THE EXISTENCE OF GABOR BASES AND FRAMES
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ABSTRACT. For an arbitrary full rank lattice A in R** and a function g 2 L?*(R?) the
Gabor (or Weyl-Heisenberg) system is G (A;g) := fe*™™"*' g(x ) (; T)2 Ag. Ttis
well-known that a necessary condition for G (A;g) to be an orthonormal basis for L?(R¢)
is that the density of A has D(A) = 1. However, except for symplectic lattices it remains
an unsolved question whether D (A) = 1 is sufficient for the existence of a g 2 L?(R?) such
that G (A; g) is an orthonormal basis. We investigate this problem and prove that this is
true for some of the important cases. In particular we show that this is true for A = M Z¢
where M is either a block triangular matrix or any rational matrix with jdetMj = 1.
Moreover, if M is rational we prove that there exists a compactly supported g such that
G (A;g) is an orthonormal basis. We also obtain similar results for Gabor frames when
D(A) 1

1. Intr oduction

Let be a full rank lattice in R?¥ and g € L?(RY). The Gabor (or Weyl-Heisenberg)
system associated with  and g is the following family of functions in L2(R9Y):

(1.1) G( ;9= {&™Mgx- ) [(; Ve }:

Gabor systemswere introduced for the purposeof signal processing,and they are closely
related to the represenation of the Heiserberg group. In this paper we consider Gabor
orthonormal basisand Gabor frames. Recall that a family of functions {f; } in L2(RY) is a
frame if there exist constarts C1; C, > 0 such that

(1.2) Callf B <Y Kf5 )7 < Callf |12
j

forall f € L2(RY). The constarts C1; C, are calledthe frame bounds for the frame. A frame
{f; } is called a tight frame if C1 = C,, and a Parseval tight frame if C1 = C, = 1. Frames
are natural generalizations of baseshy allowing redundancies. Another generalization of
orthonormal basisis Riesz basis {fj} in L2(RY), which means{f;} is completein L2(RY)
and there exist postive constarts C, and C, suc that

(1.3) CiY IgP< ) afilP<C2) IgI?
] ] j
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for all {¢;} €12. A fundamental questionin the study of Gabor basesand framesis to nd
conditions on g and suc that G( ;g) is a basisor frame. Well known is the following
theorem, often referedto asthe Density Theorem for Gabor systems:

The Density Theorem. Let be a full rank lattice in R,

(A) If there exists a g € L2(RY) such that G( ;q) is complete in L2(RY), then D() > 1.
(B) If there exists a g € L2(RY) such that G( ;Q) is a Riesz basis for L2(RY), then
D() = 1.

Part (A) of the above theorem was proved in dimensiond = 1 for separablelattices

= Z x Z by Daubedies ([Dal], [Da2]) under the additional assumption that is
rational. Shein fact gave a constructive proof in that setting. As a corollary of a result
about von Neumann algebrasassaiated with lattices, M. Rie e indeedprovedthe theorem
earlierin [Rie] for any separablelattice = Zx Zwith any and . In higherdimensions
the Density Theorem was proved by Ramanathan and Steger [RSt], who also proved that
under the assumptionthat G( ;g) is a framethen D ~() > 1, where D ~(:) denotesthe
lower Beurling density, even when the lattice condition on s relaxed. Part(B) of the
theorem was also proved in [RSt], and without the lattice condition on . There have been
a great deal of researt related to the density of in a Gabor systemin various context
using various di erent approacdes,seee.g. [RSh], [CDH], [FS1], [GH1], [Gro], [Wa] and the
referencestherein.

This paper concernsthe converse of the Density Theorem. We consider the following
questionson the existenceof Gabor basesor frames: Let be a full rank lattice in R4, If
D() = 1canwealways nd ag e L?(RY) suc that G( ;g) is an orthonormal basisor a
Rieszbasisfor L2(R%? If D() > 1 canwe always nd ag e L2(RY suc that G( ;q) is
a frame or even a tight frame for L2(R%)?

The existencequestionswere answered for separablelattices = K x £ in which both
KC and £ are full rank lattices in RY. For d = 1 the answer is trivial. With = Zx Z
we may simply chooseg = —— [0;; - Then it is an easyexerciseto chek that G( ;g)

VI

is a tight frame for L2(R) if D() > 1 and an orthonormal basisif D() = 1. The same
results also hold in higher dimensions, although the problem becamehighly nontrivial. If
D() = 1 then there existsa g € L?(RY) sud that G( ;g) is an orthonormal basis for
L2(RY). If D() > 1 then there existsa g € L2(RY) such that G( ;qg) is a tight frame for
L2(RY), seeHan and Wang [HW]. They proved the existenceresults by by studying the
existenceof domainsthat tile simultaneously by two di erent lattices.

Howewer, for non-separablelattices  the existencequestionsremain unsolved for d > 1.
For d = 1 the existenceresults hold, and can be proved easily by transforming the lattice

into a separablelattice using symplectic matrices, seeGrochenig [Gro]. We shall give a
short review of the subject in Section 3. Key to this result is the fact that ewery lattice
in R? is symplectic. This is no longer true for R? with d > 1. While the existence
results hold for symplectic lattices in any dimension, they appear to be di cult questions
for non-symplectic lattices. In this paper we prove the existenceresults for a large class
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of non-symplectic lattices. A useful fact is that the existenceof basesand frames are all
equivalent to the existenceof complete Gabor systems.

Theorem 1.1. Let  be a full rank lattice in R with D() = 1. The following are
equivalent:

(A) There exists a g € L?(RY) such that G( ;) is complete in L?(RY).
(B) There exists a g € L2(RY) such that G( ;0) is a Riesz basis for L2(RY).
(C) There exists a g € L2(RY) such that G( ;q) is an orthonormal basis for L2(RY).

A similar result holds for the existenceof frames.

Theorem 1.2. Let  be a full rank lattice in R with D() > 1. The following are
equivalent:

(A) There exists a g € L2(RY) such that G( ;g) is complete in L2(RY).
(B) There exists a g € LA(RY) such that G( ;q) is a frame for L2(RY).
(C) There exists a g € L2(RY) such that G( ;Q) is a tight frame for L2(RY).

Note that any full rank lattice in R%d can be written as = RZ2d whereR is a non-
singular 2d x 2d matrix. The density of isthe D() = |det(R)|~!. We shall call | det(R)|
the volume of and denote it by v(). We prove the existenceof basesand frames for
certain non-symplectic lattices:

Theorem 1.3. Let be a full rank lattice in R®, = RZ2. Suppose that R = TM where

A B} with either B = 0 or C = 0, where A; B; C; D are all

T is symplectic and M = {C D

d x d matrices. Then

(A) There exists a g(X) € L2(RY) such that G( ;Q) is an orthonormal basis of L?(RY)
if and only if D() = 1.

(B) There exists a g(x) € L2(RY) such that G( ;Q) is a tight frame of L2(RY) if and
only if D() > 1.

A particularly interesting caseis when is rational, i.,e. = RZ2 and R has rational
entries. We obtain a stronger conclusionwith the following theorem:

Theorem 1.4. Let that = RZ2 for a rational matriz R. If D() = 1 then there exists
a compactly supported g € L2(RY) such that G( ;g) is an orthonormal basis for L%(RY). If
D() > 1 then there exists a compactly supported g € L2(RY) such that G( ;q) is a tight
frame for L2(RY).

We point out that the existenceof a compactly supported g € L 2(RY) suc that G( ;q)
is a basis (frame) is not solved even for separablelattices for d > 1, or for non-separable
lattices in dimensiond = 1. We conjecture that for somelattices with D() = 1 there
exists no compactly supported g suc that G( ;g) is a basiseven in dimensiond = 1. In
é lﬂ and b ¢ Q there exists no

compactly supported g such that G( ;g) is an orthonormal basisfor L?(R).

particular, we conjecture that for = RZ? with R = [
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The rest of this paper is organizedas follows: In Section 2 we brie y review our lattice
tiling results and discusshow they canbe usedto the separablelattice case.Theseresultsare
alsoneededin Section4. Section3 is a short review on symplectic lattices and the Stone-von
Neumann theorem. Both sectionsare provided for the convenienceof the readers. Section
4 is dewoted to proving Theorems1.1-1.4.

The authors wish to thank J. P. Gabardo and Chris Heil for helpful commerts.

2. Separable Lattices

This section is dewoted to reviewing some of the results in Han and Wang [HW] on
the existenceof Gabor basesand frames for separablelattices. We shall be using these
results to prove the new results stated in Section1. Let be a full rank separablelattice,

= Az9 x BZY. Motivated by the one dimensional case, one simple idea to prove the
existenceof a Gabor basisG( ;g) is to test whether g can be chosenas a characteristic
function. This naturally leadsto a tiling problem for two dierent lattices. To state the
problem and the results we needto recall somenotations.

Let be a measurableset in RY (not necessarilybounded), and let £ be a full rank
lattice in RY. Wesay tiles RY by £, or is a fundamental domain of L, if

(i) Uer( +7)=Rlae;
(i) ( +7)n( + ) hasLebesguemeasure0 for any = # *"in L.

We say that  packs RY by £ if only (i) holds. Equivalertly, tiles RY by £ if and only if

(2.1) > (x-")=1forae xeRq,
TeL

and packs RY by £ if and only if

(2.2) > (x-")<1forae xeRd.

‘el
Clearly, () =v(L£)if tilesby £,and () <v(L£)if padksby L. Furthermore, if
paks R by £ and () = v(£), then necessarilytiles RY by L.

Now let = K x £ be a full rank lattice in R? with v() = v(K) -v(£) = 1. Write
K=Az%nd £ = BZz9 Then|detA|= |det(BT)~1|. It not hard to ched that the question
of whether there exists a characteristic function which generatesa orthogonal Gabor basis
is equivalert to the question of whether the two lattices AZ% and (BT)~1Z% have a common
fundamental domain. Similarly, if v() < 1, then the question of whether there exists a
characteristic function which generatesa tight Gabor frame is equivalert to the question of
whether there exists a measurableset such that it tiles RY by the lattice AZ9 and padks
by the lattice (BT)~1Z9. The tiling question has beenstudied in the area of tiling theory
for many years(cf. [Ko]) and is closelyrelated to a well-known open problem of Steinhaus’
which askswhether there exists a common fundamertal domain for all the lattices R Z2,
where R is the rotation matrix by angle . The following result was proved in Han and
Wang [HW]:
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Theorem 2.1 ([HW]). Let £;K be two full rank lattices in RY such that v(L) > v(K).
Then there exists a measurable set  in RY such that  tiles RY by K and packs RY by L.
In particular, when V(L) = V(K), then there exists a measurable set  in RY such that
tiles RY by both K and L.

If in addition both K and £ are rational then  can be chosento be compact, see[HW],
Corollary 2.4. This yields the following:

Theorem 2.2 (HW]). Let = AZY9 x BZY be a full rank lattice in R with v() < 1.
Suppose that A and B are in Mn(Q). Then there exists a bounded set  such that G( ;Q)
is a tight Gabor frame for L?(RY) when g =

Thesetwo results yield the following existenceresult for Gabor basesand frames:
Theorem 2.3 ([HW]). Let £, K be two full rank lattices in RY and let = K x L.

() If v(LV(K) = 1 then there exists a g(x) € LE(RY) such that G( ;g) is an ortho-
normal basis for L2(RY).

(i) Ifv(LV(K) < 1 then there exists a g(x) € L2(RY) such that G( ;q) is a tight frame
for L3(RY).

3. Symplectic Lattices

This sectionis dewted to a short review of symplectic lattices and the Stone-wvon Neu-
mann Theorem. A matrix M € Myqy(R) is symplectic if M TIM = J whereJ = [0 —|d}

lg O
A B

If we write M = [ ] then M is symplectic if and only if ACT = ATC, BDT = B™D

C D
and ATD — CTB = |4. We shall use Sp(d;R) to denote the set of all symplectic matrices
in Myg(R). A lattice in R is symplectic if = M Z% for some € R\ {0} and
R € Sp(d;R).

Symplectic matrices arise from the study of the Heiserberg group H and the Schrodinger
represertation on H. The Hesemerggroupis H = RYx R4 x T with the group multiplication
given by

(Gys uiv; ) = (x+upy+ vy el (b

forx;ye Rland ; €T:={ €C:||= 1}. The Sdredinger (irreducible) unitary
represenation  of H on L?(R) is given by

oy @)= e™e@ VY (t+x); feL?R):
Stone-v on Neumann Theorem. Let be any irreducible unitary representation of H on
a Hilbert space H such that
(0;0; Yh= h; eT;, heH:
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Then  is unitarily equivalent to the Schrodinger representation , i.e., there is a unitary
operator U : H — L2(RY) such that

(xy; )=U" (xy; )U;  (xy; ) eH:

Note that any M € Sp(d;R) presenesthe symplectic form [M z;Mw] = [z;w] for all
z;w € R¥, where[z;w] = (x; v) — (u;y) with z = [x;y]" andw = [u;Vv]". Hence (x;y; ) =
(M [x;y]"; ) de nes anirreducible unitary represenation for H and satis es the condition

(0;0; )h= (0;0; )h= h; helL?RY; €T:

It follows from the Stone-wvon Neumann theorem that there exists a unitary operator, say
(M), on L%(RY) such that

MIxyI™; )= (M) (xy; ) M) x yeR% €Tt
This leadsto the following:

Lemma 3.1. Let  be a full rank lattice in R? and let M € Sp(d;R). Then there is a
function g € L2(RY) such that G( ;g) is an orthonormal basis (resp. Riesz basis, frame,
tight frame) for L?(RY) if and only if there is a function h € L%(RY) such that G(M ;h)
is an orthonormal basis (resp. Riesz basis, frame, tight frame) for L?(RY).

In generalit ishardto nd . Howewer, for certain M, (M) are familiar operators. For
: 0o |
example,if M = 1 0

if M = { (I: IO} with C = CT then ( (M) )(t) = e~ tCVf (t). For more details about

Stone-von Neumann Theorem and represetiations of H we refer to [Fol] or [Gro].

For any 2 x 2 real matrix M, it is obvious that M € Sp(1;R) if and only if det(M) = 1.
Now any full rank lattice in R? can be expressedas = M( Z?) with € R and
det(M) = 1. Sincethe existenceresults hold for the lattice Z?, Lemma 3.1 now yields the
following theorem, see[Gro]:

} then (M) = i¥2F~1 where F denotesthe Fourier transform;

Theorem 3.2. Let be a full rank symplectic lattice in R2.

(A) Suppose that D() = 1 then there exists a g € L?(R) such that G( ;g) is an
orthonormal basis for L2(RY).

(B) Suppose that D() > 1 then there exists a g € L2(R) such that G( ;Q) is a tight
frame for L2(RY).

The factorization of a matrix into a product of a scalar and a symplectic matrix can no
longer be done for all matrices in higher dimensions. This is the main obstaclein proving
the existenceof Gabor basesand framesfor a given lattice .
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4. Pr oof of Theorems

We rst prove Theorem 1.3, which we divide up astwo lemmas. Note that the phase
in (x;y; ) € Hq doesnot a ect the basisor frame property of a Gabor system, we will
simply let = 1anddenote (x;y;1) by (x;y).

Lemma 4.1. Let be a full rank lattice in R% such that = M Z2 with

w-[5 0]

Ifv() =1 (resp. V() < 1), then there exists a function g € L2(RY) such that G( ;g) is
an orthonormal basis (resp. tight frame) for L?(RY). Moreover g can be chosen such that
|g9(t)| is the scalar multiple of a characteristic function.

Pro of. We will apply a matrix T (which is not necessarilya symplectic matrix, and hence

the Stone-von Neumann Theorem does not apply here)to  sud that T is a separable
lattice. We then apply Theorem 2.2 to obtain g. Let C = —BA~! and

=L 0]

50

Then

TMz[O 5

A simple calculation shows that for any x;y € R9 and f € L?(RY),
(TheylDf () = (xCx+ y)f(t)
— e2 i (Cx+y;t)+ i<x;Cx+y>f (t + X)
= e i<x;(CT—C)t)e— i<t;Ct)ez (y;t)+ (x;y>e i(t+x;C(t+x)>f (t + X)
= e !%(EY y)uT (),
where (Uf )(t) = e~ H{ECOF (1),

We rst considerthe caseD () > 1, which is equivalert to v() = |det(AD)| < 1. Hence
|detA| < |det(DT)~1|. By Theorem 2.1 there exists a measurableset in RY such that
tiles RY by Az9 and packs RY by (DT)~1z9. Thusfor any f € L2(RY) we have

IF0Z=">" IPmf?

meZzd
and
IPmf1I2="> " [(f; (Am; D)h(t))|?
nezd
where h(t) = L and Py, is the orthogonal projection onto L2( + Am). Now we

\/|detA]
de ne g(t) = U~th(t). We claim that { (x;y)g: (x;y) € } is atight frame for L?(RY)
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(and henceG( ;g) is a tight frame). Indeed, for any f € L2(RY) we have
I (a9 ST e 1C=Chvy—t (T(x y)T)Ug)?
(xy)e (xy)e
S (e TR(CCINYE; (T(xy)T)h)[?
(xy)e
— Z |<e— i (Am; (C—CT)t>Uf; (Am; Dn)T)h>|2
(m;n)ezdxzd
= 3 e MECTUE; (TeGy) )P
(xy)e

= > > len MAmMCEEDYYE; (Am; Dn)T)h)[?

meZdnezd
= > |Ppe (Am©ECTyf 2

meZzd

> IPmf = | |1

mgzd

Thus{ (x;y)g: (x;y) € }isatight frame asclaimed. In fact it is a Parsewl tight frame.
This shavs that G( ;g) is a tight frame for L2(R9).

In the caseof D() = 1 we follow the exact sameprocedure. Howeer in this case tiles
by both AZ9 and (DT)~1z4. This yields a Gabor orthonormal basis G( ;g) for L2(RY),
seealso [HW].

We remark that in both caseslg|= —X——. [ |
el VI det(A)] o
Lemma 4.2. Let be a full rank lattice in R? such that = M Z2 with
_ | A B .
M = [0 B }

Ifv() = 1 (resp. v() < 1), then there exists a function g € L2(RY) such that G( ;g) is
an orthonormal basis (resp. tight frame) for L?(RY). Moreover g can be chosen such that
[G(t)| is the scalar multiple of a characteristic function.

Pro of. Note that the Fourier transform of g := € {(X)g(x — ) is € { )§._ . Hence
G( ;9) is an orthonormal basis (resp. tight frame) if and only if G( ;@) is, where =~ =
N Z2d with
_| D 0|,
v = [ Lo ] .
The lemma now follows from Lemma 4.1. [ |

Pro of of Theorem 1.3. Let = RZ2dwith R = TM whereT is symplecticand M is block
triangular. Let = MZ2d. We have already establishedthe existenceof an orthonormal



THE EXISTENCE OF GABOR BASES AND FRAMES 9

Gabor basis (resp. tight Gabor frame) if D() = 1) (resp. D() > 1). The theorem now
follows directly from Lemma 3.1. [ |

Corollary 4.3. Let be a full rank lattice in R% such that = M Z29 with

_ | A B |.
M = [ A B } .
and assume that V() = 1 (resp. v() < 1). If either CA™L or BD ™1 is symmetric, then
there exists a function g € L2(RY) such that G( ;g) is an orthonormal basis (resp. tight
frame) for L?(RY).

Pro of. If CA~1issymmetric, wedene T =

| -BD!
0 I
then there exists an h € L2(RY) such that G( ;h) is an orthonormal basis (resp. a tight
frame) becausel' M is block triangular andv() = v() = 1(resp.v() = v() <1). Since
= T-1 and T! is symplectic, the corollary now follows directly from Lemma3.1. N

—CA~1 |
. The matrix T isin Sp(d;R). Furthermore let = TMz«

! 0 ] : whereasif BD ~1 is symmetric

welet T = [

We now prove Theorem 1.4. To do sowe needto establishthe following lemma.
Lemma 4.4. Let M € M(Z). Then there exists a unmodular P € Mn(Z) such that M P
1s lower triangular.

Pro of. Let [ai1;a12;--- ;a1n] bethe rst row of M with gcd(ay ) = dp. It follows from
elemertary number theory that

X1a11 + Xp@10 + -+ Xpain = Op

for someintegersxi; Xz;:::;Xn with ged(xj) = 1. Let Py be the unimodular integer matrix
with [X1;X2;--- :Xn]" asits rst column. Such a matrix is well known to exist, seeNewman
[Ne], Theorem I1.1, page 13. Obsene that
di bz - b
1 bpo - bpn
M 1= M Pl = . . i .
b1 bhz -o- b

Sinceead by; is a linear combination of ay;'s, dyi |by; forj = 2;:::;;n. Therefore we may use
column Gaussianelimination to reduceM ; to

d 0 ... 0
C1 C2 -+ Con
M= | . ) )
Ch1 Ch2 -+ Cnn

Note that M, = M 1P, with a unimodular P, € My(Z). Now The lemma is proved by
induction on n. [ |
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Pro of of Theorem 1.4. Wehave = RZ2 with R € Myy(Q). Write R = %R such that

R € Myg(Z) and g € Z. It follows from Lemma 4.4 that R = TP where T € My4(2)
is a lower triangular integral matrix and P is unimodular integral matrix. Thus RZ%d =
TPZ? = TZ%. SetT = ;T andthus = TZ*.

A O
B D
follows from Theorem 1.3 and its proof that there existsa g € L2(RY) such that G( ;@) is
an orthonormal basis,with |g| = T for any domain that tiles by both AZ® and

(DT)~1z9. Sinceboth A and D are rational, we may choosea bounded domain  ([HW],
Corollary 2.4). Hencewe may choosea compactly supported g. In the caseD() > 1the

Now T is lower triangular, and write T = [ } Thereforein the caseD() = 1it

: - 1

sameargumert shaws that we may choosea g with |g| = O where canbe any

domain that tiles by AZ9 and packs by (DT)~1z9. Again a bounded such  exists since

both A and D arerational ([HW]). The theorem is now proved. [ |
We concludethe paper by proving Theorems1.1 and 1.2.

Pro of of Theorem 1.1. To Be Filled.

Pro of of Theorem 1.2. To Be Filled. [ |

References
[CDH] O. Christensen, B. Deng and C. Heil, Density of Gabor frames, Appl. Comput. Harm. Anal 7(1999),
292-304.
[Dal] I. Daubechies, The wavelet transformation, time-frequency localization and s ignal processing,

IEEE Trans. Inform. Theory, 36 (1990), 961-1005.

[Da2] I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF regional conference series in Applied Math.,
Philadelphia (1992)

[DLL] I. Daubechies, H. Landau and Z. Landau, Gabor time frequency lattices and the Wexler-Raz
identity J. Fourier. Anal. Appl. 1 (1995), 437-478.

[DS] R. Duffin and A.Shaeffer, A class of non-harmonic Fourier series, Trans. Amer. Math. Scc. 72
(1952) 341-366

[FS1] H. G. Feichtinger and T. Strohmer (eds), Gabor Analysis and Algorithms: Theory and Applications,
Applied and Numerical Harmonic Analysis, Birkhuser, 1998.

[FS2] H. G. Feichtinger and T. Strohmer (eds), Advances in Gabor Analysis, Applied and Numerical
Harmonic Analysis, Birkhuser, 2002.

[Fol] G. B. Folland, Harmonic Analysis in Phase Space, Annals of Math. Studies, Princeton Univ. Press,
Princeton (NJ), 1989.

[GH1] J. P. Gabardo and D. Han, Frame representations for group-like unitary operator systems, J.
Operator Theory, to appear.

[GH2] J. P. Gabardo and D. Han, Subspace Weyl-Heisenberg frames, J. Fourier Analysis and Appl., 7
(2001), 419-433.

[GH3] J. P. Gabardo and D. Han, Aspects of Gabor analysis and operator algebras, Advanaes in Gabor
Analysis, Eds: H. G. Feichtinger and T. Strohmer, Birkhuser, 2002, 129-150.

[Ga] D. Gabor, Theory of Communication, J. Inst. Elec. Eng. (London) 93 (1946), 429-457.

[Gro] K. H. Grochenig, Foundations of Time-Frequency Analysis, Applied and Numerical Harmonic
Analysis, Birkhuser, 2001.



[Wa]

THE EXISTENCE OF GABOR BASES AND FRAMES 11

D. Han and D. Larson, Frames, bases and group parametrizations, Memoirs Amer. Math. Scc.,
697 (2000).

D. Han and Y. Wang, Lattice tiling and Gabor frames, Geometric and Functional Analysis,
11(2001), 742-758.

M. Kolountzakis, Multi-lattice tiles, Internat. Math. Res. Notices 19 (1997), 937-952.

M. Newman, Integral Matric es Academic Press, 1972.

M. A. Rieffel, von Neumann algebras associated with pairs of lattices in Lie groups, Math. Ann.
257(1981), 403-413.

A. Ron and Z. Shen, Weyl-Heisenberg frames and Riesz bases in L?(R?), Duke Mathematical
Journal 89 (1997), 237-282.

J. Ramanathan and T. Steger, Incompleteness of sparse coherent states, Appl. Comp. Harm. Anal.
2 (1995), 148-153.

Y. Wang, Sparse complete Gabor systems on a lattice, preprint.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CENTRAL FLORIDA, ORLANDO, FL 32816, USA

SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, ATLANTA, GEORGIA 30332, USA.

E-mail address wang@math.gatech.edu



