T .(2.3) For every internally 6-connected triangulation T , some good con�gurationappears in T .From (2.1), (2.2) and (2.3) it follows that no minimal counterexample exists, andso the 4CT is true. We shall prove (2.2) in section 3, and (2.3) in section 4. The�rst proof needs a computer. The second can be checked by hand in a few months,or, using a computer, it can be veri�ed in a few minutes.Let G be a triangulation or a near-triangulation, and let �:E(G) ! f�1; 0; 1gbe some function. A triangle r of G is tri-coloured (by �) if f�(e); �(f); �(g)g =f�1; 0; 1g, where e, f , g are the three edges incident with r. We say � is a tri-colouring of G if every region is tri-coloured (if G is a triangulation), or every �niteregion is tri-coloured (if G is a near-triangulation). The reason for using �1, 0, 1 asthe possible values instead of the more natural 1, 2, 3 (say) is just that the formerwas what we actually did in the computer program, and we might as well stay asclose to the program as possible.It was observed by Tait [14] that(2.4) A triangulation T is 4-colourable if and only if it admits a tri-colouring.We found tri-colourings more convenient than vertex 4-colourings to manipulate



6 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMASin the computer program, although it is easy to convert one to the other, and soin what follows we shall use tri-colourings, again in an e�ort to stay as close to theprogram as possible.In the proof of (2.2), we shall choose a small non-null set of edges of T , andcontract them, producing a new drawing T 0; then from the minimality of T itfollows that T 0 has a vertex 4-colouring, and we convert this to a 4-colouring of T .There are some delicate issues involved in whether T 0 really exists (in particular, isloopless), but also, contracting edges in a drawing automatically produces a mass ofnotational di�culties (e.g. is an edge of the drawing after contraction the same edgeas the corresponding edge in the drawing before contraction?) To avoid obscuringthe serious issues with these notational ones, it seems best to break the contractionprocess into two stages, as follows.Let G be a triangulation or a near-triangulation. A subset X � E(G) is sparse ifevery region is incident with at most one edge in X, and the in�nite region (in thecase of a near-triangulation) is incident with no edge in X. If X � E(G) is sparse,a tri-colouring of G modulo X is a map �:E(G) � X ! f�1; 0; 1g such that forevery region (except the in�nite region, in the case of a near-triangulation) incidentwith edges e, f , g,(i) if e; f; g 62 X, then f�(e); �(f); �(g)g = f�1; 0; 1g(ii) if g 2 X, then �(e) = �(f).Thus, a tri-colouring is a tri-colouring modulo ;.The following will allow us to use the fact that the drawing obtained by con-tracting all the edges in X is 4-colourable, without having to mention that drawingand its attendant notational complexities.(2.5) Let T be a minimal counterexample, and let X � E(T ) be sparse. Supposethat X 6= ;, and there is no circuit C of T such that jE(C) � Xj = 1. Then Tadmits a tri-colouring modulo X.Proof. Let F be the drawing with vertex set V (T ) and edge setX, and let Z1; : : : ; Zkbe the vertex sets of the components of F . Let S be the graph with vertex setfZ1; : : : ; Zkg and edge set E(T ) � X, in which e 2 E(T ) � X is incident with Ziif e \ Zi 6= ;. Since there is no circuit C of T with jE(C) � Xj = 1, it followsthat S is loopless; since S is obtained from T by contracting the edges in X, it isplanar; since X 6= ;, jV (S)j + jE(S)j < jV (T )j + jE(T )j; and since T is a mini-mal counterexample, S admits a vertex 4-colouring. Consequently there is a map�:V (T )! f1; 2; 3; 4g such that(i) for 1 � i � k, �(v) is constant for v 2 Zi, and(ii) for every edge e of T with e 62 X, �(u) 6= �(v) where e has ends u; v.



THE FOUR-COLOUR THEOREM 7For each edge e 2 E(T )�X with ends u, v, de�ne�(e) = 8<:�1 if f�(u); �(v)g = f1; 2g or f3; 4g0 if f�(u); �(v)g = f1; 3g or f2; 4g1 if f�(u); �(v)g = f1; 4g or f2; 3g :Then � is a tri-colouring of T modulo X, as we see as follows. Let r be a regionof T , incident with edges e, f , g and vertices u, v, w, where e, f , g have endsuv, vw, uw respectively. If e; f; g 62 X, then �(u), �(v), �(w) are all distinct,and so f�(e); �(f); �(g)g = f�1; 0; 1g. On the other hand, if g 2 X (say), then�(u) = �(w) and so �(e) = �(f). �Actually, when we apply (2.5), X will always be the edge-set of a forest of T .3. ReducibilityLet R be a circuit. An edge-colouring of R is a map �:E(R)! f�1; 0; 1g. Wewish to de�ne what we mean by a \consistent set" of edge-colourings of R, and forthat we need several de�nitions. A match m in R is an unordered pair fe; fg ofdistinct edges of R, and a signed match in R is a pair (m;�) where m is a matchand � = �1. A signed matching in R is a set M of signed matches, so that if(fe; fg; �); (fe0; f 0g; �0) 2M are distinct then(i) fe; fg \ fe0; f 0g = ;, and(ii) e, f belong to the same component of the graph obtained from R by deletinge0 and f 0.If M is a signed matching, E(M) denotesfe 2 E(R): e 2 m for some (m;�) 2Mg :For � 2 f�1; 0; 1g, an edge-colouring � of R is said to �-�t a matching M in R if(i) E(M) = fe 2 E(R):�(e) 6= �g, and(ii) for each (fe; fg; �) 2M , �(e) = �(f) if and only if � = 1.A set C of edge-colourings of R is consistent if for every � 2 C and every � 2f�1; 0; 1g there is a signed matching M such that � �-�ts M , and C contains everyedge-colouring that �-�ts M .The signi�cance of consistency stems from (3.1) below, which essentially datesback to Kempe [12] and Birkho� [7]. Let H be a near-triangulation; then there isa closed walk v0; f1; v1; : : : ; fk; vk = v0tracing the boundary of the in�nite region, in the natural sense. (In fact, there areseveral such walks, depending on the orientation and the choice of initial vertex.)Since H may not be 2-connected, this walk may have repeated vertices or edges.Let R be a circuit graph (not necessarily a circuit of H) of length k, with edgese1; : : : ; ek in order; and for 1 � i � k, de�ne �(ei) = fi. We say that � wraps Raround H. If � is a tri-colouring of H, let �(e) = �(�(e)) (e 2 E(R)); then � is anedge-colouring of R, called a lift of � (by �).



8 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMAS(3.1) Let H be a near-triangulation, and let � wrap a circuit R around H. Let Cbe the set of all lifts by � of tri-colourings of H. Then C is consistent.Proof. Let e1; : : : ; ek, f1; : : : ; fk be as in the de�nition of \wraps". Let � 2 C, andlet � 2 f�1; 0; 1g. We must show that there is a signed matching M such that ��-�tsM and C contains every edge-colouring of R that �-�tsM . By permuting �1,0, 1 we may assume that � = 0.Since � 2 C, � is the lift of some tri-colouring � of H. A rib is a sequenceg0; r1; g1; r2; : : : ; rt; gtsuch that(i) g0; g1; : : : ; gt are distinct edges of H,(ii) r1; r2; : : : ; rt are distinct �nite regions of H,(iii) if t > 0 then g0, gt are both incident with the in�nite region of H, and ift = 0 then g0 is incident with no �nite region of H,(iv) for 1 � i � t, ri is incident with gi�1 and with gi, and(v) for 0 � i � t, �(gi) 6= 0.In any rib the values of �(g0); �(g1); �(g2); : : : are �1 alternately, and �(e) = 0 forevery edge e not in the rib that is incident with a region in the rib. Thus, if wereverse the signs of �(g0); : : : ; �(gt) we obtain a new tri-colouring of H.Moreover, any two ribs are disjoint (they share neither edges nor regions); andfor 1 � i � k, fi belongs to a unique rib if �(fi) = �1, and to no rib if �(fi) = 0.With each rib g0; r1; : : : ; rt; gt, we associate the signed match (fei; ejg; �), whereg0 = fi, gt = fj , and � = +1 or �1 depending whether t is even or odd, respectively(or equivalently, whether �(g0) = �(gt) or not, respectively). The set of all thesesigned matches is a signed matching M , and � �-�ts M . Now let �0 be any edge-colouring of R that �-�ts M , and de�ne �00(fi) = �0(ei) (1 � i � k). (This iswell-de�ned, for if fi = fj then �(ei) = �(ej) and hence �0(ei) = �0(ej).) Byreversing the signs of � in some of the ribs we can construct a tri-colouring �0 of Hwhose restriction to ff1; : : : ; fkg is �00. Then �0 is the lift of �0, and so �0 2 C asrequired. �Since the null set is consistent, and the union of any two consistent sets is con-sistent, it follows that any set of edge-colourings S has a unique maximal consistentsubset S 0. Moreover, for jE(R)j su�ciently small, a computer can compute S 0 froma knowledge of S reasonably quickly. For instance, with jE(R)j = 14, which is themaximum we need, it normally takes less than a minute on a Sparc 20 workstation.Let K be a con�guration. A near-triangulation S is a free completion of K withring R if(i) R is an induced circuit of S, and bounds the in�nite region of S



THE FOUR-COLOUR THEOREM 9(ii) G(K) is an induced subdrawing of S, G(K) = SnV (R), every �nite region ofG(K) is a �nite region of S, and the in�nite region of G(K) includes U(R)and the in�nite region of S, and(iii) every vertex v of S not in V (R) has degree K(v) in S.For instance, the drawing in �gure 2 is a free completion of conf (1; 3; 2).

Figure 2. A free completion.It is easy to check that every con�guration has a free completion. (This iswhere we use the condition that ring-size � 2 in the de�nition of a con�guration{ the ring-size is actually the length of the ring in the free completion, as thereader may verify.) Moreover, if S1, S2 are two free completions of K, there is ahomeomorphism of � �xing G(K) pointwise and mapping S1 to S2. (This is wherecondition (i) in the de�nition of a con�guration is used.) Thus, there is essentiallyonly one free completion, and so we may speak of \the" free completion withoutserious ambiguity.Let S be the free completion of a con�guration K with ring R. Let C� be theset of all edge-colourings of R, and let C � C� be the set of all restrictions toE(R) of tri-colourings of S. Let C0 be the maximal consistent subset of C��C. Thecon�guration K is said to be D-reducible if C0 = ;. We shall see that no D-reduciblecon�guration appears in a minimal counterexample.There are several other ways in the literature to prove that a con�guration doesnot appear in a minimal counterexample, but we shall not need the more di�cultones (general C-reducibility, block-count reducibility). The only other techniquewe require is a special case of C-reduction, the following.With notation as before, let X � E(S)�E(R). We say that X is a contract forK if X 6= ;, X is sparse in S, and no edge-colouring in C0 is the restriction to E(R)of a tri-colouring of S modulo X.



10 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMASSubject to one other condition (we have to check that if K occurs in an internally6-connected triangulation T , then there is no circuit C of T with jE(C)�X 0j = 1,where X 0 is the set of edges of T corresponding to X), no con�guration K with acontract can appear in a minimal counterexample, as we shall see.As we observed before, certain of the con�gurations drawn in the Appendixhave extra \half-edges" { these are meant to indicate edges of the free completion.(Whenever we drew any half-edge incident with a vertex v, we also drew all theother edges of the free completion incident with v, in their natural cyclic order, tomake clear which edge was which.) Also, in the Appendix, sometimes certain edgesor half-edges are drawn thicker than usual.By using a computer, we showed that(3.2) For each of the 633 con�gurations K drawn in the Appendix, let X be theset of edges of the free completion of K drawn thickened in the �gure. If X = ;,then K is D-reducible. Otherwise, 1 � jXj � 4, and X is a contract for K.In the remainder of this section, we derive (2.2) from (3.2).Suppose that K is a con�guration that appears in a triangulation T . Thereneed not be any subdrawing of T that is a free completion of K, and this presentscertain problems when we try to deduce results about T from results about the freecompletion. We overcome them by means of (3.3) below.If T is a triangulation or near-triangulation, its set of regions (excluding thein�nite region, for a near-triangulation) is denoted by F (T ). Let T be a triangula-tion, and S a near-triangulation. A projection of S into T is a map � with domainV (S) [E(S) [ F (S), such that(i) � maps V (S) into V (T ), E(S) into E(T ), and F (S) into F (T )(ii) for distinct u; v 2 V (S), �(u) = �(v) only if u, v are both incident withthe in�nite region of S; for distinct e; f 2 E(S), �(e) = �(f) only if e, fare both incident with the in�nite region of S; and for distinct r; s 2 F (S),�(r) 6= �(s)(iii) for x; y 2 V (S) [E(S) [ F (S), if x, y are incident in S, then �(x), �(y) areincident in T .(3.3) Let K be a con�guration appearing in a triangulation T , and let S be thefree completion of K. Then there is a projection � of S into T such that �(x) = xfor all x 2 V (G(K)) [ E(G(K)) [ F (G(K)).This is a \folklore" theorem, and we omit its proof, which is straightforward butlengthy. A function � as in (3.3) is called a corresponding projection.(3.4) Let K be a con�guration appearing in a triangulation T , let S be the freecompletion of K, with ring R, and let � be a corresponding projection of S into T .Let H be the planar drawing obtained from T by deleting V (G(K)) and designating



THE FOUR-COLOUR THEOREM 11as in�nite the region of H including V (G(K)). Then H is a near-triangulation, andthe restriction of � to E(R) wraps R around H.This is another straightforward result, and so again we omit the proof. If G is aplanar drawing, v 2 V (G) and e 2 E(G), we say that e faces v if e is not incidentwith v and there is a �nite triangle of G incident with both e and v. If S is a freecompletion of a con�guration K, and X � E(S) is sparse in S with jXj = 4, avertex v of S is a triad for X if(i) v 2 V (G(K)),(ii) there are at least three vertices of S that are adjacent to v and incident witha member of X, and(iii) if K(v) = 5, then not every member of X faces v.(3.5) Let K be a con�guration appearing in a triangulation T , let S be the freecompletion ofK, and let � be a corresponding projection of S into T . LetX � E(S)be sparse in S with jXj � 4, such that if jXj = 4 there is a triad for X. If there isa circuit C of T with jE(C)� �(X)j � 1, then there is a short circuit in T .Proof. Let X 0 = �(X) \ E(C). Since X is sparse in S, no edge of X is incidentwith the in�nite region of S, and consequently every edge in X is incident with twodistinct �nite regions of S. By (3.3), it follows that every region of T incident withan edge in X 0 is equal to �(r) for some �nite region r of S; and hence X 0 is sparsein T . Now jE(C)j � jXj+ 1 � 5, and we may assume that C is not a short circuitof T , and so there is an open disc � � � bounded by C, with j�\ V (T )j � 1, andwith � \ V (T ) = ; if jE(C)j � 4. But every edge of X 0 is incident with a triangleof T included in �, and all these triangles are distinct since X 0 is sparse in T .Consequently, � includes at least jX 0j � jE(C)j � 1 triangles of T . If jE(C)j � 4,then this is impossible since � \ V (T ) = ;; and so jE(C)j = 5, jXj = 4, there is aunique vertex t of T in �, dT (t) = 5, and every edge of C faces t in T .Since jXj = 4, there is a triad v 2 V (S) for X, by hypothesis. Either dK(v) � 6or some edge in X does not face v in S since v is a triad, and it follows in eithercase that v = �(v) 6= t. Since v = �(v) has at least three distinct neighbours inC, and every vertex of C is adjacent to t, it follows that T has a short circuit, asrequired. �Next we need(3.6) Let K be one of the con�gurations shown in the Appendix, let S be its freecompletion, and let X be the set of edges of S thickened in the �gure. If jXj = 4,there is a triad for X.To prove this, the reader should examine individually all the con�gurations inthe Appendix. For most of them, jXj � 3, so the task is not as di�cult as it mightseem.



12 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMAS(There is a subtle problem here. When we use a computer to check the cor-rectness of (3.2) and later (4.9), the computer reads 633 con�gurations from a �le,not directly from the Appendix. How can we be sure that the contents of the �lematches what is drawn in the Appendix? Does the reader also have to check thissomehow? One way to avoid that extra burden on the reader is to rede�ne \goodcon�guration" to be one of the con�gurations in the �le, rather than one in theAppendix, and to regard the Appendix just as an illustration. Then if for somereason there is a discrepancy between the two lists, our proof is still valid. Butthen the proof of (3.6) is suspect, because to prove it by hand we use the Appen-dix. To resolve this, we include in the programs a check that the con�gurations inthe computer �le satisfy (3.6).)Now we prove (2.2), which we restate.(3.7) If T is a minimal counterexample, then no good con�guration appears in T .Proof. Suppose that K is a good con�guration that appears in T . Let S be the freecompletion of K, with ring R, and let � be a corresponding projection of S into T .Let X be the set of edges of S corresponding to those thickened in the Appendix.Let H be obtained as in (3.4), and let  be the restriction of � to E(R).By (3.4) H is a near-triangulation and  wraps R around H. Let C� be the setof all edge-colourings of R, and let C1 � C� be the set of all lifts of tri-colouringsof H via  . By (3.1), C1 is consistent. Let C2 � C� be the set of all restrictionsto E(R) of tri-colourings of S. Since T admits no tri-colouring by (2.4), it followseasily that C1 \ C2 = ;. Let C3 be the maximal consistent subset of C� � C2. SinceC1 is consistent and C1 \ C2 = ;, it follows that C1 � C3.It is possible to complete H to a triangulation T 0 by adding edges, and sinceT is a minimal counterexample it follows that T 0, and hence H, admits a tri-colouring. Consequently C1 6= ;, and so C3 6= ;, and K is not D-reducible. By(3.2), 1 � jXj � 4 and X is a contract for K. Now X is sparse in S, and by(2.1) T has no short circuit, and so by (3.6) and (3.5) there is no circuit C of Twith jE(C)� �(X)j = 1. Hence by (2.5) T admits a tri-colouring modulo �(X), �say. The restriction of � to E(H) is a tri-colouring of H, since �(X) \ E(H) = ;;and so its lift, � say, via  belongs to C1 and hence to C3. But for e 2 E(S), let�0(e) = �(�(e)); then �0 is a tri-colouring of S modulo X, and � is its restriction toR. This contradicts that X is a contract for S, and the result follows. �4. UnavoidabilityIn this section we prove (2.3). A cartwheel is a con�guration W such that thereis a vertex w and two circuits C1, C2 of G(W ) with the following properties:(i) fwg, V (C1), V (C2) are pairwise disjoint and have union V (G(W ))(ii) C1 and C2 are both induced subgraphs of G(W ), and U(C2) bounds thein�nite region of G(W )(iii) w is adjacent to all vertices of C1 and to no vertices of C2.



THE FOUR-COLOUR THEOREM 13It follows that the edges of G(W ) are of four kinds; edges of C1, edges of C2,edges between w and V (C1), and edges between V (C1) and V (C2). We call w thehub of the cartwheel. See �gure 3.

Figure 3: A cartwheelTo avoid confusion, let us stress that �gure 3 is a picture of W , not of the freecompletion of W ; the free completion would have three concentric circuits aroundw.We need the following result of Birkho� [7].(4.1) Let v be a vertex of an internally 6-connected triangulation T . There is aunique cartwheel appearing in T with hub v.Let W be a cartwheel. A con�guration K appears in W if G(K) is an inducedsubdrawing of G(W ), every �nite region of K is a �nite region of W (and hencethe in�nite region of K includes the in�nite region of W ), and K(v) = W (v) forevery v 2 V (G(K)).A path Q in a drawing G is a non-null connected subdrawing with no circuits inwhich every vertex has degree � 2. Its length is jE(Q)j. (Thus, we permit pathsof length 0, but we insist that paths have no repeated vertices or edges). It is au; v-path if u; v 2 V (Q) and u, v are the vertices of Q of degree < 2.A pass P is a quadruple (K; r; s; t) where



14 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMAS(i) K is a con�guration,(ii) r is a positive integer,(iii) s and t are distinct adjacent vertices of G(K), and(iv) for each v 2 V (G(K)) there is an s; v-path and a t; v-path in G(K), both oflength � 2.We write r(P ) = r, s(P ) = s, t(P ) = t, and K(P ) = K. We call r the value ofthe pass, s its source, and t its sink.A pass P appears in a triangulation T if K(P ) appears in T . A pass P appearsin a cartwheel W if K(P ) appears in W . Isomorphism for passes is de�ned in thenatural way.Let P be a set of passes. We write P � P to denote that P is a pass isomorphicto a member of P. If W is a cartwheel, we de�ne NP(W ) to be10(6� W (w)) +X(r(P ):P � P ; P appears in W ; t(P ) = w)�X(r(P ):P � P ; P appears in W ; s(P ) = w) ;where w is the hub of W .(4.2) Let T be an internally 6-connected triangulation, and let P be a set ofpasses. Then the sum of NP (W ), over all cartwheels W appearing in T , equals 120.Proof. For each v 2 V (T ), there is a unique cartwheel Wv appearing in T with hubv, by (4.1). Thus, fWv: v 2 V (T )g is the set of all cartwheels appearing in T .Let P be a pass appearing in T , with source s. We claim that P appears in Ws.To see this, let H = G(K(P )), and let G = G(Ws). Certainly V (H) � V (G), bycondition (iv) in the de�nition of a pass, since V (G) contains every vertex v of Tsuch that there is an s; v-path in T of length � 2. Also, E(H) � E(G), becauseE(H) � E(T ) and G is an induced subdrawing of T . Finally, let r be a �nite regionof H. Then r is a region of T since P appears in T ; we must show that r is a �niteregion of G. Suppose not; then r is a subset of the in�nite region of G. But everyedge of T incident with r is an edge of G, and so r is the in�nite region of G. Henceevery region of G is a region of T , and so G = T , which is impossible since Ws hasring-size � 2. This proves that r is a �nite region of G, and so P appears in Ws,as claimed.It follows thatX(r(P ):P � P ; P appears in T )= Xv2V (T )X(r(P ):P � P ; P appears in Wv ; s(P ) = v) ;because certainly every pass appearing in some Wv also appears in T . The sameequation holds with s(P ) replaced by t(P ), and consequentlyXv2V (T )NP (Wv) = Xv2V (T ) 10(6� W (v)) :



THE FOUR-COLOUR THEOREM 15Let jV (T )j = n. For each vertex v, W (v) = dT (v), andXv2V (T ) dT (v) = 2jE(T )j = 6n� 12 ;by the well-known application of Euler's formula. HenceXv2V (T )NP (Wv) = 60n� 10(6n� 12) = 120 ;as required. �It follows from (4.2) that(4.3) Let T be an internally 6-connected triangulation, and let P be a set ofpasses. Then there is a cartwheel W appearing in T with NP (W ) > 0.We shall describe a set P of passes with the property that(4.4) For every cartwheel W with NP (W ) > 0, some good con�guration appearsin W .Our second main result (2.3) follows immediately from (4.3) and (4.4); and sothe objective of the remainder of this section is to describe P and show that (4.4)holds. Now our set P contains in�nitely many non-isomorphic passes, but they canbe divided conveniently into 32 classes, each described by what we call a \rule".Formally, a rule is a 6-tuple (G; �; �; r; s; t), where(i) G is a near-triangulation, and Gnv is connected for every vertex v,(ii) � is a map from V (G) to Z+; and � is a map from V (G) to Z+ [ f1gsatisfying �(v) � �(v) for every vertex v,(iii) r > 0 is an integer, and(iv) s and t are distinct, adjacent vertices of G, and for every v 2 V (G) there isa v; s-path and a v; t-path of length � 2, such that �(w) � 8 for the internalvertex w of the path, if there is one.A pass P obeys a rule (G; �; �; r; s; t) if P is isomorphic to some (K; r; s; t) whereG(K) = G and �(v) � K(v) � �(v) for every vertex v 2 V (G).Let us extend the conventions of �gure 1 to describe rules. Conveniently, weshall not need many possibilities for the pairs (�(v); �(v)). In all cases, either(a) 5 � �(v) = �(v) � 8, or(b) �(v) = 5 and 6 � �(v) � 8, or(c) 5 � �(v) � 8 and �(v) =1.To describe case (a), we naturally use the conventions of �gure 1. For (b), we usethe �gure 1 convention that indicates a vertex v with (v) = �(v), and add to the



16 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMAS�gure a minus sign (�) close to the vertex. Similarly, for (c) we use the �gure 1convention for (v) = �(v), and add a plus sign (+).In addition, for each rule we indicate r, s and t by marking the edge joining s andt with an arrow (if r = 1) or double arrow (if r = 2), directed from s to t. (For allthe rules we need, r = 1 or 2.) Thus �gure 4 describes 32 rules (the reader shouldverify that in each case, conditions (i)-(iv) in the de�nition of \rule" are satis�ed).Henceforth in this paper, P denotes the set of passes that obey one of these rules.(No pass obeys two distinct rules from �gure 4, but there are a few instances of apass P obeying a rule from the �gure where the associated isomorphism from P to(K; r; s; t) is not unique { for instance, with rules 10 and 31. Let us stress that evenin such a case, the pass P is counted only once in the set P; the latter is a set, nota multiset.)Passes obeying the �rst rule have value 2, and all other members of P have value1. The �rst seven rules are di�erent from the others. In any pass P that obeysone of them, the source s satis�es P (s) = 5 or 6, while in a pass that obeys oneof the other rules, P (s) = 7 or 8 and the sink t satis�es P (t) � 7. There is somesystem in the �rst seven rules, as we shall see in (4.5) below, but the other ruleswere chosen by trial and error, and have no particular plan or pattern.At �rst sight the reader may wonder why in rule 10, the vertex v with �(v) = 5and �(v) = 1 cannot simply be deleted. The reason is, suppose a pass appearsobeying rule 10 with v of degree 5. Then two passes would appear obeying themodi�ed rule (mirror images of one another) and the net e�ect of the set of ruleswould be di�erent.We need to prove that our choice of P satis�es (4.4). To do so, we break (4.4)into three cases, depending on the degree of the hub of the cartwheel: degree atmost 6, degree 7; : : : ; 11, and degree at least 12. The �rst and last cases can bedone by hand, as we shall see. For the �rst we need the following lemma.(4.5) Let W be a cartwheel, with hub w of degree 5 or 6. For k = 1; : : : ; 32 let pk(respectively, qk) be the sum of r(P ) over all passes P obeying rule k and appear-ing in W with sink (respectively, source) w. Suppose that no good con�gurationappears in W . Then:(i) p1 = q2 + q3(ii) p3 = q4(iii) p4 = q5 + q6, and(iv) p5 = q7.Proof. We write  for W . Let X be the set of all triples (x; y; z) of neighbours ofw inW such that x,y,z are all distinct, y is adjacent to both x and z, and (x) = 5.Thus p1 = jXj. Now q2 is the number of (x; y; z) 2 X with (y) � 7; and q3 is thenumber of (x; y; z) 2 X with (y) � 6 and (z) � 6. Since there is no (x; y; z) 2 X
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Figure 4: The ruleswith (y) � 6 and (z) = 5 (because conf (1; 1; 1), conf (1; 1; 2) and conf (1; 1; 4)do not appear) it follows that q2 + q3 = jXj = p1. This proves (i).If (w) = 5 then p3, p4, p5, q4, q5, q6, q7 are all zero and so (ii),(iii) and (iv) aretrue. We assume then that (w) = 6.Now let X be the set of all triples (x; y; z) of neighbours of w such that x,y,z



18 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMASare all distinct, y is adjacent to both x and z, (x) � 6, (y) � 6, and (u) = 5,where u is the vertex di�erent from w adjacent to both x and y. Thus p3 = jXj.But for each (x; y; z) 2 X, (z) � 6 since conf (1; 1; 2), conf (1; 1; 4), conf (1; 1; 5)and conf (1; 1; 7) do not appear; and so jXj = q4. This proves (ii).The proofs of (iii) and (iv) are similar and we omit them. �From (4.5) we deduce:(4.6) Let W be a cartwheel with NP (W ) > 0, and with hub of degree 5 or 6.Then a good con�guration appears in W .Proof. Let w be the hub, and de�ne pk and qk for k = 1; : : : ; 32 as in (4.5). Supposethat no good con�guration appears; we shall show thatNP(W ) = 0, a contradiction.First, let W (w) = 5. Then pk = 0 for k = 2; : : : ; 32 and qk = 0 for k = 4; : : : ; 32,and so NP(W ) = 10 + p1 � q1 � q2 � q3 = 0by (4.5) (since q1 = 10). Now let (w) = 6. Then, again by (4.5),NP(W ) = p1 + p3 + p4 + p5 � q2 � q3 � q4 � q5 � q6 � q7 = 0 :In either case we have a contradiction. �Now we prove (4.4) for cartwheels with hub of degree at least 12. For that weneed a di�erent lemma, the following.(4.7) LetW be a cartwheel with hub w, and let v be a neighbour of w. If no goodcon�guration appears in W , then the sum of r(P ) over all passes P 2 P appearingin W with source v and sink w is at most 5.Proof. For k = 1; : : : ; 32 let Rk be the sum of r(P ) over all passes P obeying rulek, appearing in W with source v and sink w. Let R = R1 + � � �+ R32. We mustshow that R � 5. We observe that for each k, Rk � 2.First, let W (v) = 5. Then R1 = 2, and R = 2 + R2 + R3. Since conf (1; 1; 1)does not appear, it follows that not both R2, R3 = 2, and so R � 5 as required.Now let W (v) = 6. ThenR = R2 +R3 + R4 + R5 + R6 + R7 :Since R3+R5+R6 � 2, R2+R7 � 2, and R4 � 2, we may assume that equality holdsthroughout. Since R4 = 2 it follows that R7 = 0, and R2 � 1 (since conf (1; 1; 3),conf (1; 1; 6), conf (1; 2; 2) do not appear), contradicting that R2 + R7 = 2. ThusR � 5 as required.If W (v) � 9 then R = 0, because P (s) � 8 for the sink s of every pass P 2 P.There therefore remain the cases W (v) = 8 and 7.



THE FOUR-COLOUR THEOREM 19Let W (v) = 8. ThenR = R28 + R29 + R30 + R31 +R32 :Now R30,R31,R32 � 1, and if any one of them is nonzero then the other two arezero and so are R28 and R29 (since conf (5; 7; 2) does not appear). Hence we mayassume that R = R28 +R29 � 3, as required.Finally, let W (v) = 7. This we need to break into several subcases. Let u1and u2 be the two vertices adjacent to both v and w, and let W (u1) = c1 andW (u2) = c2. From the symmetry we may assume that c1 � c2.First, let c1 = c2 = 5. ThenR = R8 + R9 + R10 + R11 + R12 + R13 :If R10 � 1, then R10 = 1, R8 � 2, R9 � 1 (since conf (1; 4; 3) does not appear),R12 + R13 � 1 and R11 = 0, and hence R � 5 as required. We assume then thatR10 = 0, and hence R12 = R13 = 0 and R8 � 1. But R9 � 2 and R11 � 1, so R � 4as required.Next, let c1 = 5 and c2 = 6. ThenR = R8 +R9 +R14 + R15 + R16 + R17 + R18 +R19 :Not both R16 and R18 are nonzero, and both are zero if R8 = 2, and so R8 +R16 + R18 � 2. Also, R9 � 1 (since conf (1; 4; 3) and conf (1; 4; 5) do not appear),R14 + R19 � 1, and R15 + R17 � 1, so R � 5 as required.Next, let c1 = c2 = 6. ThenR = R8 + R9 + R20 + R21 + R22 :But R9 � 2, R8 + R21 � 2 (since conf (1; 4; 3) and conf (2; 10; 6) do not appear),and R20 + R22 � 1, so R � 5 as required.Next, let c1 = 5 and c2 � 7. ThenR = R8 + R9 +R18 + R19 + R23 + R24 +R25 :But R8 � 1, R9 � 1,R18+R19 � 1, and R23+R24+R25 � 1, so R � 4 as required.Finally, let c1 � 6 and c2 � 7. ThenR = R8 + R9 + R21 + R22 + R26 + R27 :But R8 � 1, R9 � 1, R21 +R22 � 1, and R26 + R27 � 1, so R � 4 as required.This proves the result if W (v) = 7, and hence completes the proof. �From (4.7) we deduce:



20 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMAS(4.8) LetW be a cartwheel with NP(W ) > 0, and with hub of degree � 12. Thena good con�guration appears in W .Proof. Suppose that no good con�guration appears. Let W (w) = d and let D bethe set of neighbours of w, where w is the hub of W . For each v 2 D, let R(v) bethe sum of r(P ) over all passes P 2 P appearing in W with source v and sink w.Then Pv2D R(v) � 5d by (4.7). HenceNP(W ) = 10(6� d) +Xv2DR(v) � 10(6� d) + 5d = 60� 5d � 0 ;a contradiction. The result follows. �In view of (4.6) and (4.8), in order to prove (4.4) and hence (2.3) it remains toprove the following.(4.9) Let W be a cartwheel with NP (W ) > 0, and with hub of degree 7, 8, 9, 10or 11. Then a good con�guration appears in W .For each of the �ve cases, we have a proof. Unfortunately they are very long(altogether about 13; 000 lines, and a large proportion of the lines take some thoughtto verify), and so cannot be given here. Moreover, although any line of the proofscan be checked by hand, the proofs themselves are not \really" checkable by handbecause of their length. We therefore wrote the proofs so that they are machine-readable, and in fact a computer can check these proofs in a few minutes. (Moredetails are given in section 7.) Alternatively, one can write a computer program tocheck (4.9) directly, for it is easily seen to be a �nite problem.This concludes our proof of the 4CT. Of course, we have not given proofs of (3.2)and (4.9), but merely asserted that we checked them by computer. For the readerto be sure of the truth of these two statements, he needs to read the computerprograms and then run them on a computer, or to write and use his own programs.To facilitate this, we are making all the necessary programs and data (and, inparticular, the proofs of the �ve cases of (4.9)) available on the World-Wide Weband via \anonymous ftp" as described earlier. Verifying (3.2) takes about 3 hourson a Sun Sparc 20 workstation, and (4.9) takes about 20 minutes altogether. The�rst needs about one megabyte of RAM, and the second less. We used workstationsfor convenience, but the programs run on personal computers (including laptops)as well.Ga�sper Fijav�z, a student of one of the referees of this paper (Bojan Mohar), hasindependently veri�ed the truth of (3.2) and (4.9). He wrote his own programs (inPascal - ours were written in C) and ran them on two computers with two di�erentprocessors (a 486 and a pentium based PC). No discrepancies were found. Also,Christopher Carl Heckman, a student of Robin Thomas, wrote a Pascal programto independently verify (4.9). His program is available from anonymous ftp alongwith the other programs.



THE FOUR-COLOUR THEOREM 215. Modifications, Extensions, CommentsWe tried to \optimize" the proof presented here as best we could, but whatprecisely this means is open to debate. For instance, it seems desirable to(a) make the size of the unavoidable set of reducible con�gurations as small aspossible;(b) make the number of rules as small as possible;(c) make the running time of the computer programs as short as possible;(d) make the non-computer parts of the proof (i.e., what is in this paper) assimple as possible.These objectives unfortunately conict. For instance, we could replace rules 14,15 and 17 by one rule, simpler than all of these, at the cost of increasing the sizeof the unavoidable set by about 20. Also, there are several trade-o�s between (a)and (d), as we explain below.What we have presented is a somewhat uneasy compromise, and we would liketo explain here some of the reasons we chose it, and what could have been donedi�erently. Concerning (b), we could see how to make the rules a little simpler,but not much. (This is not to say that no better choice of rules exists; no doubt itdoes.) The place where we sacri�ced the most was in the choice of ways to provecon�gurations reducible. As far as we know, there are basically four ways to provethat con�gurations do not appear in minimal counterexamples: showing they are(i) D-reducible; this is perfectly acceptable and normal;(ii) reducible because there is a contract in our sense, of size � k say; let us callthis being k-reducible;(iii) C-reducible, in the sense of Heesch [11] and Appel and Haken [5]; this meansthat the con�guration cannot appear, because if it did it could be replacedby something smaller, thereby producing a planar triangulation that is not4-colourable, smaller than the supposedly \minimal" one ;(iv) block-count reducible, in the sense of A. Bernhart (unpublished), Cohen [8]and Gismondi and Swart [10]; this is the same as being C-reducible, exceptthat the de�nition of \consistent" is changed to something signi�cantly morerestrictive.Using them all, we found an unavoidable set of size 591. But we decided toabandon (iv). This was a wrench, because several useful con�gurations were block-count reducible, and we could not reduce them in any other way (shown in �gure 5).(The �rst of these was shown block-count reducible by Gismondi and Swart [10],and perhaps also by Bernhart, but the others seem to be new.) We were originallyhoping that every \reasonable" con�guration (de�ned later) might be block-countreducible, but with experiment our faith in this has declined.The reason we dropped this method was that block-count reducibility takes a lot
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Figure 5: Block-count reducible con�gurationsof computing time, and also it seemed to be incompatible with getting a polynomialtime algorithm to 4-colour a planar graph, which is the objective of the next section.Second, general C-reducibility. This gives an unavoidable set of size 609, but themethod is highly complicated and dangerous. It is very important to verify thatif you replace a piece of a triangulation by a smaller piece, you do not introduceloops. There are two sources of complication, �rst that the free completion of thecon�guration may not appear in the triangulation, and second, that replacing thecon�guration by something smaller often involves identifying vertices on the ringof the free completion; and these two can conspire to create loops in most deviousways. (For instance, let a, b, c, d be vertices of the ring, in order, but not necessarilyconsecutive. Suppose that �(a) = �(b), where � is the corresponding projection,and �(c) is adjacent to �(d) in the triangulation, though c and d are not adjacentin the free completion. Now suppose that the \smaller piece" has a identi�ed withd and b with c; then making this substitution creates a loop.) Of course, this canbe controlled, with care, but we wanted to do this \safety check" part of the proofby hand, and it seemed to us too dangerous and complicated. So we decided notto regard as reducible everything that we could prove C-reducible, but only thosefor which the safety check was easy.At the other extreme, the safety check is vacuous for D-reduction (which is aspecial case of C-reduction), and very easy for k-reduction, where k � 3. Nowconf (1; 1; 4) is 4-reducible and not 3-reducible, but it has an easy safety check, andhas been known to be reducible since 1948 [6], so it seems silly to exclude it. Wedecided therefore to accept this and a handful of other useful small con�gurations.There is an unavoidable set of con�gurations, all 1-reducible except for our handful,but it was rather large, about 900. (We expect that our handful could be eliminatedif necessary; indeed, we expect that there is even an unavoidable set of D-reduciblecon�gurations, but have not tried to �nd it.) If we had stopped at 3-reducibility, theset would have size about 700. We tried allowing everything that was 4-reducible,and it turned out by accident that all members of the optimal subset had an easysafety check, given in (3.5), so that seemed very satisfactory, and we �xed on it. Ifwe had gone to (say) 8-reducibility, the unavoidable set would have had size about618, but the analogue of (3.5) would be much more complicated.Incidentally, given a contract for a con�guration, it is easy to verify that it reallyis a contract { but how did we �nd it in the �rst place? We did nothing clever here,although there are clever methods available (see [1]). We just tried all possibilities.Another natural question { why did we insist that contracts were sparse? Becauseeverything we needed and could reduce with a \non-sparse contract" (i.e. a set of



THE FOUR-COLOUR THEOREM 23edges containing 3, 1 or 0 edges from each �nite region) we could also reduce witha sparse one of at most the same size, so it was a free way to simplify the paper.A third question; while it is straightforward to check that the set of the Appendixworks, how did we �nd it? For that, we need to discuss a conjecture of Heesch [11],that guided us.Let us say a con�guration K is reasonable if(i) K(v) � d(v) + 3, for every vertex v, and(ii) no 3-vertex block of G(K) has two vertices of degree 2 in G(K).Heesch made the conjecture that every minimally reducible con�guration is rea-sonable. This is still open, though it is proved for D-reducibility (Whitney andTutte [15] proved (i), and we proved (ii), unpublished). But we believed Heesch'sconjecture enough that we almost never tested any con�guration for reducibilityunless it was reasonable. (In fact, we think that condition (ii) can be replaced bythe stronger condition that G(K) has no block with at most three vertices.) Sonow, how did we �nd the 633 con�gurations? We simply examined all cartwheelsW with hub of degree 7; : : : ; 11 with NP(W ) > 0, and for each suchW listed all thereasonable con�gurations it contained, found which were minimally reducible, anddiscarded the others. Thus, for each cartwheel we had a set of con�gurations. Thenwe needed to choose another set meeting each cartwheel set, as small as possible.For this we used a heuristic.Incidentally, the appealing feature of Heesch's conjecture above is in the reversedirection; most reasonable con�gurations seem to be reducible. We examined intotal 15165 reasonable con�gurations, and we could reduce (byD- or C-reducibility)14051 of them.There is another helpful observation, due to Allaire [1]. LetK be a con�guration,and let S be its free completion, with ring R. Let C� be the set of all edge-colouringsof R, and let C be all restrictions to E(R) of tri-colourings of S. Let C1 be themaximal consistent subset of C� � C, and let C2 be the maximal consistent subsetof C� � C1. Thus, C � C2, but equality need not hold. If C2 = C, K is said tobe symmetrically D-irreducible (SDIR). Allaire observed that there is a very closecorrespondence between being SDIR and being irreducible (byD- and C-reduction).Of our 15165 con�gurations, 1086 of them are SDIR, and as far as we know onlyone of them is reducible; and of the remainder, we can reduce all except 29. Allaire(somewhat bravely) conjectured that every non-SDIR con�guration was in fact D-or C-reducible.Finally, let us point out that the existence of a set of rules like those in �gure4, contained in the \second neighbourhood" of both the source and sink, con�rmsanother conjecture of Heesch [11].6. A Colouring AlgorithmIn this section we convert the proof of the 4CT to an algorithm that �nds a vertex4-colouring of a drawing T , in time O(jV (T )j2). The two computer-search results,



24 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMAS(3.2) and (4.9), are of course still needed, but they are not part of the algorithm;they are part of the proof that every step of the algorithm can be carried out.It is su�cient to �nd a vertex 4-colouring of a triangulation, since if we wish to4-colour a drawing that is not a triangulation, it is easy to make it a triangulationby adding edges. In view of this, it su�ces to �nd a tri-colouring rather than avertex 4-colouring, because it is easy to convert one to the other.A �rst attempt at an algorithm would be:Step 1: Find a short circuit in T if there is one, or conclude that T is internally6-connected.Step 2: If there is a short circuit C, adapt the proof of (2.1) to construct a tri-colouring of T from tri-colourings of the restrictions of T to the two discs boundedby C.Step 3: If there is no short circuit, locate a good con�guration that appears inT , and the appropriate contract X; �nd a tri-colouring modulo X; and convert itto a tri-colouring of T by adapting the proof of (3.7).Steps 2 and 3, which might seem the non-trivial parts, can easily be done al-gorithmically. The problem lies in step 1; we don't know how to do this in lineartime. So we are forced to proceed more deviously. Instead, we go ahead directlywith step 3, assuming there is no short circuit; then if at some stage somethinggoes wrong, it is because there was a short circuit, and now we can �nd it and goto step 2 instead.A word on data structure; we assume that the triangulation is input in a formcomprised of a number n � 0, a vector (d1; : : : ; dn) of non-negative integers, andfor all v with 1 � v � n, a vector (uv(1); : : : uv(dv)) of integers all between 1 andn. The number of vertices will be n, and for 1 � v � n, dv will be the number ofedges incident with v, and uv(1); : : : ; uv(dv) will be the ends of these edges di�erentfrom v, enumerated in clockwise cyclic order around v of the edges in the naturalsense. This input has size O(jV (T )j), because jE(T )j � 3n � 6. (The inequalityjE(T )j � 3n� 6 is true even for triangulations with parallel edges.)To input a near-triangulation, we observe that there is essentially a unique wayto add a vertex v0 in the in�nite region and add edges incident with v0, to make atriangulation. Thus, we can regard a near-triangulation on n vertices as a triangu-lation on n+1 vertices with one vertex distinguished; and this is the data structurewe use.We need algorithmic versions of (2.1), (3.1) and (4.1). Let us do them in reverseorder.(6.1) Algorithm.Input: A triangulation T , and a vertex w of T .Output: Either a cartwheel appearing in T with hub w, or a short circuit of T .Running Time: O(jV (T )j).



THE FOUR-COLOUR THEOREM 25This is easy, and we omit the details.(6.2) Algorithm.Input: A near-triangulation H, a circuit R, a function � wrapping R aroundH, and a tri-colouring � of H.Output: A set of tri-colourings of H including �, such that their lifts by � areall distinct and form a consistent set.Running Time: O(jV (H)j), if jE(R)j is at most a constant.Description. We start with C1 = f�g and begin the �rst iteration. In general,at the start of the ith iteration, we have a set Ci of tri-colourings of H including�, so that their lifts by � are all distinct. We test if this set of lifts is consistent,and if not, �nd �0 2 Ci and j 2 f�1; 0; 1g so that there is no signed matching Msatisfying(a) the lift of �0 j-�ts M , and(b) every edge-colouring that j-�ts M is the lift of some member of Ci.This takes constant time, if jE(R)j is at most a constant. If the set is consistent,we output Ci. If not, we adapt the proof of (3.1) in the natural way to obtain from�0 (in linear time) a new tri-colouring �i of H whose lift is di�erent from the liftsof all members of Ci, set Ci+1 = Ci [ f�ig, and return for the next iteration. Thenumber of iterations is at most a constant if jE(R)j is at most a constant, sincejCij = i and all the lifts of Ci are distinct. �To obtain an algorithmic version of (2.1) we need two lemmas, the following. If�, �0 are edge-colourings of a circuit R, they are equivalent if there is a permutation� of f�1; 0; 1g such that for every e 2 E(R), �0(e) = �(�(e)). This is an equivalencerelation, and it is easy to check that every consistent set is a union of equivalenceclasses. The following (due to Birkho� [7]) is proved by easy case analysis, and weomit the proof.(6.3) Let R be a circuit of length 4, with edges e1, e2, e3, e4 in order. Let C0be the set of all edge-colourings equivalent to (0; 0; 0; 0) (that is, the edge-colouring� with �(ei) = 0 (i = 1; : : : ; 4)). Similarly, let C1, C2, C3 be the sets equivalentto (0; 1; 1; 0), (0; 1; 0; 1), (0; 0; 1; 1) respectively. Every non-empty consistent set ofedge-colourings of R includes one of C0 [ C1, C1 [ C2, C2 [ C3, C3 [ C0.Similarly, we have (also due to Birkho� [7])(6.4) Let R be a circuit of length 5, with edges e1, e2, e3, e4, e5 in order. For1 � i 6= j � 5, let Aij be the equivalence class of edge-colourings of R equivalentto �, where �(ei) = 1, �(ej) = �1, and �(ek) = 0 for k 6= i; j. For 1 � i � 5, letCi = Aij [Aik [Ajk, where ej ; ek 6= ei are the two edges with a common end withei. For 1 � i � 5, let the edges di�erent from ei be ea, eb, ec, ed in order, and letDi = Aac [ Aad [ Abc [ Abd. Finally, let E = A12 [ A23 [ A34 [ A45 [ A15. Everynon-empty consistent set that meets E includes one of C1; : : : ; C5, D1; : : : ;D5, E .



26 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMASProof. Again, this is just case analysis; but since the proof is easy to give and notso easy to �nd, we give it. Let C be a consistent set.(1) If A12 � C, then C includes one of A13, A15 and one of A23, A25.For let � = (�1; 1; 0; 0; 0) 2 C, with the natural notation for edge-colourings.Since C is consistent, there is a signed matching M such that � (�1)-�ts M , andC contains all edge-colourings that (�1)-�t M . Since � (�1)-�ts M it follows thatM is one of f(fe2; e3g;�1); (fe4; e5g; 1)gf(fe2; e5g;�1); (fe3; e4g; 1)g :If M is the �rst of these, then the edge-colouring (�1; 0; 1; 0; 0) (�1)-�ts it and sobelongs to C, and hence A13 � C; and otherwise, (�1; 0; 0; 0; 1) belongs to C andhence A15 � C. Also, there are only two signed matchings M 0 such that � 1-�tsM 0, and the second conclusion follows similarly.(2) If A13 � C then C includes one of A23, A35.The proof is similar.Now, let C be a consistent set that meets E . Thus, one of A12, A23, A34, A45,A15 is included in C, but we may assume that not all of them are, for if so, thenE � C as required. From the symmetry we may assume that A12 � C and A23 6� C.From (1), A25 � C. If A15 � C, then C1 � C and the theorem holds, so we assumethat A15 6� C. By (1), A13 � C. By (2), A35 � C, and so D4 � C, as required. �Now let us put these pieces together.(6.5) Algorithm.Input: A triangulation T .Output: A tri-colouring of T .Running Time: O(jV (T )j2).Description. First we test if T has two parallel edges. (This takes timeO(jV (T )j).)If so we go to the short circuit subroutine described later. Otherwise, T is simpleand hence 3-connected (unless jV (T )j � 3, which is trivial).We test if every vertex has degree � 5. (This takes time O(jV (T )j).) If not, theneighbours of the o�ending vertex form a short circuit (unless jV (T )j � 5 whichis trivial) and we go to the short circuit subroutine. Otherwise, T has minimumdegree 5.For each vertex v, we compute N(v), de�ned as 10(d(v)� 6) + a� b, where a, bare the sums of r(P ) over all passes P � P appearing in T with sink (respectively,source) v. For each v and each rule of �gure 4, this takes time O(d(v)), so the totalrunning time is O(jV (T )j).Now, as in the proof of (4.2),X(N(v): v 2 V (T )) = 120 :



THE FOUR-COLOUR THEOREM 27Note that this does not require that T be internally 6-connected; the only placethat hypothesis was used in the proof of (4.2) was to apply (4.1), which we arenot doing here. Consequently, we can choose a vertex w with N(w) > 0, in timeO(jV (T )j).We apply (6.1) to T and w. This takes time O(jV (T )j). If we �nd a short circuit,we go to the short circuit subroutine. Otherwise, we have a cartwheel W appearingin T with NP (W ) > 0.By (4.4), some good con�guration appears in W . We �nd such a con�gurationK, in time O(jV (T )j). Thus, K appears in T .We construct the free completion S of K with ring R; then jE(R)j � 14. Weconstruct the corresponding projection � of S into T . If K is D-reducible, let Xbe any singleton subset of E(S)� E(R). Otherwise, let X � E(S)� E(R) be theset of edges thickened in the Appendix. Let X 0 = �(X). (This all takes constanttime.)We test if there is a circuit C of G with jE(C) � X 0j � 1. If so, we use theobvious algorithmic version of (3.5) to �nd a short circuit of T , and go to the shortcircuit subroutine. (This takes time O(jV (T )j).)We construct the triangulation T 0 obtained from T by contracting every edge inX 0 and deleting an edge from any two parallel edges that bound a region. We call(6.5) to �nd a tri-colouring of T 0. We convert this to a tri-colouring �1 of T moduloX 0.Let H be the planar drawing obtained from T by deleting V (G(K)) and desig-nating as in�nite the region including V (G(K)). Let �2 be the restriction of �1 toE(H); then �2 is a tri-colouring of H. Let  be the restriction of � to E(R). Weapply (6.2) to H, R,  and �2, to obtain a set C of tri-colourings such that all theirlifts by  are distinct and form a consistent set D, with �2 2 C.Now the lift of �2 by  is the restriction to E(R) of a tri-colouring of S moduloX, by the choice of �1. Since X is a contract for K by (3.2), D contains therestriction to E(R) of some tri-colouring of S. We �nd such a tri-colouring �3;combine �2 and �3 to obtain a tri-colouring � of T ; and return �.It remains to describe the short circuit subroutine. For this, the input is Ttogether with a short circuit C of T .First, if jE(C)j � 3 we test if C is an induced circuit of T , and if not we �ndanother short circuit of smaller length and put it in place of C; we repeat this untileither jE(C)j = 2 or C is induced. (This takes time O(jV (T )j).)We �nd all connected components X1; : : : ; Xk of TnV (C). (Necessarily k � 2,since T is a triangulation; and in fact if jE(C)j � 3, then k = 2, as is easily seen.)For 1 � i � k, we construct the drawing Hi consisting of Xi, C and all edges withone end in V (C) and the other in V (Xi).Suppose �rst that jE(C)j = 2. Let E(C) = ff; gg, and for each i, we use (6.5)to obtain a tri-colouring �i of the triangulation Hing, such that �i(f) = 0. We



28 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMASde�ne � by: �(e) = �i(e) if e 2 E(Hi)� E(C), and otherwise �(e) = 0. Then � isa tri-colouring of T .Henceforth we may assume that jE(C)j � 3, and hence k = 2 and C is induced,and in particular every edge of T belongs to H1 or to H2. If jE(C)j = 3 we use (6.5)to �nd tri-colourings of H1 and H2 that agree on E(C), and piece them togetherto form a tri-colouring of T . The cases jE(C)j = 4, 5 are more complicated. Letthe edges of C be e1; : : : ; ed in order, where d = jE(C)j, and let the vertices bev1; : : : ; vd, where ei has ends vi, vi+1 (1 � i � d) and vd+1 means v1.First, suppose that jE(C)j = 4. Add an edge to H1 with ends v1, v3, forminga triangulation T1; apply (6.5) to obtain a tri-colouring of T1, and hence a tri-colouring � of H1 such that �(e1) 6= �(e2). Apply (6.2) (with � the identity andR = C) to obtain a set of tri-colourings B of H1, such that � 2 B, and therestrictions of the members of B to E(C) are all di�erent and form a consistent setC. By (6.3) and symmetry, we may assume that either C0 [ C1 � C or C1 [ C2 � C(using the notation of (6.3)). If C0 [ C1 � C, construct T2 from H2 by deleting e3and e4 and identifying v2 with v4; then apply (6.5) to T2, to obtain a tri-colouring�2 of H2 with �2(e1) = �2(e4). Consequently, the restriction of �2 to E(C) is inC0 [ C1 � C, and so there exists �1 2 B such that �1(e) = �2(e) (e 2 E(C)). Thenpiece �1 and �2 together to obtain a tri-colouring of T . On the other hand, ifC1 [ C2 � C, add an edge to H2 with ends v1, v3, and proceed similarly.Now suppose that jE(C)j = 5. Let T1 be obtained from H1 by adding a new ver-tex adjacent to v1; : : : ; v5. By (6.5) and (6.2) we construct a set B of tri-colouringsof H1, such that their restrictions to E(C) form a non-empty consistent set C meet-ing E , using the notation of (6.4). By (6.4), one of C1; : : : ; C5, D1; : : : ;D5, E isincluded in C. If say C1 � C, let T2 be obtained from H2 by deleting e4 and iden-tifying v3 with v5. If D1 � C, let T2 be obtained from H2 by adding two edgeswith ends v2v4, v2v5. If E � C, let T2 be obtained from H2 by adding a new vertexadjacent to v1, v2, v3, v4, v5. In each case we apply (6.5) to T2, and thereby obtaina tri-colouring �2 of H2 whose restriction to E(C) is in C and therefore equals therestriction to E(C) of some member �1 of B. By piecing �1 and �2 together weobtain a tri-colouring of T .This concludes the short circuit subroutine. It is an easy exercise to check that(6.5) has running time O(jV (T )j2). �7. The Machine-Checkable ProofsIn this section we describe in more detail the structure of our proof of (4.9).We use a branch-and-bound approach; in other words, we start with a totallygeneral cartwheel, that we wish to show satis�es (4.9), and we repeatedly break theproblem into cases until in each case the cartwheel is su�ciently restricted that wecan \see" that it satis�es (4.9). Thus, as we proceed, we have partial knowledge ofthe cartwheel, increasing as we go deeper into subcases, and before we can explainanything else we must explain how this partial knowledge is represented.Let W be a cartwheel, and let  = W . The vertices of G(W ) are of four kinds:



THE FOUR-COLOUR THEOREM 29the hub, w say; the neighbours of w, called spokes; vertices di�erent from w adjacentto two distinct spokes, called hats; and the other vertices, called fan vertices. Eachfan vertex is adjacent to a unique spoke. For each spoke v, the fan over v is the setof fan vertices adjacent to v (if (v) � 6) or the edge joining the two hats adjacentto v (if (v) = 5).Choose a subset X of the spokes, and delete from G(W ) the fan over v for eachv 2 X; let the resulting near-triangulation be K. For each vertex v of K, leta(v) 2 Z+ [ f1g and b(v) 2 Z+ such that5 � b(v) � (v) � a(v);and such that b(v) = (v) = a(v) if either v = w or v is a spoke not in X, andb(v) 6= a(v) for v 2 X. We call the triple (K; a; b) a part, �tting W. This is what wemean by \partial knowledge" of a cartwheel; we shall know a part that �ts it. Agiven part may �t many di�erent cartwheels. A part is successful if every cartwheelW that it �ts in which no good con�guration appears satis�es NP(W ) � 0.We de�ne the hub, spokes, hats and fans of a part in the natural way. A part istrivial if a(v) =1 and b(v) = 5 for every vertex v except the hub (and consequentlyit has no fans and all its hats are pairwise non-adjacent). The trivial part with hubof degree k (it is unique up to isomorphism) �ts (an isomorphic copy of) everycartwheel with hub of degree k, and consequently, to prove (4.9) it su�ces to provethe following.(7.1) For k = 7; 8; 9; 10 and 11, the trivial part with hub of degree k is successful.Let us say a part (K 0; a0; b0) is a re�nement of a part (K; a; b) ifK is a subdrawingof K 0 with the same hub, andb(v) � b0(v) � a0(v) � a(v)for each vertex v of K. Two particular re�nements are of special importance. Let(K; a; b) be a part, and let v be a vertex of K with a(v) 6= b(v). Let c be an integerwith b(v) � c < a(v). Let (K1; a1; b1) be the part de�ned as follows. If v is a spokeand b(v) = c, let K1 be a near-triangulation obtained by adding to K a (c�4)-edgepath between the two hats adjacent to v, and making every internal vertex of thispath adjacent to v; and otherwise let K1 = K. For v0 2 V (K1), let a1(v0) = 1and b1(v0) = 5 if v0 2 V (K1) � V (K), let a1(v0) = a(v0) and b1(v0) = b(v0) forv0 2 V (K)� fvg, and let a1(v) = c and b1(v) = b(v).Let (K2; a2; b2) be de�ned as follows. If v is a spoke and a(v) = c + 1 let K2be a near-triangulation obtained by adding to K a (c � 3)-edge path between thetwo hats adjacent to v, and making every internal vertex of this path adjacent tov; and otherwise let K2 = K. For v0 2 V (K2), let a2(v0) = 1 and b2(v0) = 5 ifv0 2 V (K2)� V (K), let a2(v0) = a(v0) and b2(v0) = b(v0) for v0 2 V (K)� fvg, andlet a2(v) = a(v) and b2(v) = c+ 1.It follows that (K1; a1; b1) and (K2; a2; b2) are both re�nements of (K; a; b); wecall them a complementary pair of re�nements of (K; a; b). Moreover, for any



30 N. ROBERTSON, D. SANDERS, P. SEYMOUR & R. THOMAScartwheel W such that (K; a; b) �ts W , if W (v) � c then (K1; a1; b1) �ts anisomorphic copy of W , and if W (v) � c + 1 then (K2; a2; b2) �ts an isomorphiccopy of W ; and so it follows that:(7.2) Let (K; a; b) be a part, and let (K1; a1; b1); (K2; a2; b2) be a complementarypair of re�nements of (K; a; b). If they are both successful then (K; a; b) is successful.This constitutes the \branch" mechanism of our branch-and-bound proof of (7.1).We shall have some current part, and if we cannot see directly that it is successful,we choose a complementary pair of re�nements, prove individually that they aresuccessful, and infer from (7.2) that our original part is successful.Now we must explain what we mean by \seeing directly" that the part is success-ful. Here we use only three kinds of argument. In increasing order of complexity,they are:Argument 1: symmetry. Our part is a re�nement of an isomorphic copy of apart that has already been shown to be successful.Argument 2: reducibility. For every cartwheel W that the part �ts, some goodcon�guration appears in W . For instance, if (w) = 7, and w has neighboursv1; : : : ; v7 in order, and a(v1) = a(v5) = 5, and a(v2) = a(v3) = a(v4) = 6, wecan infer (all the other values of a and b are irrelevant) that one of conf (1; 4; 3),conf (1; 4; 5), conf (1; 6; 1), conf (1; 5; 5), conf (1; 7; 5) appears. Verifying this in-volves case-checking, but generally not much, and it can easily be done by hand.Argument 3: hubcap bounds. Here we argue about NP(W ). Let W be somehypothetical cartwheel that our part �ts, with hub of degree k, and in which nogood con�guration appears. For each spoke v, let R(v) (respectively, S(v)) bethe sum of values of all passes P � P appearing in W with source v and sink w(respectively, source w and sink v), and let T (v) = R(v) � S(v). We must showthat NP(W ) � 0, that is, thatXv T (v) � 10(k � 6):When this argument is to be applied, we are given a hubcap, that is, a list(x1; y1); : : : ; (xk; yk)of pairs of spokes so that every spoke appears in the list x1; y1; : : : ; xk; yk exactlytwice. For each pair (xi; yi), we enumerate all combinations of passes from P thatmight appear simultaneously in W , with source either xi or yi and sink w. (A setof simultaneously appearing passes must agree with each other on the degree ofvertices of W that appear in more than one of them, must be compatible with thegiven part, and must not force the appearance in W of a good con�guration; sosuch sets are not very big, and are easy to enumerate, particularly when the part isquite highly re�ned, which is usually the case when this argument is applied.) Ofall these combinations we see which has T (xi)+T (yi) the largest; and this gives anupper bound on T (xi)+T (yi). By summing this over all pairs (xi; yi) in the hubcap
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