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Abstract

K 4-free graphs with no odd hole and no odd antihole are three-colourable, but what about K 4-free
graphs with no odd hole? They are not necessarilythree-colourable, but we prove a conjecture
of Ding that they are all four-colourable. This is a consequenceof a decomposition theorem for
such graphs; we prove that every suc graph either has no odd antihole, or belongsto one of two

explicitly-constructed classesor admits a decomposition.



1 Intro duction

All graphsin this paper are nite and have no loopsor multiple edges.A holein agraphis aninduced
cycle of length at least four, and an antihole is an induced subgraphisomorphic to the complemert
of a cycle of length at least four. As usual we denote by (G) the chromatic humber of G and by
I (G) the clique number. Recernly [2] we were able to prove the \strong perfect graph conjecture"
of Berge[1], the following:

1.1 If agraph G hasno odd holesand no odd antiholes, then (G) = ! (G).

A graph is said to be perfect if every induced subgraph has chromatic number equal to clique
number; and sol.1limplies that graphswith no odd holesor antiholes are perfect. Sinceodd holesand
odd antiholes do not satisfy the conclusionof 1.1, none of them can be left out from the hypothesis
of the theorem. Howewer, it is possiblethat the hypothesescan be relaxed and we could still deduce
that (G) is boundedby somefunction of ! (G), wherethe function doesnot dependon G, of course.
Gyarfas [4] conjectured:

1.2 Conjecture. For eachintegerk 0 there is a least integer g(k) suchthat every graph G with
no odd holeand with ! (G) = k satises (G) g(k).

Clearly g(i) = i fori 2, but g(3) 4 sincethe complemen of a cycle of length sewen is not
3-colourable,and Ding [3] conjecturedthat g(3) = 4. We prove Ding's conjecture. For a graph F we
sa& that a graph is F-freeif it hasno induced subgraphisomorphicto F, and for a family F we say
that a graph is F -free if it has no subgraphisomorphic to a member of F. Our main result is:

1.3 Every K 4-free graph with no odd hole is 4-colourable.

We deduce 1.3 from a decomposition theorem 3.1 for K 4-free graphs with no odd holes. The
decomposition theorem requiresa number of de nitions beforeit can be formulated, and sowe post-
poneits statemert until Section3. Let us remark that our decomposition theorem is not completely
satisfactory in that it only applies to non-perfect graphs. It would be nice to have an analogous
result for K 4-free perfect graphs, but that remains open.

2 Harmonious cutsets

The length of a path or cycleis the number of edgesin it, and we say a path or cycleis evenor odd
depending whether its length is evenor odd. If A;B  V(G) are disjoint, we say that A is complete
to B if every vertex in A is adjacern to every vertex in B, and A is anticompleteto B if no vertex in
A is adjacert to a vertex in B. We say that A; B are linked if every member of A hasa neighbour in
B, and every member of B has a neighbour in A. (We say a vertex v is completeto a setB if fvg
is complete to B, and the samefor anticomplete.) If X  V(G), GjX denotesthe subgraph of G
induced on X, and G n X denotesthe graph obtained by deleting X, that is, the subgraph induced
onV(G)nX. A cutsetin agraph GisasetX V(G) suc that GnX hasat leasttwo componerts.

foralli;j 2 f1,2;:::;kg, if P is aninduced path with oneendin X; and the other endin Xj,
then P isewenif i = j and odd otherwise, and



if k 3,then Xq;:::; X are pairwise completeto eadh other.

Thusthe rst condition implies that eat X; is a stable set.

2.1 Let G be a K4-free graph with no odd hole, and assumethat every proper induced sulgraph of
G is 4-colourable. If G admits a harmonious cutset, then G is 4-colourable.

Pro of. Let X bea harmoniouscutsetin G, andlet X 1;X5;:::; Xk beasin the de nition of a har-
monious cutset. Let Cq; C, be a partition of V(G)nX into two nonempty setsthat are anticomplete
to ead other. Fort = 1;2let G; be Gj(C;[ X). By hypothesisboth G; and G, are 4-colourable. Let
t 2 f1;2g, and let c be a 4-colouring of G; (using colours 1;2; 3; 4, and soc is a map into f 1; 2; 3; 4q).
We say that avertexv 2 X is c-compliant if c(v) = i, wherei is the index such that v 2 X;. Weclaim

(1) G; hasa 4-colouring c; suchthat every vertex of X is ¢;-compliant.

To prove this claim let ¢ be a 4-colouring of G; that maximizes the number of c-compliant ver-
tices. We will show that c is as desired. To this end, supposefor a cortradiction that v 2 X is not
c-compliant, say v 2 X; and c(v) = j, wherei 6 j. Let H be the componernt containing v of the
subgraphof G; induced by verticescolouredi or j. We claim that no vertex of H in X is c-compliant.
Forletu2 V(H)\ X, and let P be an induced path of H joining u;v. Now c(u) = c(v) (that is,
c(u) = j) if and only if P has ewven length, from the de nition of H; but P has even length if and

Consequetly c(u) = j if and only if u 2 X;, and sou is not c-compliant. This provesthat no vertex
of H in X is c-compliant.

Let c® be the colouring obtained from ¢ by swapping the coloursi and j for every vertex of H.
Then v is c2compliant. Sinceno vertex of H is c-compliart, it follows that more verticesin X are
c compliant than are c-compliant, cortrary to our choice of c. This proves(1).

Now the colourings c; and ¢, can be conbined to produce a 4-colouring of G, as desired. |

What follows is a lemmato make it easierto prove that a given cutset is harmonious.

of X into stablesets, suchthat if k 3 then the sets X 1;:::; X are pairwise complete. Supmse
that for all nonadjaent a;b2 X, there is an induced path P joining a;b, with interior in V(G) nX,
suchthat P is evenif someX; contains both a;b, and odd otherwise. Then G admits a harmonious
cutset.

Pro of. If someproper subsetX %of X is a cutset, then X ®and the setsX %\ X; (1 i k) satisfy
the hypothesesof the theorem and we may replaceX by X © We may therefore assumethat X is a

X hasa neighbour in C; for all i with 1 i t.

(1) Let a;b 2 X. Every induced path between a;b with no internal vertex in X is evenif some
X contains both a;b, and odd otherwise.



For by hypothesis, there is an induced path P joining a;b, with interior in V(G) n X, sud that
P is even if someX; cortains both a;b, and odd otherwise. Since no internal vertex of P isin X,

in C,, and hencethere is an induced path Q joining a; b with interior in C,. Sincethe union of P;Q
is an even hole, it follows that Q; P have the sameparity. Now let R be any path with endsa;b and

of C;. Consequetly oneof P[ R;Q[ R is a hole, and since P; Q have the sameparity, it follows
that R also hasthe sameparity. This proves(1).

Let P be an induced path with both endsin X, and let its endsbe v;vO sa&y, wherev 2 X; and
v02 Xjo. We must shaw that P is evenif and only if i = i% We proceedby induction on the length
of P. If nointernal vertex of P isin X, the claim follows from (1), sowe may assumethat there is
an internal vertex u of P in X sa. Let Q; Q%be the subpaths of P betweenv; u and betweenu; v°
respectively. From the inductiv e hypothesis,Q is evenif and only if i = j, and Q%is evenif and only
if i= j. Now P is odd if and only if exactly one of Q;Q%is odd, that is, if exactly one of i;i°is
equalto j. It follows that if P is odd then i 6 i% For the converse, supposethat P is even; then
either both i; i%are equalto j or both i;i%aredierent fromj. In the rst casei = i®asrequired. In

the secondcase,if k 2 then i = i®asrequired, and if k 3 then i = i%sincev;v® are nonadjacen.
This provesthat P is evenif and only if i = i% and so proves2.2. |
For X asin 2.2,we call (X 1;:::;Xy) the \corresponding colouring".

3 The main theorem

In this section we state the main result. We need rst to de ne two kinds of graphs.

We say agraph G is of T11 type if there is a partition of V(G) into eleven nonempty stable subsets
Woaq;:::; Wi, sudh that (with index arithmetic modulo 11) for 1 i 11, W; is anticomplete to
Wis1 [ Wi+ and completeto Witz [ Wita [ Wiss.

We say that G is of heptagam type if there is a partition of V(G) into fourteen stable subsets
(with index arithmetic modulo 7)

forl i 7,W, isanticomplete to Wi.3

for2 i 7,W,; is completeto Wi, and Wq; W3 are linked

fori 2 £3;4;6;79, W; is completeto Wj.1; fori = 1;2;5, W;; W, arelinked
if vi 2 W, fori = 1;2;3, and v, is adjacert to vi;vs, then vy is adjacert to vj

if vi 2 W, fori = 1;2;3, and v, is nonadjacert to vi;vs, then v; is nonadjacen to vs

ford i 7,ewveryvertexin Y; hasaneighbour in ead of W;i; Wi.3; W, 3 and hasno neighbour
in Wit ; Wi, Wi ;Wi 2

for1 i 7andeady 2Y;, let N; bethe setof neighboursofy in W; forj = i;i+3;i 1;then
Ni+3 is completeto N; 3, and Nj+3 is anticomplete to W; 3nN; 3, and N; 3 is anticomplete
to Wi+3 nNj43, and N; is completeto Wi« [ W 1
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forl 1 7,Y;iscompleteto Yj:+; and anticomplete to Yi+o [ Yis3

forl i 7,if Y;jisnot completeto Wi.3[ W; 3thenW; 3] W3 iscompleteto W; [ W42,
and Y; 1;Yi+1;Yi 3;Yi«3 areall empty

forl i 7,atleastoneof Y;;Yi+1; Yi+2 is empty.

We leave the readerto ched that graphs of thesetwo types have no odd hole, are K 4-free, do
not admit a harmonious cutset, and contain an antihole of length sewen. (To ched that graphs of
heptagram type have no odd hole, we suggestthe useof theorem 5.2 below.) Our main result is the
corverse,the following.

3.1 Let G be a K4-free graph with no odd hole, and with no harmonious cutset, containing an
antihole of length seven. Then G is either of heptagam type or of T1; type.

This hasthe corollary mentioned earlier:
3.2 Every K 4-free graph with no odd hole is four-colourable.

Pro of. Let G be a K4-free graph with no odd hole; we prove by induction on jV(G)j that G is
four-colourable. If G admits a harmonious cutset, the result follows from 2.1 and the inductive
hypothesis. If G cortains no antihole of length sewen, then it cortains no odd hole or antihole, and
thereforeis perfectby 1.1 (or Tucker's earlier result [5]), and sois three-colourable. We may therefore
assumethat G satis es the hypothesesof 3.1; but then, by 3.1, G is of one of the two typeslisted.
It is easyto ched that graphs of thesetwo typesare four-colourable. This proves3.2. |

It is questionablewhether the description given above of graphs of heptagram type really courts
as an explicit construction. We return to this in the nal section, wherewe give a more complicated
but more explicit construction of the sameclassof graphs.

4 Graphs of Ty; type

Let Xq;:::; X bedisjoint subsetsof V(G); by an induced path of the form X ;- -X, we meanan

induced path x1- -x, wherex; 2 Xj for1 i n (and when someX; is a singleton, say fxg we
sometimeswrite x instead of X;). We use analogousterminology for holes. Let T1; be the graph
with vertex setwa;:::;wy1, in whichforl i 11, w; is nonadjacen to wj+1 ;Wj+2 and adjacert to

Wi+3; Wi+ ; Wiss . (Throughout this section, index arithmetic is modulo 11.) In this sectionwe show
the following.

4.1 Let G be a K4-free graph with no odd holesand no harmonious cutset. If G contains T11 asan
induced sulgraph then G is of Ty1 type.

Pro of. Since G cortains Ty1 as an induced subgraph, we may chooseeleven nonempty stable sets

Woaq;:::; Wy, pairwise disjoint, such that for 1 i 11, W; is anticomplete to Wj+1 ; Wit and
completeto Wi.3; Wi+s; Wis5. Choosethem with maximal union, and let their union be W.

Q) Ifv2VvV(@G)nW, and a;b 2 W are adjacent to v, then either a;b are adjacent or a;b 2 Wi;

4



For supposenot; then from the symmetry we may assumethat a 2 W; and b2 W, [ W3, Let
N be the set of neighbours of v in W. By a v-path we mean an induced path in GjW with both
endsin N and with no internal verticesin N. SinceG hasno odd hole, every odd v-path haslength
one.Forl i 11choosew; 2 W;. Suppose rst that b2 W»,. Sincethere is no v-path of the form
a-Wy4-Wqp-Db, it follows that N includesone of W4; W1g; and from the symmetry we may assumethat
W4 N. Sinceno three menmbers of N are pairwise adjacert (since G is K 4-free) it follows that
N is disjoint from W7; Wg; Wg. Sincethere is no v-path of the form b-(Ws5[ Weg)-(W1 [ Wi1)-wy it
follows that N includes one of W5 [ Weg; W1 [ W11, and we claim we may assumethe second. For
if ws 2 N then the secondstatemert holds anyway; and if ws 2 N then W, N (since there is
no v-path of the form ws-W7-W,-ws), and so there is symmetry betweenthe pairs (Wq1; W>) and
(Ws; Wy), and we may assumethat W[ Wji1 N becauseof this symmetry. Thus, we may assume
that Wi [ W11 N. Sincethere is no v-path of the form a-wg-W3-wq; it follows that W3 N; and
since N includesno triangle within W3 [ Wg[ W14, it follows that N \ Wg = ;. There is no v-path
of the form a-Ws5-Wip-w3z, SON includesone of Ws; W1, and from the symmetry exchanging Wq; W3
we may assumethat W5 N. SinceN includes no triangle within W, [ Ws5[ Wiy, it follows that
N is disjoint from Wig. Sincethere is no v-path of the form wy4-w7z-W,-ws, we deducethat W, N,
and so N is the union of W; for i = 11;1;2;3;4;5. But then v can be added to Wg, cortradicting
the maximality of W.

This provesthat b2 W,, and more generallyfor 1 i 11, N is disjoint from one of Wj; W41 .
Now b 2 W3, and so N is disjoint from Wj1; W>; W,4. But then there is a v-path a-ws-wq1-b, a
contradiction. This proves (1).

(2) Let X V(G) nW suchthat GjX is connected. If a;b 2 W have neighlours in X then ei-

there is an induced path a-x1- -xx-bwhereX = fxz1;:::;xk0. By (1), a;b have no common neigh-
bourin X, and sok 2. From the symmetry we may assumethat a2 W1 and b2 W, [ W3. For
1 i 11 choosew; 2 W;j, choosingw; 2 fa;bg if possible. For 1 i 11, the minimality of X

implies that not all of wj;w;+1;Wi+> have neighbours in X, sincethen sometwo of them would be
joined by a proper subpath of x;-  -xi. In particular, not all of wg; w7; wg have neighboursin X;
say w; doesnot, where6 j 8. Consequetly wj-a-Xx1- -Xg-b-w; is a hole, and therefore k is
odd.

Suppose rst that b2 W,. Sincea-x;-  -Xk-b-wig-ws-a is not an odd hole, we may assumefrom
the symmetry that w, has a neighbour in X . From the minimality of X, wy is adjacern to x; and
to no other menber of X. Sincenot all wi1;ws; w, have neighboursin X, it follows that w;1 hasno
neighbour in X . Sincenot all wy; ws; wg have neighbours in X, there existsi 2 f5;6g suc that w;
has no neighbour in X. But then wg-x1-  -Xk-b-w;j-wy1-wy is an odd hole, a cortradiction.

Thusb2 W,, sob2 W3, and moregenerallyforl i 11atleastoneof W;; Wj+1 isanticomplete
to X. In particular, wi1;wo; W, have no neighbour in X. Thus a-x;-  -Xg-b-wii-wys-a is an odd
hole, a contradiction. This proves(2).



Supposethat W 6 V(G); we shall prove that G admits a harmonious cutset. Choose C
V(G) nW maximal such that GjC is connected.Let N be the set of verticesin W with neighbours

that if a;b2 N\ W; then there is an even path joining a;b with interior in W nN. But a;b have a
common neighbour in W;j for j = 4;5, and not both thesebelongto N by (2). This completesthe
proof of 4.1. |

5 Heptagrams

In view of 4.1, to prove 3.1it su ces to proveit for f K 4; T110-free graphs, and that is the main goal
of the remainder of the paper.

If a graph G cortains an antihole of length sewen, then the vertices of that antihole can be
numbered wy;wp; i1 ;w7 in such a way that w; is adjacert to w; if and only if ji jj 2 f1;2;5; 6g.

(S1) the setsWq;Wo;:::; W7 V(G) are disjoint, nonempty, and stable,

(S2) forl i 7,W, is anticomplete to Witz [ Wij+sa

(S3) forl i 7,the setsW;;W.1; W, are pairwise linked

(S4) ifu2W; 1,v2 W;, w2 Wi andv is adjacert to both u and w, then u is adjacen to w,

(S5) ifu2Ww; 1,v2 W,;, w2 Wi, andv is non-adjacert to both u and w, then u is non-adjacen
to w, and

(S6) ifu2 W, 1, v2 W, w2 Wi, X2 Wii, U is adjacert to w and v is adjacert to x, then
either u is adjacert to v or w is adjacert to x.

If W= (Wq;:::;Wy) is a heptagram in G, we alsouseW to denotethe set W [ [ W7, This
mild abuseof notation should causeno confusion.

Let us explain brie y where these conditions camefrom. It is clear that (S1){(S3) are designed
to mimic the edge-structure of the antihole on sewen vertices, but (S4){(S6) are lessnatural. They

ched that if (S4){(S6) are also satis ed, then GjW has no odd hole (to prove this, use 5.3 below);
and also the corverse holds, that is, if GjW has no odd hole then (S4){(S6) hold, provided all the
graphs GjW; [ W;.1 are connected.

Our strategy to prove 3.1 is to choosea heptagram W in G with W maximal, and to analyze
how the remainder of G attachesto W. But rst, in this section we study the internal structure of
a heptagram. We begin with:

5.1 Let (W1;Wo;:::;W7) bea heptagamin G. For 1 i 7, if W; is completeto W1, then W,
is completeto Wi, and W; 1 is completeto Wi .



Proof. Letu2 W; andw 2 Wi, and let v 2 Wj,; be a neighbour of w. (This exists by (S3).)
SinceW; is completeto Wiy, it follows that v is adjacert to both u;w; and sou is adjacert to w
by (S4). This provesthat W; is completeto Wj.». The secondassertionfollows by symmetry. This
proves5.1. |

5.2 Let (W1;Wo;:::;Wy) be a heptagam in G. For 1 i 7 either W; is completeto Wj,1 or
W2 is completeto Wi.3.

Pro of. From the symmetry we may assumei = 1.
(1) Letw; 2 W; for i = 1;3;4. Then ws is adjacent to one of wq;wj.

For supposenot. By (S3), wi has a neighbour wy, 2 Wo; by (S4), wp; w3 are nonadjacen, and
sohy (S5), wy; wy are nonadjacen. By (S3) again, wo has a neighbour n3 2 W3; by (S4), wy; n3 are
adjacert, and by (S4) again, n3; w4 are nonadjacen. Again by (S3), w4 has a neighbour n, 2 W5;
by (S5), n,; ws are adjacert, and so by (S4), ny; w; are nonadjacen. But then wy; ny; n3; wy violate
(S6). This proves(1).

To prove the theorem, supposethat w; 2 W; for 1 i 4, sa, and wy; w, are nonadjacer, and
Wws; W4 are nonadjacen. By (1), wi;ws are adjacert, and similarly so are wy;wy; but then (S6) is
violated. This proves5.2. |

Pro of. The rst assertionfollows from 5.2 and 5.1, and the others follow from this and (S3). This
provesb5.3. |

6 Y-v ertices

Until the end of section 8, where we complete the proof of 3.1, G is a fK 4; T110-free graph with
no odd hole, cortaining an antihole of length seven. Consequetly there is a heptagram in G, say
W = (Wq;:::;Wy); and let us choosethe heptagram with W [ [ W7 maximal. (We call this the
\maximalit y* of W.) Again, W is xed until the end of section 8.

We say that y 2 V(G) nW is a Y-vertex or a Y-vertex of type t if the following hold, where N;
denotesthe set of neighboursofy in W; for1 i 7:

N¢;Nie3; Ny 3 arenonempty, and N; = ; fori=t 2t 1Lt+ 1;t+ 2



N; 3 is completeto Ni+3, and N; 3 is anticomplete to W;+3 n N3, and N3 is anticomplete
to W 3nN¢ 3

N; is completeto Wi+1 [ Wis2 [ Wy 1[ Wi 2

The main result of this sectionis the following:

6.1 Letv 2 V(G) nW. Then one of the following holds:
Vv is a Y-vertex, or

let N be the set of neighlours of v in W; then N \ W; is nonempty for at most two values of
i 2 f1;:::;7g, and if there are two suchvalues,i andj say,thenj 2 fi 2i 1;i+ 1i+ 2g
and N \ W; is completeto N \ W;j.

Proof. Let Nj= N\ WjandM; = W;nN;forl i 7. Let

By a v-path we mean an induced path of GjW sud that its endsare in N and its internal vertices
are not in N. Since G has no odd hole, every odd v-path has length one. Since G is K 4-free, no
three membersof N are pairwise adjacert (briey , N is triangle-free).

(D Forl i 7,notalli;i+ 1;i+ 2;i+ 3 helongto I.

For supposethat 1;2;3;4 2 | say, and choosen; 2 N; for 1 i 4. By 5.2, either ny;n, are
adjacert or nz; n4 are adjacert, and we may assumethe rst by the symmetry. SinceN is triangle-
free, fny;ny; n3g is not a triangle, and so (S4) implies that nj;n3 are nonadjacert. By 5.2 W3
is complete to W7, and so N7 = ; since N is triangle-free; and by 5.2 again, W4 is complete to
Ws. Choosew; 2 Wy adjacert to n,; and choosens 2 W5 and wg 2 Wg, both adjacert to wy.
By 5.3, n3; ns are adjacen, and since n3-ns-wy-n, is not a v-path, it follows that ng 2 Ns. Since
N2;N3;Ng4; N5 6 ;, the argumert earlier in this paragraph implies that n3; ngs are nonadjacer, and
Ng = ;. Thus nz is nonadjacen to both ny; n4, and so (S5) implies that n,;n4 are nonadjacen. By
5.3, Ng-Wg-W7-n> is a v-path, a cortradiction. This proves(1).

)y 4

For (1) implies that jlj 5; supposethat jlj = 5. From (1) again we may assumethat | =

f1,2;4;5;79. Chooseni 2 N1. If ny hasa neighbour in N, and onein Ny, then by (S4) there is a
triangle in N, a cortradiction. Thus we may assumethat nj is anticomplete to N,. By 5.2, W3 is
completeto W4, and Wg to W7. Choosen;, 2 N». If ny hasa neighbour wy 2 M4, then sinceWs is
completeto Wg by 5.1, there is a v-path of the form n,-w;-Weg-n1, a cortradiction. This provesthat

n, is anticomplete to M;. Choosen? 2 W; adjacert to ny; it follows that n? 2 Nj. Sincen? 2 N;
and has a neighbour in N, it follows from our previous argumert that n? is anticomplete to N7.
By 5.2, W, is complete to W3, and W5 to Wg. Chooseny 2 N7. Now nj; has a neighbour in W,
necessarilyin M»; let w, be suc a neighbour. Similarly let w; 2 M7 be adjacert to n. Choose
N4 2 Ng. If ngis anticomplete to Ns, then sinceWs is completeto W7 by 5.1, and n4 hasa neighbour
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(say ws) in W5, ng-ws-w7-ns is a v-path (where ns 2 Ns), a cortradiction. Thus we may choose
ns 2 Ns adjacent to ny. Choosews 2 W3 and wg 2 Wg. Now ny;wy are adjacert by (S4). If ny;ny
are nonadjacen, then ny-w7-wg-n7 is a v-path, a cortradiction. Thus ny; n; are adjacert, and so by
(S5), n1;n7 are adjacert. By (S4), n7;w, are adjacert. By (S5), n%;w, are adjacert, and similarly
ni;wy are adjacent. By (S4), w7; w, are adjacert. But then the subgraphinduced on

fviwg; w7 n7;ng; n?; N1;Ns; N2; W2, Wed

is isomorphicto T11 (and theseelewen vertices are written in the appropriate order), a contradiction.
This proves (2).

@)jlj 3.

For supposenot; then jlj = 4 by (2), and we may assumethat 1;4 2 |. Since there is no v-
path of the form N1-W7-W5-Ng, it follows that one of N5; N7 6 ;, and from the symmetry we may
assumethat 52 |. Supposethat 6 2 |, and sol = f1;4;5;6g. If N4 is not completeto N5 there
is a v-path of the form N5-W7-W>-Ng4, a contradiction, so N4 is completeto Ns. Chooseng 2 Ng.
SinceNy4 is completeto Ns and N is triangle-free, it follows from (S4) that ng has no neighbour in
Ns; and consequelly ng is adjacert to somews 2 Ms. But then by 5.3 there is a v-path of the
form Ns-W3-ws-ng, a contradiction. This provesthat 6 2 |, and similarly 3 2 I, and so from the
symmetry we may assumethat 2 2 1, and therefore| = f1,;2; 4;5g.

In this casewe will shav that we can add v to W3, forming a heptagram W cortrary to the
maximality of W. Dene W= W; for 1 i 7 with i 6 3, and W = W3 [ fvg, and let
WO= (W:::; WH. We must chedk that W satis es (S1){(S6). The rst three are clear. Since W
satis es (S4){(S6), in order to chedk that W satis es (S4){(S6), it suces from the symmetry to
show that:

1. Ny is completeto N4
. N4 is anticomplete to M5

. M5 is anticomplete to M4

2

3

4. M4 is completeto Ng

5. if M, 6 ; then Ny is completeto N5
6

. ewvery vertex in Wg is either anticomplete to M4 or completeto Ns.

Let us prove thesestatemerts. For the rst, if n, 2 N, and ng 2 N4 are nonadjacert, choosew; 2 W;
for i = 6;7, adjacert; then by 5.2, n4; wg are adjacernt and so are ny; w7, and therefore ns-wg-w7-ny
is a v-path, a contradiction.

For the second,supposethat ns 2 Ny is adjacert to ws 2 Ms. Choosen; 2 N1 and wy 2 Wy
adjacert to both ny; ws (this is possibleby 5.3); then ns-ws-w7-n1 is a v-path, a cortradiction.

For the third statemert, supposethat w, 2 M, and w4 2 M4 are adjacert. Choosen; 2 Nj
and n5 2 Ns. Sincen;-w,-Ws-ns is not a v-path, we may assumethat nq;w, are nonadjacer, and
indeedw, has no neighbour in N;. Choosew; 2 W; adjacen to w, (necessarilyin M;), and choose
wy 2 W7 adjacert to wy. By (S4), wo;wy are adjacert, and by (S5), n1;wy are adjacert. Choose
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N4 2 Ng; by 5.3, hg; W, are adjacert, sincews; ny are not adjacert. But then ny-w7-w,-ny4 is a v-path,
a contradiction.

For the fourth statemert, supposethat w4 2 M4 and ns 2 Ng are nonadjacer. Choosewg 2 Wg
adjacert to wy; then (S5) implies that ns;wg are adjacert. Choosen, 2 Nj; by 5.3, ny;w, are
adjacert. But then n,-wys-Wg-ns is a v-path, a cortradiction.

For the fth statemert, supposethat wy, 2 My, ng 2 N4 and ns 2 N5, where ng4; ns are nonad-
jacernt. By 5.3, wy;ny are adjacernt. By 5.3, there exists wy 2 W7 adjacert to both wy; ns; but then
N4-W»-W7-Ns is a v-path, a contradiction.

Finally, for the last statemen, supposethat wg 2 Wg is adjacert to wy, 2 M4 and nonadjacen
to n5 2 Ns. Choosen; 2 N;. By (S5), ns; wy are adjacert, and by 5.3, wg; n; are adjacert; but then
N1-Wg-W4-Ns is a v-path, a contradiction.

This provesthat W is a heptagram, cortrary to the maximality of W. This completesthe proof
of (3).

(4) If jIj = 3 thenthe rst outcome of the theorem holds.

For suppose rst that | = f1;2;3g, and choosen; 2 N; fori = 1;2;3. SinceN is triangle-free,
we may assumefrom (S4) that nq;n, are nonadjacert. Choosew, 2 W, and wg 2 Wg, adjacert;
then by 5.3, ny-ws-Wg-n1 is a v-path, a contradiction.

Thus| doesnot consistof three consecutiwe integers(modulo sewen), and sowe may assumethat
1,42 1. Sincethere is no v-path of the form N4-Ws5-W7-N1, 5.3 implies one of N5; N7 is nonempty,
and from the symmetry we may assumethat the former. Thus| = f1;4;5g9. By the sameargumen,
N4 is anticomplete to M5, and N is anticomplete to M 4. If N4 is not completeto N5, 5.3 implies that
there is a v-path of the form Ns-W7-W,-Ng4, a cortradiction. Thus N4 is completeto Ns. Suppose
that N is not completeto W, and choosen; 2 N1 and w, 2 W5, nonadjacen. Choosew; 2 W5
adjacert to w»; then (S5) implies that ny; w; are adjacert. But by 5.3, w»; n4 are adjacert, and so
N1-W7-Wp-n4 is a v-path, a cortradiction. Thus N1 is completeto W, and therefore to W3, by (S4).
Similarly N1 is completeto W7; Wg. But then v is a Y-vertex of type 1, and the rst statemert of
the theorem holds. This proves(4).

(5) If jlj = 2 then the second outcome of the theorem holds.

For then we may assumethat | = f1;tg wheret 2 f2;3;4g. If t = 4, there is a v-path of the
form N4-Ws5-W7-Ni, a contradiction. Thust 2 f2;3g. Supposethere exist n1 2 N1 and ny 2 Ny,
nonadjacert. Choosewg 2 Wg adjacert to n;. By 5.3, there exists wy 2 W, adjacert to both
N¢; We; but then ni-wg-wy-n7 is a v-path, a contradiction. Thus N1 is completeto N; and the second
outcome of the theorem holds. This proves(5).

From (2){(5), we may assumethat jlj 1; but then the secondoutcome of the theorem holds.
This proves6.1. |

7 V-v ertices

Let1 t 7. A tail, ortail of typet, is aninduced path v;- -v¢ with the following properties:
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forj =t 3;t+ 3let N; bethe setof neighbours of vy in W;; then Ny 3 is completeto Ni.3,
N; 3 is anticomplete to Wi+3 NN+3, and N3 is anticomplete to Wy 3nN; 3

ewvery neighbour of vy in W; is completeto ead of Wy o; Wt 1; Wis1 ; Wiao .

We seethat ewery Y-vertex forms a 1-vertex path that is a tail of length zero, and for every talil
of length zero, its unique vertex is a Y-vertex, by 6.1, and sowe may regard tails as a generalization
of Y-vertices. If vi- -v¢ isatail, wesay it isatail forvq. If 1t 7,avertexv2 V(G)nW
with neighboursin W; 3 and in W;.3, and anticomplete to W; forj =t 2t Litit+ Lt+ 2,is

hat of typet. We say a vertex v2 V(G) nW is a V-vertex of type t if there is a tail of typet for v.
Thus, every V-vertex of typet is either a Y-vertex of typet or a hat of typet.

If X V(G), wedene N(X) to bethe setof verticesin V(G) nX with a neighbour in X. The
following is the reasonfor interest in tails.

7.1 Let X V(G) n W, such that GjX is connected and contains no tail. Then there exists

Pro of. Supposethis is false, and choosea minimal counterexample X. Consequeltly there exists

that k > 1. From the minimality of X, Wy is anticomplete to fvy;:::;vk 10, and W, is anticomplete
to fvp;:::;vkg. Supposerst that Kk is even. Then by 5.3, n1; ns have a commonneighbour w; 2 W;
for j = 2;3;6, and since G has no odd hole, it follows that wy;ws; wg ead are adjacert to one of

provesthat k is odd. Sincethere is no odd hole of the form

Ng-Vi-  -Vk-N1-W7-W5-ny;

vk has a neighbour n, 2 W, say. Then by 6.1, vy is a hat of type 5, and so W~ is anticomplete
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to X, and the minimality of X implies that Wg is anticomplete to X . If ny;ng are adjacert then
N4-Vi-  -Vk-N2-ny4 is an odd hole, and if ny; n4 are nonadjaceri then there is an odd hole of the form

Ng-Vi-  -Vik-N2-W7-Wg-Ny;

in either casea contradiction. This provesthat vi hasno neighbour in W, and so X is anticomplete
to Wo, and similarly to W7. Now v; is anticomplete to both W3; Wg, and from the minimality of X,
at least one of W3; Wg as anticomplete to X nfv;g, and so at least one of W3; Wg is anticomplete to
X . We have therefore veri ed the rst four conditions in the de nition of a tail.

To verify the fth condition, let N; be the setof neighbours of vi in W; fori = 4;5. By 6.1, Ny is
completeto Ns. If wy 2 N4 is adjacert to somews 2 W5 nNs, then there is an odd hole of the form

Wg-Vi-  -Vk-N1-W7-Ws-Wy;

a cortradiction. Similarly N5 is anticomplete to W4 n N4, and this veri es the fth condition.

To verify the sixth and last condition, let w; 2 W1 be adjacert to vi. If wy is nonadjacen to
somew, 2 W, choosew; 2 W7 adjacen to wo; then (S5) implies that wi; w7 are adjacert, and so
by 5.3 there is an odd hole

Ng-Vi-  -Vi-W1-W7-W2-Ng;

a cortradiction. Thus ws is completeto W, and therefore to W3 by (S4), and similarly to W7; Ws.
This veri es the sixth condition.

7.1. |

7.2 Let U be the set of all verticesin V(G) nW that are not V-vertices. For 1 t 7, thereis no
path x;- -Xx in G suchthat x; is either a hat or Y-vertex of type t, and x»;:::;Xx 1 2 U, and
Xk 2 V(G) nW hasa neightour in Wi+1 [ Wt 1, and xi is not a Y-vertex of typet+ 1ort 1

Pro of. For supposethere is, and choosek minimum sucd that for somet there is such a path. We
may assumethat t = 1, and x; is either a hat or a Y -vertex of type 1, and xx 2 V(G) nW hasa

From the minimality of k, W»; W7 are both anticomplete to X nfxxg. Choosew, 2 W, adjacert to
Xk. Choosew, 2 W, adjacert to x1, and also adjacen to w, if possible. We claim that if x; is a
V-vertex, then wy; wy, are adjacert; for if W4 is completeto W5 then x1 is completeto Wy (since X3
is a V-vertex), and if W4 is not completeto W5 then W, is completeto W, by 5.3. In either caseit
follows that w»;w, are adjacert.

(1) GjX contains a tail for xx and a tail for x4, and in particular x; and xy are V-vertices.
For supposeit cortains no tail for xx. By 7.1 applied to X nfxig we deducethat Ws;Wg are
anticomplete to X nfxig. From 7.1, GjX contains a tail, and since X contains no V-vertex except

possibly x; and xi, we may assumethat GjX contains a tail for x;. Thus x1 is a V-vertex, and so
Wo; Wy are adjacert. Moreover, there exists]  k sudh that x;-  -X; is atail for x;1. In particular,
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Supposethat k is even. Sincethere is no odd hole of the form
X1 Xg-Wo-W7-Ws-X3;

it follows that xx hasa neighbour w7 2 W7. But then W, is anticomplete to X nfxigby 7.1, and so
there is an odd hole of the form
X1-  Xg-W7-We-Wy-X1;

a contradiction.

Thusk is odd. Sincexi-  -Xkx-Wo-Wy-X1 is not an odd hole, we deducethat w4 hasa neighbour
in X nfx;g. From 7.1 applied to X nfx1g, we deducethat W;; W are anticomplete to X nfx1g, and
thereforej = 1, and sox isa Y-vertex. Choosew; 2 W, adjacert to x1. Then wy is completeto W»
from the de nition of a'Y-vertex, and in particular w1;w, are adjacert. But then x1-  -Xy-W2-W31-X1
is an odd hole, a cortradiction.

This provesthat GjX contains a tail for x. In particular, Xy is either a hat or Y-vertex of type
s sa&y, wheres = 5 or 6, and x1 has a neighbour in W5 1. Thus there is symmetry betweenx; and
Xk, and sincewe have shown that GjX cortains atail for xy, it follows that it alsocorntains a tail for
X1. This proves(1).

(2) xk is not a V-vertex of type 6.

For supposeit is; then it has neighbours in W3. From the minimality of k, W7 is anticomplete
to X, and W5 is anticomplete to X nfxyg, and Ws is anticomplete to X nfx,9. Sincethere is no
odd hole of the form

X1- Xg-W2-W7-Ws-Xq;

it follows that k is odd. Since ws-X1- -Xk-W2-Wy4 IS not an odd hole, it follows that w4 has a
neighbour in X nfxq;xxg. By 7.1 applied to X nfxj;xkg, it follows that W1 is anticomplete to
X nfxy;xgg. But by (1), somevertex w; 2 W; has a neighbour in a tail for x; cortained in
X1-  -Xk; W1 is not adjacert to xx sincexy is a V-vertex of type 6; and sows is adjacert to x1 and

But then wi-x1-  -Xk-W»-wq is an odd hole, a contradiction. This proves (2).
(3) xk is not a V-vertex of type 5.
For supposeit is, and so it has neighbours in W4. By the minimality of k, Wy4; Wg are both an-

ticomplete to X nfxig. From the hole x1-  -Xyx-wo-wy-x1 we deducethat k is even. Choose
ws 2 Ws adjacert to x;, and wy 2 W, adjacert to xx. There is no odd hole of the form

X1-  -Xk-W2-W7-Ws5-X1;

and so ws is not anticomplete to X nfx;g. Similarly wy is not anticomplete to X nfxxg. By 7.1
applied to X nfxzq;Xxxg, not both wq;ws have neighboursin X nfxzq;Xxxg; sofrom the symmetry we

X1-  -Xkx-W1-X1 is not an odd hole, it follows that k = 2, and sows is adjacert to X»; and therefore
X2 is alsoa Y-vertex.
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Sincexq isaY-vertex, it hasa neighbour in W1 that is completeto W5, and therefore Gj(W1[ W)
is connected. Sincex» is a Y-vertex of type 5, its set of neighboursin W1 [ W5 is the vertex set of
a componert of Gj(W1[ W,); and consequetly x», is completeto W; [ W», and W is complete to
Wo. Similarly x1 is completeto W4 [ W5 and W4 is completeto Ws. We claim that x4 is complete
to W1. For supposethat xi is honadjacen to somew; 2 W;. Then there is an odd hole of the form

X1-X2-W1-W3-Wy4-X1;
a cortradiction. This provesthat x; is completeto W1, and similarly x, is completeto Ws.

that WYis a heptagram. We must ched (S1){(S6), but they are all obvious and we leave this to the
reader. Thus W?is a heptagram, cortrary to the maximality of W. This proves (3).

Since xk is a V-vertex with a neighbour in W5, and is not a Y-vertex of type 2, (1){(3) are
contradictory. Consequetly there is no sud path x1;:::;Xk. This proves7.2. |

We concludethis sectionwith somemore lemmasabout V-vertices.
7.3 For1 i 7, notwo V-verticesof typei are adjacent.

Pro of. Supposethat a;b are adjacert V-verticesof type 5 say. Forj = 1,2, let A;j;B; bethe set of
neighbours in W; of a; b respectively. SinceG is K 4-free, and A1 is completeto A, it follows that
Ai1[ A2 6 B1[ By. SinceA;[ Ay and B[ By are both vertex setsof componerts of Gj(W1 [ W»),
we deducethat Aj\ Bj = ; forj = 1;2. SinceG is K 4-free, and A1 is completeto A, somevertex of
A1[ Azisnot adjacert to b, and soAj\ B; = ; forj = 1;2. In particular, Wy is not completeto W5,
and soW; is completeto Wg by 5.3. Choosea; 2 A1, by 2 B4, and wg 2 Wg. Then wg-a;z-a-b-by-weg
is a hole of length v e, a cortradiction. This proves7.3. |

7.4 For 1 i 7, if ais a V-vertex of type i, and a is not completeto W; 3[ W,+3, then
Wi 2[ Wi is completeto Wi 3[ Wi43.

Pro of. We may assumethat i = 5say. Forj = 1;2, let N; bethe setof neighbours of a in W;, and
let Mj = W;nN;. ThusN; is completeto N, and N3 is anticomplete to M, and M is anticomplete
to N,. By hypothesisM; [ M, 6 ;, and since eady member of M1 has a neighbour in W, (and
therefore in M»), and vice versa, it follows that M1;M, 6 ;. Let w3 2 W3; we will show that ws is
completeto W1 [ W»,. Suppose rst that wj is anticomplete to M 1. Then w3 hasa neighbour in N1,
and so by (S5), ws is completeto M,. Yet wj is anticomplete to M1, and every vertex in M, hasa
neighbour in M4, contrary to (S4). This provesthat w3 has a neighbour in M1, sy m;. By (S5),
sincem is anticomplete to N, it follows that ws is completeto N,, and consequetly complete to
N1, by (S4). Choosen; 2 Ny; then sincen; is anticomplete to M,, (S5) implies that w3 is complete
to M, and henceto M1, by (S4). This provesour claim that w3 is completeto W1 [ W,. We deduce
that W3 is completeto Wy [ W», and similarly sois W7. This proves7.4. |

75 For 1 i 7, if ais a V-vertex of type i, and b is a V-vertex of type i + 1, then a;b are
adjacent, and both are completeto W; 3.
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Pro of. We may assumethat i = 5, sa. Let a;b be V-vertices of types5 and 6 respectively, and
let their tails be S;T respectively. For j = 1;2, let A; be the set of neighbours of a in W;, and for
j = 2,3, let Bj bethe set of neighbours of bin W;. By 7.4, at least one of a;b is completeto W.

(1) a;b are adjacent.

For supposea;b are nonadjacert. Since at least one of a;b is complete to W5, they have a com-
mon neighbour wy, 2 W,. Suppose rst that S;T are disjoint and there is no edge betweenthem.
Then there is an induced path Q of odd length betweena;b of the form

a-S-Ws-Ws-T-q;

and we can completeit to an odd hole via bw;-a (note that w, has no neighboursin S| T except
a;b), a cortradiction. ThusV(S)[ V(T) inducesa connectedsubgraph of G.

Now by 7.2, a is anticomplete to V(T) nfbg and henceto V(T), and similarly bis anticomplete
to V(S). Let X = V(S)[ V(T)nfa;bg. SinceV(S)[ V(T) inducesa connectedsubgraph of G, it
follows that S;T both have positive length and GjX is connected. Since X cortains no V-vertex,
and N (X ) has nonempty intersection with Ws; Wg, 7.2 implies that W;; W3 have no neighbours in
X. Choosea; 2 A1, and bz 2 B3. Sincew; is adjacert to as; bz, (S4) implies that ai; bz are adjacen.
But there is an induced path Q betweena; b with interior in X, and it can be completedto holesvia
b-w,-a and via b-bz-a;-a, and one of theseis odd, a cortradiction. This proves(1).

Supposethere existsa, 2 WonB», sa. Thushbis not completeto W,, and soby 7.4, a is complete
to W1 [ Wo, and in particular a, 2 A,. Choosebs 2 B3; then ay; bz are nonadjacer sinceb is a
V-vertex. Choosew, 2 W, adjacen to a, and therefore to bz, by (S5). Then a-b-bz-wy-az-a is a hole
of length v e, a cortradiction. This provesthat B, = W5, and similarly A, = W5, and henceproves
7.5. |

76 Forl i 7, if ais a V-vertex of type i, and a is not completeto W; 3[ Wi.3, thenthereis
no V-vertex of typej forj 2 fi  3;i 1;i+ 1;i + 3g.

Pro of. We may assumethat i = 5. By 7.5, there is no V-vertex of type 6, sincea is not completeto
Wo. Similarly there is none of type 4. Sinceno vertex in W, is completeto W5, there is no V-vertex
of type 1, and similarly there is none of type 2. This proves7.6. |

8 Attac hments of the remaining vertices
In this section we complete the proof of 3.1. The main part of this proof is the next result.

8.1 Let U be the set of all verticesin V(G) nW that are not V-vertices. If U 6 ; then G admits a
harmonious cutset.

Pro of. Supposethat U 6 ;, andlet X U be maximal such that GjX is connected. Thus X 6 ;,
andN(X) V(G)nU. Forl i 7,letN;j= N((X)\ W;, letV; bethe setof all V-vertices of type
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7.1there existst such that | ft 1;t;t+ 1g and by 7.2 there existst such that J  ft;t + 1g.

@ I 1 i 7 and a;b 2 N; then there is an induced even path joining a;b with interior in
X.

Let Q be an induced path between a;b with interior in X. We will prove that Q is even. Let
a;b 2 W3 say; thus 6,7 2 | and not both 1;5 2 |. From the symmetry we may assumethat
121. If a;bhave a common neighbour w; 2 W then the claim holds, sincew;-a-Q-b-w; is an even
hole, so we assumenot; and therefore W, is complete to W, by 5.3. Choosea®’2 W, adjacert
to a;b respectively. Thus a;b° are nonadjacert, and a® b are nonadjacer. Choosew; 2 W5; then
w--b%b-Q-a-a%w7 is a hole, and so Q is even. This proves(1).

(2) For 1 i 7, Nj is completeto Nj41 .

For supposethat i = 1 say, and n; 2 N; and ny, 2 N, are nonadjacen. Let Q be an induced
path betweennq;n, with interior in X. By 7.1,4;6 2 |, and not both 3;7 2 | and we may assume
that 32 1. Choosews 2 W3 adjacert to nj; then (S5) implies that n,; ws are adjacert. From the
hole wz-n1-Q-ny-w3 we deducethat Q is even. But there is a hole of the form

N1-Q-N2-Wy4-We-ny;
and it is odd, a cortradiction. This proves(2).

(3) For 1 i 7, every two memkers of P; have the same neightours in W; 3[ Wi+3, and P;
is completeto N; 3[ Nj+3.

For we may assumethat i = 5, sa, and we may assumethat Ps 6 ;. Forj = 1,2 let R; be
the set of verticesin W; with a neighbour in X [ Ps. We claim rst that R, is completeto R,. For
supposethat r; 2 R; and r, 2 R, are nonadjacen, and let Q be a path joining rq;ro with interior
in X [ Ps. It follows from 7.2 (since P5 6 ;) that X [ Ps is anticomplete to W4; Wg, and (by 7.1)
anticomplete to at least one of W3; W7, say W7. Consequetly Q can be completed to a hole via
ro-Wr-r1 and via r,-Wy-We-r1, and one of theseis odd, a contradiction. This provesthat R; is
completeto R,. Sinceead ps 2 Ps is a V-vertex, and therefore its neighbour setin W1 [ W5 is the
vertex set of a componert of Gj(W;[ W), it follows that ead ps 2 Ps is completeto R1[ Rz. This
proves(3).

We wish to prove that G admits a harmonious cutset, and henceforth we assume(for a cortra-
diction) that it doesnot.

4)Js6 ;.
For supposethat J = ;; and we may assumethat | f1,2;3g. By (2), N1 is complete to N,
and N, to N3, soif N2 6 ; then N1 is completeto N3 by (S4), and by (1) and 2.2 applied to the

cutset N1 [ N2[ N3, we deducethat G admits a harmonious cutset, a cortradiction. We may there-
fore assumethat N, = ;. Let n1 2 N1 and n3z 2 N3 be nonadjacen; and let Q be a path between
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them with interior in X. Then there is a hole of the form n;-Q-n3-Wy4-Wsg-n1, so Q is odd. Thus
it againfollows from (1) and 2.2that G admits a harmonious cutset, a contradiction. This proves(4).

G)I1\J=;.

For supposethat 52 I\ J say. By 7.1, 1,2 2 1. Since5 2 J, 7.2 implies that 4;6 2 | and
1,2,3;,72J. Since52 |, 7.2implies that 4,6 2J. Consequetly | 3;5;7gandJ = f5g. By 7.1
not both 3;7 2 |, sowe may assumethat |  f3;5g. We claim that P5[ N3[ Ns is a harmonious
cutset (where (P5[ N3;Ns5) is the corresponding colouring). We must ched:

if a;b2 Ps[ N3 then there is an induced even path joining them with interior disjoint from
Ps[ N3[ Ns

if a;b2 N5 then there is an induced even path joining them with interior disjoint from Ps [
N3[ Ns

if a2 Ps[ N3 and b2 N5 then there is an induced odd path joining them with interior disjoint
from P5[ N3[ Ns.

For the rst, if a;b2 N3 this follows from (1), sowe may assumethat a 2 Ps. But then a;b have a
common neighbour in W, by 7.4 and (3), and so the claim follows since2 Z 1. The secondfollows
from (1). For the third, let a2 P5[ N3 and b2 N5, and we may assumethat a;b are nonadjacen;
then there is an induced path of the form a-W-Wg-b satisfying the claim. Consequetly, 2.2 implies
that G admits a harmonious cutset, a cortradiction. This proves(5).

In view of (5), sincethe sameconclusionholds for every choice of X, we may therefore assume
that ewvery tail haslength zero, and therefore every V-vertex is a Y-vertex.

(6) There existst 2 f1;:::;7g suchthat 1 ft 1;t;t+ 1gandJ ft 3;t+ 3g.

For we may assumethat 52 J sa. By (5), 52 1; and by 7.2, 4;6 2 |; and not both 3;7 2 I,
sy 72 1. But 7.2 implies that 7;1;2;3 2 J, and not both 4;6 2 J. If 4 2 J then the claim holds
with t = 2, sowe may assumethat 42 J. By 7.2,3 21, and now the claim holds with t = 1. This
proves (6).

In view of (6) we henceforth assumethat | fl1,2,3gand J  f5;6g. We claim that N (X)
is a cutset satisfying the hypothesesof 2.2, with corresponding colouring (N2; N1 [ Pg; N3 [ Ps).
Certainly it is a cutset, and the three setsNy;N; [ Pg; N3 [ Ps are pairwise complete, by (1), (3)
and 7.5. It su ces therefore (by the symmetry) to shaw that

if a;b2 N, then they are joined by an even induced path with interior disjoint from N (X),
and

if a;b2 N1[ Pg then they are joined by an even induced path with interior disjoint from N (X).

The rst is provedin (1). For the second,if a;b 2 Nj, then again the claim follows from (1). If
a;b2 Pg, then sincethey both have neighbours in Wg that are completeto Ws, there is an induced
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path betweena;b of length two or four with interior in W5 [ Wg, satisfying the claim. If a2 N, and
b2 Pg, then b hasa neighbour wg 2 Wg that is completeto W1, and sothe path a-wg-b satis es the
claim. This completesthe proof of the two displayed statemerts above. Consequetly, by 2.2, we
deducethat G admits a harmonious cutset, a cortradiction. This proves8.1. |

Finally we can prove our main decomposition theorem.

Pro of of 3.1. Let G beaK 4-freegraph with no odd hole, and with no harmoniouscutset, containing
an antihole of length seven. By 4.1 we may assumethat G is Ty1-free. Choosea maximal heptagram
W = (Wg;:::;W7). By 8.1 we may assumethat ewvery vertex of G either belongsto W or is a
V-vertex; and, sincea tail contains only one V-vertex, it follows that ewvery tail haslength zeroand
soewery V-vertex isa Y-vertex. For 1 i 7 let Y; bethe setof all Y-vertices of typei. We need
to ched the ten conditions in the de nition of heptagram type. The rst is clear; and by 5.3 we

For the eighth condition, we seefrom 7.2 that Y; is anticomplete to Yj.>; Yi+3, and from 7.5that Y;
is completeto Yj+1 . The ninth condition follows from 7.4 and 7.6. For the tenth condition, suppose
that yi 12 Y, 1, andy; 2 Yj, and yi+1 2 Yi+1. Thusy; is adjacent to y; 1;¥i+1, andy; 1;yi+1 are
nonadjaceri. But then there is an odd hole of the form

Yi-Yi+1 -Wi+1 -Wi 1-yi 1-Yi;

a cortradiction. This proves3.1. |

9 A more explicit construction

We hesitate to claim that our current de nition of graphs of heptagram type is an \explicit con-
struction”; it is certainly a helpful description, but the way the various hypothesesinteract is not
transparent. In this sectionwe make it more explicit.

Let us say that G is of the rst heptagam type if there existt > 0 and a partition of V (G) into
3t + 9 subsets

where Mg; No; As; Bs; Y3; Y7 may be empty but the other sets are nonempty, such that (writing
Wi = Mo[ My[ [ Mt,andWz = No[ Ni[ [ Ng,andYs = X3 [ X, andWs = As[ Bs[ Cs,
and with index arithmetic modulo sewen):

forld i 7,W,; iscompleteto Wjs» and anticomplete to W;.3

fori 2 f2;3;6; 79, W; is completeto Wi+, ; fori = 4;5, W;; Wi:1 arelinked; As[ Csis complete
to Wy, and Bs[ Cs is completeto Wg

forl i t, M;iscompleteto Nj, M; is anticomplete to W, nN;, W1 nM; is anticomplete to
Ni, and Mg; Ng are linked
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forl i t,X;iscompleteto M;j[ Nj, and anticomplete to ead of W1 nM;; WonN;; W3; Wy;
As; Bs; Wg; W7, and Ys; Cs are linked

for i = 3;7, every vertex in Y; is completeto Wi43 [ W; 3, hasa neighbour in W;, and hasno
neighbour in Wisq; Wi ;Wi ;W »
Y3; Ys; Y7 are pairwise anticomplete.

That completesthe de nition of the rst heptagram type. Before we de ne the second,we need

another de nition. Let us say a triple (W1; W2; W3) of disjoint stable subsetsof V(G) is a cres@ent
in G if the following hold:

if vi 2 W, fori = 1;2;3, and v, is adjacert to vi; Vs, then vy is adjacert to vj

if vi 2 W, fori = 1;2;3, and v, is nonadjacer to vi;vs, then vy is nonadjacen to vs.

We say that G is of the second heptagam type if there is a partition of V(G) into fourteen stable

that (with index arithmetic modulo 7)
forl i 7,W; isanticomplete to Wij.3
for2 i 7,W,; is completeto Wj.,, and the setsW;; W,; W3 are pairwise linked
(W1; W3; W3) is a crescem, and if W; is not completeto W3 then Ys; Ys; Yg = ;
fori 2 £3;4;6;79, W; is completeto Wj.1; Ws; Wg are linked

forl i 7, eweryvertexin Y; is completeto Wis3 [ W; 3, hasa neighbour in W;, and has
no neighbour in Wi.1 ;Wi ;Wi ;Wi »

forl i 7,eweryvertex in W; with a neighbour in Y; is completeto Wi+1 [ Wi 1
forl i 7,Y;iscompleteto Yj:+; and anticomplete to Yi+o [ Yis3
forl i 7,atleastoneof Y;;Yi.1; Yi+2 is empty.

Then we have:
9.1 A graphis of heptagam type if and only if it is of either the rst or second heptagam type.

Pro of. (A sketch, we leave the details to the reader.) Let G be of heptagramtype, with notation as
usual. If someY; is not completeto W; 3[ Wi.3, then we may assumethat i = 5; by 7.6 Y1; Y2; Ya; Ys
are empty; and if Cs denotesthe set of verticesin W5 with neighboursin Ys, then Cs is completeto
W4 [ Wsg and so (S4) implies that W4 is completeto Wg. By (S5), every vertex in W5 is complete
to one of W4, We. By 7.4 and 5.3, W; is completeto W;.; for j = 3;6, and so 5.1 implies that W;
is completeto Wj., for all j. Every two verticesin Ys either have the sameneighboursin Wy [ W,
or disjoint neighbour setsin Wy [ W,. It follows that G is of the rst heptagramtype. On the other
hand, if ead Y; is completeto W; 3[ Wi+3, then G is of the secondtype. |

19



The two descriptions are more explicit than before, and the rst heptagram type description is
explicit and satisfactory; but there is still some degreeof opacity in the description of the second
type, due principally to the useof \crescerts". We needto transform the de nition of a crescem into
something transparernt.

Let Wy; W5; W3 bedisjoint sets,and let f be afunction from their union to the set of all integers,
such that there do not exist wi 2 W; (i = 1,;2;3) with f (wq) = f (wy) = f(w3). We de ne a graph
H: with vertex set W1 [ W> [ W3 as follows. Wq;W,; W3 are stablein Hy. For 1 i < | 3,
and all u2 W; andv 2 W, let u;v be adjacert if f (u) < f (v), and nonadjacen if f (u) > f (v); if
f (u) = f (v) then the adjacencybetweenu and v is arbitrary. It is easyto ched that (Wq;W>; W3)
is a crescem in H¢. We prove in the next sectionthat the corverseis alsotrue; if (W1; Ws;W3) isa
cresceh in G, then there is a function f asabove sud that Hy = Gj(W1[ W2 [ W3). This givesan
explicit construction of all crescems, and hencecan be usedto corvert our de nition of the second
heptagram type to an explicit construction.

10 Constructing a crescent

Let (W1; W>5; W3) bea partition of the vertex setof agraph G. We say the quadruple (G; W1; Wy; W3)
is a trident if W1;W,; W3 are stable, and for all choicesof w; 2 W; for 1 i 3, W1, W, W3 are
not all pairwise adjacert and not all pairwise nonadjaceri. How do we construct the most general
trident? This will answer the crescem problem of the previous section, becausef (W1;W,; W3) is a
partition of V(G), and H is obtained from G by reversing all adjacenciesbetweenW; and W3, then
(G;W1;Wo; W3) is a trident if and only if (Wq1; W5; WS3) is a crescemin H.

Let W1; W5; W3 be three disjoint setswith union W say, and let f be a function from W to the

set of integers, such that there do not existw; 2 W; (1 i 3) satisfying f (wy) = f (wp) = f (ws).
Let G be a graph with vertex set W de ned as follows. For 1 i ,letj=i+1ifi< 3
andj = 1if i = 3; then for all u 2 W; and v 2 W;, let u;v be adjacert if f(u) < f(v), and

nonadjacert if f (u) > f (v), and either adjacert or nonadjacer if f (u) = f (v). It is easyto chek
that (G;Wq; W5; W3) is a trident.

The result of this sectionis the corverse: that every trident arisesin this way from someappro-
priate function f. More precisely let (G;Wq; W5; W3) be a trident. We say a function f from V(G)
to the set of integersis a certi ¢ ate for this trident if it satis es the following:

there do not exist w1 2 Wq;w, 2 W, and w3 2 W3 sudh that f (wq) = f (wy) = f (w3), and

foralli;j 2 f1,2,3gsuchthat j i= 1modulo3,andallu2 W;andv2 W;, if f(u) < f(v)
then u; v are adjacert, and if f (u) > f (v) then u;v are nonadjacert.

We shall prove:
10.1 Every trident admits a certi ¢ ate.

Pro of. Let (G;W1;W5; W3) be a trident. We prove by induction on jV(G)j that (G;Wq; W2; W3)
admits a certi cate. If V(G) = ; then the claim is true, sowe may assumethat V(G) 6 ;. Below,
all index arithmetic is modulo three.

(1) There existsi 2 f1;2;3g and v 2 W; suchthat v is adjacent to every memier of Wi.1.
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For we may assumethat W1 6 ;. Choosew; 2 Wi with as many neighbours in W, as possi-
ble, and let N, be the set of verticesin W, adjacen to w;. We may assumethat somevertex w; is
nonadjacert to wy. Similarly we may assumethat somevertex wz 2 W3 is nonadjaceri to w,. Since
fwai; wo;wsg is not a stable setit follows that wy;ws are adjacert. For n, 2 N, sincefwsy; ny; wag is
not a clique, it follows that n,;ws are nonadjacer, and sows is anticomplete to N,. We may assume
that there exists W‘l’ 2 W1 nonadjacert to w3. For np 2 No [ fwag, sincefw?; Ny; Wsg is not a stable
set, w{ is adjacert to n,, and sow? is completeto N2 [ fwzg. But then w? has more neighbours in

W, than w, contrary to the choice of wy. This proves(1).

In view of (1), we may assumethat somevertex in W1 is completeto W»,. Let A; bethe setof all
verticesin Wy that are completeto W5, and let A3 be the set of all verticesin W3 with a neighbour
in A1. For eah a3 2 A3, sinceas is adjacert to somea; 2 A1, and a; is adjacert to ead w, 2 W»,
and faj;wp;asg is not a clique, it follows that as;w, are nonadjacen, and so A3 is anticomplete
to W». Also, for eath w1 2 W1 n A4, sincews; has a non-neighoour w, 2 W, and ead ag 2 Az is
nonadjacer to w,, and fwq; w»; azg is not a stable set, it follows that w;; a3 are adjacert, and soA;
is completeto Wy nAy. Let W2= V(G) n(A1[ Az); then

(GIW® W1 nA1; Wo; W3 nAs)

is a trident, and sinceA1 6 ;, it follows from the inductiv e hypothesisthat there is a certi cate, f 0
say, for this trident. Choosean integer n suc that n < f qv) for all v2 W% De ne amap f from
W to the set of integersby setting f (v) = nif v2 A;[ As, andf (v) = f Qv) otherwise. Then f is a
certi cate for (G; Wq; Wy; W3) asrequired. This proves10.1. |
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